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This paper presents a robust direct torque control of an interior 
permanent magnet synchronous motor (IPMSM) based on a sliding mode 
controller. The sliding mode control (SMC) law is designed in such a 
way that the chattering effect is reduced and the problem of reaching 
phase stability is eliminated. A space vector modulation is combined with 
the SMC to ensure minimum ripple content and high resolution voltage 
control. To demonstrate the validity of the proposed scheme, the 
calculated motor speed, estimated motor torque, stator flux and stator 
current in the presence of iron losses are compared with those measured 
in the literature. It is concluded that consideration of iron losses in the 
dynamic model of the machine improves the theoretical predictions and 
reduces the discrepancies between the calculated and measured values.   

Keywords: Dynamic model of an IPMSM taking iron losses into 
account- Direct torque control- Sliding mode control- Space vector 
modulation. 

 
1.  INTRODUCTION 

Today, direct torque control (DTC) is one of the most applied techniques in the field of 
motor drives. The principle of the DTC is the direct selection of the inverter states 
based on the torque error, stator flux error, and stator flux angle [1-2]. Direct torque 
control has several advantages which can be summarized as fast transient response, 
simplicity, less parameters dependence, low switching frequency and absence of rotor 
position sensor. However, DTC has some drawbacks which degrades its performance. 
These drawbacks can be concluded as variable switching frequency, high torque and 
flux ripples, especially, at start and low speed operation [3- 4].  

Different techniques have been investigated in order to overcome these 
drawbacks and improve the DTC performance. Space vector modulation (SVM) is 
used in DTC of permanent magnet synchronous motor (PMSM) to fix the switching 
frequency and reduce the torque and flux ripples [5]. Instead of the switching table and 
hysteresis controllers, a proportional integral (PI) controller and reference flux vector 
calculator (RFVC) are used to determine the reference stator flux linkage vector [5]. 
The reference flux vector is produced according to the reference angular frequency of 
the stator flux linkage (the output of the PI torque regulator), the position of the 
estimated stator flux linkage and the amplitude of the reference flux linkage. 
Afterwards, the voltage space vectors and their duration are selected and calculated 
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according to the error flux linkage vector, such that the error can be reduced to zero. In 
addition, a SVM is used to replace the switching table of the basic DTC. However, the 
switching frequency of the SVM is larger than that of the classical DTC, which in turn 
increases the switching losses. Discrete SVM has been employed in DTC of induction 
motor [6]. However, the motor speed signal was required. In [7], two triangular 
waveform generators, two comparators, and a PI controller are required to provide 
constant switching frequency. However, the proposed system was much complicated 
compared to the classical DTC. In [8], a root mean square torque ripple equation is 
derived for induction motor control. At each sample, an optimal switching instant 
which satisfy the minimum torque ripple was determined. However, the derived ripple 
equation was based on the motor parameters and the measured motor speed. Predictive 
DTC of PMSM is studied in [9]. The predictive torque and flux are used to select the 
suitable voltage vector and switching time for every sample. The time derivative of the 
torque, which required for predictive control, is based on the permanent magnet flux, 
and the rotor position. Intelligent controllers such as fuzzy or neuro-fuzzy controllers 
are used to solve the problems of DTC [10-14]. However, the complexity of these 
schemes is considered the main drawbacks.  

Sliding mode control technique is an effective, high frequency switching 
control strategy for nonlinear systems with uncertainties. It offers many good 
properties such as good performance against unmodeled dynamics, insensitivity to 
parameters variation, external disturbance rejection and fast dynamic response. Sliding 
mode control has been proposed to improve the performance of classical DTC [15-19]. 
In [15], adaptive sliding mode torque controller is proposed for DTC of induction 
motor drive. However, all electric motor parameters and speed were required. In [16], 
cascade sliding mode controllers are proposed; one is used for regulating the motor 
speed and the other is dedicated for controlling the electromagnetic torque. In [17-18], 
three types of variable structure controller combined with space vector pulse width 
modulation are used to improve the performance of DTC of induction motor drives. 
However, large sliding mode gains were selected to obtain fast torque dynamic 
response which increases the chattering problem. In addition, the effect of load 
disturbance and parameters variation on the system performance was not studied. In 
[19], adaptive sliding mode controller is proposed for DTC of PMSM drive. However, 
the variable switching frequency problem was not overcome and the rotor position 
angle was required. In addition, the measured voltage and current signals were needed 
to be transformed the synchronous frame. 

