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Abstract.  Non extensive statistics provide an excellent application in the field of high energy 

collisions to study the thermal properties of the produced particles. We apply the scaled Tsallis 

equation to study the entropy parameter as a function of transverse momentum of the produced 

hadrons. We applied Tsallis-Pareto to study the transverse momentum distribution of produced 

hadrons ( 𝜋±,  𝑘±, 𝑝 , 𝑝  ) in pp collisions at center of mass energies  𝑠𝑁𝑁 = 62.4 , 200 ,900 GeV 

and 2.7 TeV . The Pareto-Tsallisdistribution, leads to an excellent description of data on 

transverse momentum distribution .The 𝑞parameters are almost independent from  𝑠 for protons 

and kaons and distributed around 𝑞 = 1.1 and q is increasing for pions from 1.1 to almost 1.3 at 

top energy 𝑠 = 2.7 𝑇𝑒𝑉. The effective temperature, 𝑇 increases with collisions energy we 

estimated 𝑇 ≈ 0.3 𝐺𝑒𝑉 for pp collisions at 2.7 TeV LHC energy. Different hadrons have 

different effective temperature such that heavier hadrons have higher freezout temperature. 
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1. Introduction 

The transverse momenta of secondary identified particles produced in pp collisions is very 

important. Since QCD description of low 𝑝𝑡  particles is not available because ofnon perturbative 

effects. Phenomenological models has been proposed to solve thisproblem of description 𝑝𝑡  

distribution in pp and nucleus-nucleus collisions. For exampleat low 𝑝𝑡  where the spectra is in the 

form of exponential decay hadron gas model withconventional Boltzmann Gibbs distribution are 

widely used to describe 𝑝𝑡  spectra andmultiplicity distribution. For high 𝑝𝑡  particles, the 

exponential BG distribution is notappropriate. Many authors proposed Tsallis distribution as an 

alternative to describe𝑝𝑡distribution of produced hadrons in pp collisions in terms of the 

temperature 𝑇 andthe nonextensive parameters 𝑞 which measures the degree of equitation of the 

fireball. 
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Tsallis distribution with thermodynamic consistent formulation is same as the formof QCD 

inspired Hagedorn distribution in terms of power n related to q [R. Hagedorn et al, 1983]. The 

high  𝑝𝑡   hadrons coming from initial hard scattering decide the value of 𝑛 and the low𝑝𝑡hadrons 

form the bulk of the spectra decide𝑇. Moreover, to allow the nonextensiveparameter 𝑞 to change 

with hadron 𝑝𝑡 . We use the same ansatz as in [[A] G. G. Barnafoldi et al, 2011]. The ansatzused 

in the current work is different form the one in [[B] G. G. Barnafoldi et al, 2011] as we will 

discuss in the restof this paper. The paper is organized as follows: Sec.2 gives details about the 

model.In Sec.3 we present the fit to the 𝑝𝑡spectra of differ hadrons .In Sec.4 we discuss the 

model parameters as a functions of hadron mass and energy for both positive andnegative 

hadrons. In last section our concluding remarks are given. 

 

2. Tsallis Distribution 

In this section will introduce a very brief discussion on tsallis distribution and discuss 

the need for a scaled tsallis distribution that allow for variation of the transverse 

momentum distribution of the secondary hadrons produced in pp at high energy. In 

high energy physics a thermodynamic consistent form of Tsallis statistics is needed to 

describe system very close to equilibrium [J. Cleymans, 2017].  

