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The problem of picturization of an object is thelgem of determination
of what lines to draw in a plane in order that tingpression conveyed to
the eye shall be that of three dimensional objecthis paper computer
procedure for generating line drawings of solid etis bounded by
guadratic surfaces is described. It embodies aitiefit solution to the

‘hidden-line' problem, that is, the problem of detigming which parts of

an opaque object are invisible when the objectiesved from a given

view point. In this paper, we present a methodaona quadratic surface
of revolution when it is projected using paralleldacentral projections.
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1. INTRODUCTION

Projection of quadratic surfaces and estimatingr thisible parts are important in
many fields such as computer graphics and photagsdric application. The surface
of some objects may contain quadratic surfacesh(aaccylinder cone, sphere, ... etc).
And the main aim in photogrammtery, when we havehato for the object, is to
determine the space coordinates of any point apesr the image plane. To do this,
we have to determine at first on which surfacepbimt is located, then find out if it
belongs to the visible part of the surface or motthe following section, we briefly
present different types of quadrics

2. QUADRATIC SURFACES (QUADRICS)

Quadrics are second-degree algebraic surfacesda thmensional spaé¥, that is,
they are described by polynomials of degree twibéwariables x ,y , and z. The
general common equation of all quadratics is [1]:
X + 8y +85,7° + 28,XY + 28,,yZ+ 28,XZ+ 28, X + 28,y + 28,2+ 8, =0 (1)
Wherea,,, @,,, 83, 8,5, 83, &3, &y, &y, 8, anda,, are constants, and at least one
of the first six does not vanish.
The quadratic surface can be classified into tgreaps:
1. surfaces without centesifch as elliptic paraboloid, hyperbolic parabol@dd
parabolic cylinde)
2. surfaces with one center poisugh as ellipsoid, one sheeted hyperboloid, two-
sheeted hyperboloid, cone surface and spheres
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3. surfaces with infinitely many center points suchhgperbolic and elliptic
cylinder.
Obviously, this definition is invariant to the sgst of coordinates chosen.
Indeed, the equation of the surface in any othetesy of coordinatesXyz' is

obtained from the above equation by substitutiny andz by linear expressions i,

y'andz'. If a quadrics has its center at O (0,0,0) angbritscipal axes aligned with x',
y'and z', its equation can be simplified into fitven (canonical forny:

0’XI2+,6yl2+JZI2+5:O (2)
Where: X', y' and z' are linear functions of, Y , and 2.

3. SURFACES OF REVOLUTION
If a curve in R rotates about a line, it generates a surface aflugon [5]. Let

Y = T(X) be a curve of théY -plane rotating about the x-axis. Then any podtY )
of this O-meridian draws a circle of latitude, pkelato the zy -plane, with centre on

the X -axis and with the radiJsf.(X) ‘ . So they - and 7 -coordinates of each point on
this circle satisfy the equation
y? +2° =[f(x)]* 3)
This equation is thus satisfied by all pointg, {,z) of the surface of
revolution and therefore it is the equation of Wiele surface of revolution.
More generally, if the equation of the meridianwvas in the XY -plane is

given in the implicit fornF (xy) = O, then the equation of the surface of revolution
may be written

F(x4y>+2°)=0 @)

The most important quadratic surfaces of revolut@rour discussion are:

X2 y2
2 4 =
. When the ellipsea® b®  rotates about the x-axis, we get the ellipsoid
X2 y2 22
Ztiat =1
a- b° b (5)

This is a stretched ellipsoid, & > b, and a flattened ellipsoid, # < b and a sphere
of radius a, if.a=b

. When the parabol)&‘t2 =2pX  (with p the latus rectum or the parameter of
parabola) rotates about the-axis, we get the paraboloid of revolution
y? + 7% = 2px (6)

. When we let the conjugate hyperbolas and their comasymptotes
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Xy _

al b (7)
(with s =1,—1,0) rotate about thex -axis, we obtain the two-sheeted hyperboloid

X2 y2 Z2

a®> b* b’ (8)
the one-sheeted hyperboloid

2 2 2

a- b b (9)
and the cone of revolution

XZ y2 ZZ

a® b* b* (10)

which apparently is the common asymptotic coneatifh hyperboloids.