Many investigations about DTC of IPMSM drives were reported [1-14], but no 
attention was paid for the effect of iron loss on the drive performance.  

In this paper, a novel direct torque control of an IPMSM drive system based on 
a robust sliding mode controller is presented to investigate how the system behavior is 
influenced by iron loss. The chattering phenomena and the reaching phase stability 
problems are taken into account in the design of SMC. A space vector modulation is 
combined with the SMC to ensure minimum ripple content and high resolution voltage 
control. To demonstrate the validity of the proposed scheme, the calculated motor 
speed, estimated torque, stator flux and stator current are compared with those 
measured previously [5]. It is found that consideration of iron losses results in 
improvement of the theoretical predictions of motor speed, estimated motor torque, 
stator flux and stator current when compared with the measured values.  
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2. DYNAMIC MODEL OF THE IPMSM 

The equivalent circuit of a PM synchronous motor based on a synchronous d-q 
reference frame is shown in figure 1. The effect of the iron losses is modeled by 

placing a parallel core loss resistance (iR ) in both d and q equivalent circuit model 

[20]. From the equivalent circuit of figure 1, the dynamic motor model can be 
expressed as: 

qeddsd piRV λωλ −+=                                                                                    (1) 

deqqsq piRV λωλ ++=                                                                                    (2) 

where  dV  and qV  are the d-q axes terminal voltages components,   di  and qi  are the 

d-q axes terminal currents components, dλ  and qλ  are the d-q axes stator flux 

linkages components, eω is the electric angular speed, sR  is the stator circuit 

resistance, dL and qL are the d and q inductance components, and p  is the 

differential operator 






 =
dt

d
p .  

The stator flux linkage components can be written as:  

fdmdd iL λλ +=                                                                                                    (3) 

qmqq iL=λ                                                                                                                (4) 

where, dmi  and qmi  are the d-q magnetizing current components, and fλ is the 

permanent magnet flux. 

The magnetizing currents components (dmi  and qmi )  are calculated from the 

difference between the line current components and the iron loss current components 
and can be expressed as:  

diddm iii −=                                                                                                              (5)  

qiqqm iii −=                                                                                                               (6) 

where, in steady state, the d-q iron loss currents components can be expressed as  

i

qe
di R

i
λω

−=                                                                                                             (7) 

i

de
qi R

i
λω=                                                                                                                (8) 

The motor electromagnetic torque can be written in terms of the magnetizing 
current and flux linkage components as follows:  

)(5.1 dmqqmde iiPT λλ −=                                                                                    (9)  

where  P  is the number of pole pairs.  
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The mechanical equation of PM synchronous motor can be written as follows:  

J

fTT
p rdLe

r

ωω −−=                                                                                       (10) 

where rω is the mechanical angular speed, LT is the load torque, J  is the motor 

inertia, and df  is the frictional coefficient.  

The stator flux linkage amplitude can be expressed as:  
5.022 )( qd λλλ +=                                                                                                (11) 

-

 +
qeλωdmidi

diidV
iR

sR dL

 

+

-
deλω

qmiqi

qii
qV

iR

sR qL

 

Figure 1:   d and q axes equivalent circuits for IPMSM taking iron loss into account. 
  

In the equivalent circuit, the iron loss per phase is modeled as  

)( 22
diqiii iiRP +=                                                                                           (12) 

The value of the core resistance can be modeled as a function of the operating 
frequency and the no-load core resistance (Rio). The core loss resistance Ri is divided 
into two parallel resistances for hysteresis losses and eddy current losses, respectively. 
The hysteresis losses resistance (Rih ) is proportional to the frequency and the eddy 
current resistance (Rie ) does not depend on the frequency. Their expressions can be 
written as [21] 









=

b
ihoih RR

ω
ω

                                                                                                      (13) 

ieoie RR =                                                                                                                  (14) 









+=+=

b
ihoieoihiei RRRRR

ω
ω

                                                                          (15) 
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where, ihoR   and ieoR are calculated at no-load condition at the rated operating 

frequencyω . bω  is the base frequency. The iron loss resistance at different speeds is 

drawn in figure 2 [21] and [22]. 
The (d-q) dynamic motor model in equations (1-2) can be expressed in the 

state space form as follows:  

uxgxf
dt

dx
)()( +=                                                                                               (16)  

where    [ ]Tdqx λλ= ,                         [ ]Tdq VVu = ,    
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3.  DIRECT TORQUE CONTROL PRINCIPLE OF THE IPMSM 

For IPMSM, the steady state electromagnetic torque equation can be written in terms 
of the load angle )(δ  as follows [1- 2]: 
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Figure 2:  Variation of iron loss resistance with operating frequency. 
  