Let’s introduce the standard form of particlenumber𝑁, the energy 𝐸 and the pressure 𝑃 is 

given by thefollowing expressions: 

 

𝑁 = 𝑔𝑉  
𝑑3𝑝
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∈ +𝑃 = 𝑇𝑠 + 𝜇𝑛 

 

                                               (4) 

Where 𝑛, ∈, 𝑠refer to the densities of corresponding quantities. Standard Tsallis equation is shown 

in Eq.(1). Where T and µ are the temperature andthe chemical potential, Vis the volume and 𝑔is 

the degeneracy factor. This equation has 𝑞independent𝑝𝑡 . The parameter q is the entropy index 

that measures the deviationof the distribution from thermal one and is related to temperature 

fluctuations via 

q − 1 =
 T2 −  T 2

 T 2
 

 

     (5) 
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So q can be a measure of the degree of thermalization in the created QGP medium that 

is produced in high energy nuclear collisions at RHIC and LHC. The particle number 

N is related to the pressure and particle density n by the thermodynamic formula 

𝑁 = 𝑉  𝜕𝑃

𝜕𝜇
 
𝑇

 
 

(6) 

It is worth to mention that, the above formulation does not include radial or elliptic 

flow. So the function distribution in Eq.(8) has no 𝜑dependence of even radial flow β 

since these quantities are almost zero in case of pp collisions in this case the temperature 

parameter 𝑇can be interpreted as effective temperature. 

In order to introduce the 𝑝𝑡dependence of the 𝑞we want to mention that very 

recent results produced by the recombination models [R. J. Fries et al,2005 ] reveals that the 

recombination ofconstituent quarks at intermediate 𝑝𝑡 is essential to describe the elliptic flow 

parameters𝑣2, 𝜋/𝑃ratio and nuclear modification factors𝑅𝐴𝐴  . This investigation reveals that we 

can probe this variation as a function of particles transverse momentum distribution. 

To allow for such dependence we use the following ansatz [[A]G. G. Barnafoldi et al 

,2011,[[B]G. G. Barnafoldi et al ,2011]: 

𝛼 → 𝛼 𝑝𝑡 =
1

1 − 𝑞
− 𝐴 log log 1 + 𝑘. 𝑝𝑡  

 

 (7) 

 

So, now the standard Tsallis equations turn to be 

𝑑2𝑁

2𝜋𝑑𝑦𝑝𝑡𝑑𝑝𝑡
= 𝐶𝑚𝑡  1 +

𝑚𝑡

𝛼𝑇
 
−𝛼

 
 

(8) 

Here𝐶 = 𝑔𝑉  2𝜋 2 is the overall constant, with 𝑔 is the degeneracy and V is the volume. 

𝑚𝑡 =  𝑚2 + 𝑝𝑡
2is the transverse mass of  the hadrons. In order to fit the experimental data and 

assess the quality of the fit. We use 𝜒2 as follows 

𝜒2 =   
 𝑂𝑒𝑥𝑝  𝑝𝑡𝑖 − 𝑂𝑡𝑒𝑜𝑟𝑦  𝑝𝑡𝑖  

2

𝜎𝑖
2

𝑛𝑜𝑏𝑠

𝑖=0

 

 

(9) 

 

Where 𝑂𝑒𝑥𝑝  𝑝𝑡𝑖  ,  𝑂𝑡𝑒𝑜𝑟𝑦  𝑝𝑡𝑖  stand for the measured value of 𝑝𝑡distribution and the 

corresponding theoretical function evaluated at the same 𝑝𝑡using Eq. (8) and 𝜎𝑖
2 

corresponds to combined statistical and systematic errors and 𝑛𝑜𝑏𝑠 is the number of 

data points. 

3. Results 

 

We apply Eq.(8) to fit the experimental data using 𝜒2 fit. We use the standard ROOT 

class TMinuit to perform the 𝜒2 fit. We start by applying the modified Tsallis distribution 

Eq.(8) to study transverse momentum distribution
𝑑2𝑁

2𝜋𝑑𝑦 𝑝𝑡𝑑𝑝𝑡
 of particles produced in high 
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energy experiments at relativistic heavy ion collider RHIC at energies 62.4 and 200 GeV 

and at large hadron collider LHC at energies 900 GeV and 2.7 TeV. 