4. NOTATIONS:

In this paper we will use lower case for scalaialades, lower bold case for vectors
and we use the homogeneous coordinate notatiQn x, :x,:x,) Wwhere the

coordinates of any point in Cartesian coordinates (&, /x,, X, / X,, X,/ X,).[%, # 0]

5. DETERMINING THE SILHOUETTE

In the following, we describe an algorithm to cédéte the silhouette of quadrics. The
silhouette is the curve on the surface, whose ptioje embraces the projection of the
whole surface. For clarification, we shall explains method using &yperboloid
surface This method can also be applied for all quadrics

Let the homogeneous equation of the hyperboloih biee form:

ax’ +a, x5 +ax; +ax; =0 (12)
In case of a hyperboloid of revolution about zheaxis, we have
1 1 -1
al —?,az —g,as —C—Z, and ao —_l

To compute visibility for the surface, we determthe polar plane w.r.t. the
center of projection S(X, : X, : X, : X;) (see figure 1), then find its curve of

intersection with the surface. This curve callédaiette.
The silhouette clearly separates the visible amditivisible parts. The equation of

polar planef' has the form:

3, XX, +a,X,X, +8;XX; + 85X X, =0 (12)
Note: in case of parallel projectiorx, =0 , but in case of central projection the
coordinates of center of projection S canXes L X, = X, X, = y,X; = Z.
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e

Polar plare y / )

SiHbouwtte

Figure (1): Silhouette of the surface

From equation (12) we get:
a2)(222 + a.3X3X3 + aOXOYO

X, = = (13)
a X
Substitutingx, in equation (11) we get:
d,xZ +d, X5 + X,X,dy +d X, +dX, +dg =0 (14)

Whered,,d,,d;,d,,d; andd, are constants.

Equation (14) represents a quadratic cylinder tjinothe silhouette with
generators parallel to the— axis
Note: In casex, =0, a similar procedure can be done by substitutorgX, or X,

instead ofX; . The origin is excluded.

Since for the silhouettez, < X, < z, (z= 2z andz= z, are planes of upper
and lower bases of hyperboloid), we can assumelue \farx, and substitute it in
equation (14) to get a quadratic equatiorxinhaving the form:

a_x; +b_x,+c_=0

Then,
_ h 2_
« = bt\b “-4a c_ (15)

2 2a_
Substituting X, in (13), two values of X, can be obtained. The poird

whose coordinates ar€X,, X,, X;) is located on the silhouette curve. Xg varies
from Z toZz, , the pointp traces out the silhouette curve.

In the special case, when the view cen80,0, z) is located onz — axis, then the
silhouette is a circle (intersection of the polEm@€ with surface) with radius
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<2
R_=a|l+—5 (16)
X5

In case of parallel projectior, =0 thenR_=a
Note: The silhouette is in general a conic section.dsecit is not extended to infinity,
its upper or lower limits may lie between=2z and z=2z,. Here we have to

determine these points by using equation (15). duemntity under the radical root is
zero for this case, from which can be calculated (see Fig. 2).

CIRCULAR BASES

The two bases of hyperboloid are circles with relfjiand R, located in the planes
z=z, andz = z, respectively, where:

2 22
R =a ,1+(z;17 andR, = a 1+C% (17)

Sithowt te
5 an ellpse

Figure (3): Intersection of polar plane with sugac
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6. VISIBILITY OF THE SURFACES

In general, the visible part of the projection'slioe surface consists of the projection
of three parts: silhouette, one of the circulariseend part of the other circular base.

6.1 In case of parallel projection
A) Silhouette Curve
Silhouette curve is generally visible. In paralf@ojection the polar-plane passes
through the center of the surface (origin), sifge: X, : X, : X;). .
The equation of polar plang can be written in the vector form as:
e:nix=d ax X, +a,%X, +a;XX; = 0. (18)
= — %% =g (19)
J(@%)? +(@,%,)" + (a:%,)
B) Circular bases

There are two circles; one of them and a part efather circle are visible. At first, we
determine which one is visible. This depends orditection of view vectov .

d

WhenV [z <0, the upper circlek2 is visible and the other onlél is invisible. The
PP

points "1 and " 2 of intersection of polar plane and circli% are separated visible

from the invisible parts okl.

Figure (4): line of intersection betwe&h andd
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The following procedure illustrates how these poirdn be calculated.
[1] determine the line of intersectiof) between polar- plan€ and the plan&

containing circlek;
two unbounded non-parallel planes such &n[X=d and a:m[x=d,
intersect in a straight ling) in the form:

g:xX=g, +4C (20)
g must be orthogonal to both vectdism, the directionC of g can be calculated
as

c=nxm
gl a,gimpliesthatn[c=mI[c=0.Now let:
C =XXC
From the theorems of vector algebra it is known Bl
¢ =d,n-dm.
and the position vector for the pedal pdlag on g with respect to the origin reads
=xC (21)
cle
[2] Intersection points betweegj and circlekl
The equation of the circle, located in plafie Z = Z, can be written as
2
x> +y?=(1+ %)a2 (22)
C

LetL(X,,Y,,Z) be one of the points of intersection betwegnand K;. Since
pointL lies on lineg , its coordinates satisfy equationgdf20). Then the base veclor
of this point is

| =g, + 4AC (23)

Also this pointL lies on circlek, , its coordinates satisfy the equation (22).
2

A

CZ

Wherex; , Y, are coordinates 0B, (Xs,Ys) andc,, ¢, are components af ; A

is the only unknown in the above equation, so wep4 it in the form:
a_A+b_A+c_=0

Where a_,b_andc_ are constants. Since the above equation is quadrat

(Xg +Ac)? +(ys +1AC,)? = 1+ —-)a’ =R?