)]2sin()()sin(2[
4

3
)( δλδλ

λ
δ dqqf

qd

LLL
LL

P
T −−=                    (17) 

For constant stator flux amplitude, the torque can be controlled by regulating 
the load angle )(δ . In other words, the torque can be regulated by controlling the stator 
flux speed with respect to the rotor speed. The stator flux vector components are 
estimated in the stationary reference frame )( βα −  axes from the integration of the 
stator back emf using stator voltage and current measurements as follows:  

)0()(ˆ
αααα λλ +−= ∫ dtiRv s                                       (18) 
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)0()(ˆ
ββββ λλ +−= ∫ dtiRv s                                                  (19) 

5.022 )ˆˆ(ˆ
βα λλλ +=                                                                                                  (20) 

where )0(αλ  and )0(βλ  are the initial values of αλ and βλ , respectively.  

The stator flux angle can be estimated from estimated stator flux components 
as follows:  














= −

β

α

λ
λθ
ˆ

ˆ
tanˆ 1

                                                                                                      (21) 

The electromagnetic torque can be estimated using the stator current and the 
estimated stator flux components as:                     

)ˆˆ(5.1ˆ
βααβ λλ iiPT −=                             (22) 

In the classical DTC, the errors between the reference and the estimated values 
of torque and flux are fed to two band hysteresis comparators to give digital outputs. 
The outputs of the hysteresis controllers and the stator flux position angle are fed to the 
lookup table which selects the switching procedure based on the inverter states. The 
torque and flux ripples are large, especially, at low speed operation [1-2]. In addition, 
the switching frequency depends on the hysteresis comparators band and the flux 
angle. 
 
4. DESIGN OF PROPOSED SMC FOR CONTROLLING TORQUE 

AND FLUX  
 

In the proposed algorithm, the torque PI controller and a reference flux vector 
calculator (RFVC) are replaced by the sliding mode controller. The sliding mode 
strategy is based on the design of the discontinuous control signal that drives the 
system states toward special manifolds in state space. These manifolds are chosen in 
such a way that the system will have the desired behavior as the state converges to 
them. The objective of the DTC is achieved by controlling the voltage input to the 
motor. The SMC is designed to generate the stator voltage reference from the errors 
between the estimated torque and flux and their references. Two integral switching 
functions ( Ts  and λs ) are used for torque and flux control. These two switching 

functions determine the sliding surfaces. The stator voltage reference is generated 
based on these functions. The switching functions are based on the torque and flux 
errors and are selected as:   

( )0
0

T

t

TIsTPsT edteKeKs −+= ∫                                (23) 

( )∫ −+=
t

IsPs edteKeKs
0

0λλλλ                        (24)     

where  
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TTeT
ˆ* −=                                                    (25) 

λλλ
ˆ* −=e                                 (26) 

PsK  and IsK are positive gains.  
*T and *λ are torque and flux reference 

values, respectively. The and ( )0Te  and ( )0λe  are the initial values of the torque 

and flux errors.  
The task is to design a control law to drive the state trajectory to the 

intersection of the surfaces described earlier. By differentiating (23) and (24), these 
yield  

TIsTPsT eKeKs += &&                                  (27) 

λλλ eKeKs IsPs += &&                           (28)  

Using equations (1, 2, and 16), the derivative of the stator flux and torque can 
be obtained as follows: 

( ) ( )qqddqd VVff λλ
λ

λλ
λ

λ +++=
ˆ
1

ˆ
1ˆ

21

&
                                            (29) 
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where   
dq LL

L
11 −=  

From equations (16), and (27-30), the derivative of the switching function can 
be written in the following form: 

DuFMs −+=&                                                    (31)  
where 
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The system uncertainties occur due to the deviation of the motor parameters 
from their nominal values and an external load disturbance may occur. Equation (31) 
can be modified as: 

WuDFMs nn +−+=&                                       (36) 

where nD  and nF  are the nominal values of D  and F  and W  is the lumped 

uncertainty which can be given as:  

DuF
W

W
W T ∆+∆=








=

λ
                                                                                        (37) 

The control effort law of SMC is the reference stator voltage and can be 

selected to satisfy this condition 0=s& , this yield :  

( ))(1* ssignFMDu nn α++= −
                                 (38) 

where  [ ]Tdq VVu *** =   ,                                           (39) 









=

φα
α

α
0

0T ,                                      (40) 

where   Tα and  φα are arbitrary positive gains.   

The stability of the proposed SMC is proved using Laypounve’s stability 
theorem and is listed in Appendix I [15].  

The stator flux and the torque of the motor can be regulated by the stator 
voltage components.  The highly nonlinear and coupled dynamics of the matrices 

)( 1
nn FandD −  complicate the design of the SMC. However, if the estimated stator 

flux amplitude is controlled to be constant and track its reference, the variables of these 
matrices )( 1

nn FandD −  can be analyzed as bounded disturbances. So, it can be added 

to the lumped uncertainties. The control effort equation can be written as follows:  

)(1
* ssignMV α+=                        (41) 

Where   
nn FDW 1

1
−+>α  

The control effort is designed in equation (41) such that the system trajectory 

is forced towards the sliding surface 0=s . However, this control strategy produces 
some drawbacks associated with large control chattering that may wear coupled 
mechanisms and excite unstable system dynamics. In addition, the sensitivity of the 
controlled system to uncertainties still exists in the reaching phase. The reaching phase 
is the time during which the system state trajectory reaches the sliding surface. The 
control effort of the total torque/ flux sliding mode controller can be written as [15] 
and [16]:  












+++=

λ
α

φ
ˆ

ˆ
)(*

K

TK
sKssatMV T

c
                                 (42) 

Where     
λ+

=
S

S
Ssat )(  ,      φKKT ,   and cK are  arbitrary positive gains. 
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Figure 3:  Space position of the stator voltage and flux vectors.  
 

The function )(Ssat is used instead of the function )(Ssign to reduce the 
chattering in the control effort.  
The reference stator voltage amplitude )( *V  and its position )(γ  are estimated as: 

( ) 5.02*2**
qd VVV +=                               (43) 

 













= −

*

*
1tan

d

q

V

V
γ                                      (44)  

As shown in figure 3, the reference voltage position with respect to α -axis in 
the stationary frame is expressed as:   

eθγθ +=*                            (45) 

Where, eθ is the rotor electric angular position angle. 

 
5. CONTROL SYSTEM BLOCK DIAGRAM  

Figure 4 shows the block diagram of the proposed DTC scheme. This figure shows that 
the SMC produces the stator reference voltage based on the torque and flux errors as 
inputs. The stator flux vector and the motor torque are estimated from the stator 
voltage and current measurements. No additional measurements or axis transformation 
are required. In this scheme, space vector modulation is used to generate the inverter 
switching states with constant switching frequency by using the stator voltage 
reference and the rotor angular position. In a conventional DTC, a single voltage 
vector is applied during each sample period.  On the other hand when SVM is used, 
this makes six voltage vectors applied during each sample. The number of switching 
states is increased, and in turn, the motor torque and flux ripples are decreased. Thus, 
the SVM provides high resolution voltage output.  The output voltage of the inverter is 
used as an input data to the IPMSM model where the iron loss is considered. For speed 
control based DTC, a proportional- integral (PI) controller is used to develop the 
torque reference required for the SMC. The rotor position angle ( eθ ) is estimated from 

the integration of the measured speed. The gains of the speed controller are used in this 
control scheme are obtained using common synthesis method [22].  
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Figure 4:  Block diagram of the proposed torque / flux SMC controller for IPMSM 

scheme.  
 

6. RESULTS AND DISCUSSION  

In order to verify the validity and the performance of the proposed scheme of figure 4, 
digital simulations are carried out using MATLB software to investigate how the 
performance of the proposed system is influenced by iron loss. The stator flux 
reference )( *λ  is set equal to 0.55 Web., and the switching frequency of the proposed 
algorithm (SMC-SVM) is chosen 6 kHz. The different values of arbitrary positive 
gains of the proposed algorithm are tuned to give satisfactory performance. The 
nominal parameters and data specifications of the IPMSM used for simulation are 
listed in Appendix II. 