equation inA , there are two solutions fdr(A,, A, ). By substituting about the values

of A, the points of intersectioh,, L, can be obtained.
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Figure (5): Relation betweek T and€

The pointsL;, L, divide the circlek; into two parts. One of them is visible and other
is not. To determine which part is visible, we asg point located on any part of
them, calledest point P . The oriented distan€b, between point?, (with base
vector P; ) and planef is

d, =p; [n-d

Whend; >0, then the part passes throuBhis visible

SPECIAL CASES
In some cases the liedoes not intersect circll&1 as shown in Fig. 6. There are two

possible cases:
1. The projection of the two circlesklp,kzp will intersect. The points of
intersection can be calculated as follows:

AssumeT P is one of intersection points betwekif andk,’ . this means the

point T P is projection of two points on€l ) located on upper circlk2 and other

onel ' located on the lower circlq, and the line passes them is parallel to view
vectorV .(see Fig. 7)

Since T (X, Y,z,) andT'(x',y',z) are located onk, and k; respectively,
then

X2 + yz — R22 ’

Xl2+yl2 — Rlz

(24)
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(a) (b)

Figure (6): special cases of Projection of circliases

Figure (7): Points of intersection of the projentmf the circular bases

Let the direction of view be defined by the two sg(A and () relative toxyz-
system [4]. Where angl® is the angle betweeraxis and the projection of view
vector onxy-plane and anglegl is the angle betweexy-plane and view vector. (see

figure7). The vector components wfare:
v ( —cosicosf,—sinAcos f,—sin p)
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Since the direction of the line passing throdghndT' is parallel to view vector
then

? = —Cc0SsA cosp,
y=y I_y = -sinAcosp, (25)
Effz—gnﬁ

Where | = \/(x‘—x)z +(y'-y)*(z-2)°
For simplicity, suppose that the rectanguldyz — coordinate system is

rotated around it€ — axis counterclockwise through an angle(figure 7), we obtain
the new coordinate systeiX,Y,Z . The new coordinateX,Y,Z of any point can be

computed from old coordinat&yz by.

X cos. simh O x

Y |=|-sink cos. Ofy (26)
Z 0 0 1|z
The invérse transformation is: )
X cos. -sinh O X
y|=|sink cos. O Y
z 0 0 1 Z

The equation (25) can be rewritten as
X'=X
¥ = -cosp,

Y%!:Q (27)

Zl;z = -sing.

By solving equation (24)and (27), we can get, raf@me reductions, the
coordinates of T) andT relative to X,Y, Z -system.

2 _p2
X':X'1:X'2=—R22 R —%—,
C_

Y',=yR’-X"? and (28)
Y= —JRE- X7



DISPLAYING QUADRATIC SURFACES ON COMPUTER...... 599

(z, - z,)* =const

The coordinate of (X,Y,z,) andT '(X',y',Z) can be obtained from equation (27)
2. The projection of the two circlek”, k) will not intersect.

When R* — X'? < 0, the projection of the two circlds, and k, will not intersect.
In this case, we calculatel Z, then

0 if v[z2<0,then
. kzp( the projection of circlekz) is visible.
. For the other circl” , we compare the radius & with that ofk,
p
" if R, < RZ, then kl is invisible else it is visible (the projection sifhouette

is imaginary) (see figure 8)
- L
Z
N
”
y /S i
|

Figure (8): Relative position between the two diaclbases

X

6.1. In case of central projection
Let S be the center of projection and its coordinatdativ® to xyzsystem be

((Xs,Ys,Zs) and in homogeneous form @& : X, : X, : X;) ., whereX, = 1.
The equation of polar — plane will be in the form:

X, X, X5 <
El—=X +—=X, —— X3 = X%, =1

az 1 az 2 C2 3 XO 0
The above equation can be rewritten in the form:

g:a_x +tb_x,+c_x;=1 (29)
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The oriented distance

d= !
\/a_2+ b_2+ C_2
from the origin and plan€ is always positive. This means thatis located between
origin O and center point of perspecti®%
In central projection, we consider that the polanp is the projection plane.
So, the points located between the center S arad-ptane are visible, in other words,
when the oriented distance between pBirfvith a base vectoip ) and polar plané

is positive P£ > 0 or pth—-d>0)

Figure (9): Central Projection

7. CONCLUSIONS

Projection of quadratic surfaces and estimatingr tisible parts are important in
many fields such as computer graphics and photagedrit applications.

In this work, a new technique is described to digguadratic surfaces such as
hyperboloid, sphere...etc under parallel and cepu@jection. At first, the polar plane
is determined, then its curve of intersection witie surface is found. This curve is
called silhouette. The silhouette clearly separaigible and invisible parts and is in
general a conic section.

| hope that this method will be useful for researshwho are interested in work on
visibility.
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