Firstly, the motor performance is investigated at constant speed and full load 
torque operation (about 80% of rated speed). Figures 5a and 5b show the calculated 
and measured [5] motor speed, estimated torque and estimated stator flux linkage from 
top to bottom. The predicated motor speed values according to simulated model agree 
satisfactory with those measured experimentally. Also, consideration of iron loss in 
motor model is to bring the estimated torque and flux linkage values closer to those 
measurements experimentally. The measured speed and torque waveforms have ripples 
of amplitude 0.5 rpm and 0.3 N.m, respectively, in comparison with those computed. 
Figures 6a and 6b show the calculated phase current waveform and the measured one, 
respectively. The amplitude of the current agrees approximately with the measured 
one. However, there are some ripples in the measured phase current due to the motor 
space harmonics which is disregarded in the motor model.  
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Figure 5: Speed, torque and flux at 1200 rev/min with full load for 
(a) the SMC-SVM  (simulation) and  (b) the DTC-SVM (measured) 
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Figure 6: Current waveforms at 1200 rev/min with full load torque for 
(a) the SMC-SVM (simulation)    and    (b) the DTC-SVM (measured) 

 

Secondly, the proposed scheme is tested at low speed operation and light load 
torque. The simulation results of the proposed scheme are obtained at 150 rpm (10% of 
its rated speed) and 1.1 N.m. Figure 7a shows the proposed computed values of motor 
speed, estimated torque and estimated stator flux linkage according to model taking 
iron loss into account. The effect of iron loss on estimated electromagnetic torque is 
small due to low fundamental frequency (5Hz.). The calculated motor speed and torque 
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of the proposed scheme show good agreement with those measured as shown in Figure 
7b. The pervious algorithm can not operated stably blow this speed [5], while the 
proposed scheme can operate at zero and very low speeds. However, the estimated 
stator flux linkage of the proposed scheme contains ripples due to the chattering 
phenomena of the SMC.    
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Figure 7: Speed, torque and flux at 150 rev/min with light load (1.1 N.m) for 
(a) the SMC-SVM  (simulation) and (b) the DTC-SVM (measured) 

 
Thirdly, the transient performance of the proposed scheme for step change of 

reference torque is investigated. Figure 8a and 8b show the dynamic response of the 
estimated torque subjects to step change of reference torque from -2 to 6 N.m. These 
figures show that the predicted estimated motor torque values are close to those 
measured experimentally. A slight discrepancy between the transient response of the 
estimated motor torque values and their measured values are attributed to the 
mechanical loss which is not considered in the motor model. The results confirm that 
consideration of iron loss in the motor model improves the theoretical results.  

Finally, the field weakening control combined with DTC is studied. The 
transient performance of the proposed scheme following to a large step change of 
speed reference for field weakening operation is also investigated. The nominal 
parameters and data specification of the IPMSM used for weakening operation are 
given in appendix III.  

Figures 9a and 9b show the computed and measured [5] motor speed, 
estimated torque and estimated stator flux linkage from top to bottom. The predicated 
motor speed values are agreed satisfactory with those measured experimentally as 
shown in figure 9a and 9b. In addition, the predicted motor torque values are found to 
be close to those measured experimentally. The measured speed and torque ripples 
have high ripples in comparison with those proposed computed. However, the flux 
waveform has some ripples due to the chattering phenomena.  
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Figure 8: Dynamic response of the torque estimated for step change of load torque  

(a) the SMC-SVM  (simulation)       and      (b) the DTC-SVM (measured)  
 

7. CONCLUSION  

In this paper, speed, torque and flux of IPMSM are controlled based on a direct torque 
control taking the effect of iron loss into account. A robust sliding mode controller 
with space vector modulation is proposed to improve the DTC performance. The 
calculated motor speed, estimated motor torque, stator flux and stator current of the 
proposed scheme are compared with those measured in the literature [5].   
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Figure 9: Speed, torque and flux waveforms under field weakening operation for 

 (a) the SMC-SVM  (simulation) and (b) the DTC-SVM (measured)     
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In view of dynamic analysis and investigations presented, one can draw the 
following main conclusion:  
1-  The influence of the iron loss on performance of sliding mode direct torque control 

has been investigated at constant value of medium speed operation and full load 
torque. Consideration of iron loss in the motor model shows that the calculated 
motor speed, torque and stator flux values agreed satisfactory with those measured 
experimentally.  

2-  Consideration of iron loss into account when the motor operated at low speed and 
light load, the results of the calculated speed, torque and stator flux are found to be 
in a good agreement with those measured ones. However, the calculated stator flux 
linkage value has some ripples due to chattering phenomena.   

3-  The influence of the iron loss on the estimated torque response for step change of 
reference torque has been presented. The calculated torque values are found to be 
in close agreement with the measured experimentally.  However, a slight deviation 
between the calculated values of motor torque and measured results are attributing 
to disregarding the mechanical motor loss in the motor model.   

4-  The field weakening control based DTC is proposed. Taking iron loss into account 
when the motor is subject to large step change of reference speed, calculated 
results are found to be in good agreement with those measured results.  

This confirms that consideration of core loss in motor modeling improves the 
theoretical prediction and reduces the error between calculated and measured values. 
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Appendix     I 

The stability of the proposed SMC can be proved using Lyapunov stability theorem. 
Defining  Lyapunov function as follows:  

ssV T

2

1=                                                                                                                  (A.1) 

The time derivative of  V  on the state trajectory is given by  

ssV T
&& =                                                                                                                    (A.2) 

Substituting equation (36) in equation (A.2), one can obtain:    

)( WuDFMsV nn
T +−+=&                                                                                (A.3) 

WsuDsFsMsV T
n

T
n

TT +−+=&                                                               (A.4) 

Substituting the control effort from equation (38) into equation (A.4) 

))((1 T
nn

TT
n

TT ssignFnMDDsWsFsMsV α++−++= −&  

))( TT
n

TTT
n

TT ssignsFsMsWsFsMs α−−−++=                                     (A.5) 

i.e                 
TT sWsV α−=&                                                                              (A.6) 

For W〉α , equation (A.6) will ensure 0≤V&     

This proves the stability of the proposed scheme. 
 

Appendix    II  

Table 1:  Parameters and data specification of the IPMSM. 

Phase 

voltage (V) 
132  V Rated power 1000 W Rated speed 1500 rpm 

Rs 5  Ω PM  flux linkage )( fλ  0.533 Web. No. of poles 4 

Lq 102.7 mH Ld 44.8  mH Rated torque 6 N.m 

 

Appendix    III 

Table 2:  Parameters and data of the IPMSM for field weakening operation. 

Phase 

voltage (V) 
240  V Rated power  500     W Rated speed 1500 rpm 

Rs  18.6  Ω  PM  flux linkage 
)( fλ
 0.447 Web No. of poles  4 

Lq  475.5 mH Ld  388.5  mH Rated torque   1.9 N.m 
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المتحكم الانزلاقى فى عزم المحرك التزامنى ذى الأقطاب المغناطيسية الدائمة تحت 

  تأثير الفقد فى الأجزاء الحديدية
  

يدرس هذا البحث تحكـم مباشـر متـين فـى عـزم محـرك تزامنـى ذو أقطـاب  مغناطيسـية دائمـة اعتمـادا علـى المـتحكم 

ظــاهرة    تــم تصــميم المــتحكم الانزلاقــى بطريقــة تقلــل مــن تــأثير. ( Sliding mode controller)الانزلاقــى 

 Space vectorكمــا تمـت أضــافة نظــام ضـبط المتجــه الفراغـى ).  Chattering phenomena )الاهتـزازات

modulation)  (للحصــول علــى أقــل تموجــات فــى العــزم و الفــيض المغناطيســى للمحــرك و زيــادة نقــاء  الجهــد .

لتوضــيح مـــدى صــحة النظـــام المســتخدم يـــتم مقارنـــة كــل مـــن الســرعة  و العـــزم   و التيــار و الفـــيض المغناطيســـي 

حيـث وجـد أن . التـى تـم قياسـها سـابقا فـى أبحـاث سـابقة ذ المفاقيد الحديدية فى الاعتبار مع تلـك المحسوبة عند اخ

أخــذ الفقــد فــى الأجــزاء الحديديــة فــى النمــوذج الخــاص بــالمحرك يحســن النتــائج النظريــة و يقلــل الفــروق بــين القــيم 

 .  المحسوبة و المقاسة