In the current work, We focus on the 𝑝𝑡distribution of 𝜋±, 𝑘±, 𝑝 , 𝑝  produced in 

pp collisions at RHIC and LHC. We use Eq. (8) to fit the 𝑝𝑡distribution and get a 

systematic studies on how the model parameters and average transverse momentum  𝑝𝑡 change 

with collisions energies and hadron mass. 

First we study RHIC results of pp collisions at center of mass energies  𝑠= 62.4  

and 200GeV as measured by PHENIX [A. Adare et al,2011] at mid rapidity y = 0. 

In fig.1 we use eq. (8) to fit the transverse momentum distribution of𝜋±, 𝑘±, 𝑝 , 𝑝  

produced in pp collisions at 𝑠= 62.4 GeV as measured by PHENIX 

Eq.(8). It is clear that the experimental data are well reproduced within the measured 

transverse momentum 0.140 ≤ 𝑝𝑡  ≤ 3. In order to investigate the applicability of our 

model to higher energies used in RHIC, we apply Eq. (8) to the same particles as those 

in fig. 1 but in pp collisions at different energies  𝑠= 200  as measured by PHENIX [A. Adare et 

al,2011]fig.2.  

 
Figure 1: Transverse momentum distribution of  𝜋+, 𝜋−, 𝑘+, 𝑘−, proton and antiproton produced 

in pp collisions as obtained by the PHENIX Collaboration [A. Adare et al,2011] at  𝑠= 62.4GeV 

at midrapidity. Thesolid curves are the fits of the data of the modified Tsallis Eq. (8) at mid 

rapidity. 
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Figure 2: Transverse momentum distribution of  𝜋+, 𝜋−, 𝑘+, 𝑘−,proton and antiproton produced 

in pp collisions as obtained by the PHENIX Collaboration [A. Adare et al,2011] at  𝑠= 200GeV 

at mid rapidity. The solid curves are the fits of the data of the modified Tsallis Eq.(8) at mid 

rapidity. 

 

As shown in fig.(2) both pareto-tsallis model and the experimental data are inexcellent agreement 

within the given 𝑝𝑡  range 0.5 GeV <𝑝𝑡< 3.0 GeV. 

Both figures are clearly indicate that the transverse momentum, distribution of 𝜋±,  𝑘±, 𝑝 , 

𝑝 produced in pp collisions at RHIC at two different energies are well produced. 

To explore the applicability of the model to higher energies at LHC, we use the recent data 

measured by ALICE at LHC for pp collisions at 900 GeV. In Fig.3,we use Eq.(8) to fit the data 

of identified hadron produced in pp collisions at 900 GeV in LHC as measured by [K. Aamodt et 

al, 2011]. We see good agreement between measured values and Eq.(8) for the measured range  

0.1GeV <𝑝𝑡< 2.5GeV . In fig.4, we show the results of applying Eq.(8) to fit the charged particles 

distribution 𝜋+ + 𝜋−, 𝑘+ + 𝑘−,𝑝 + 𝑝 . For 𝜋+ + 𝜋−agreement between model and data is 

appealing up to 𝑝𝑡 ≈ 18 GeV. While for pp and𝑘+ + 𝑘− the deviation starts to appear at about 

𝑝𝑡 ≈ 4GeV. Recently, [G. Wilk and Z. Wlodarczyk,2017], [G. Wilk and Z. Wlodarczyk,2015], 

showed that the inclusion of oscillating factor in the nonextensive parameters can handle the 

oscillation founded in fitting the experimental data for hadrons produced during pp collisions. We 

will not go into the details of the nature of this oscillation because it outside the scope of the 

current work. 
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Figure 3: Transverse momentum distribution of of𝜋+, 𝜋−, 𝑘+, 𝑘−, proton and antiproton 

produced in pp collisions as obtained by ALLC Collaboration [K. Aamodt et al, 2011] at  𝑠= 

900GeV at midrapidity. The solid curves are the fits of the data of the modified Tsallis Eq.(8) 

at mid rapidity. 

 

4. Model Parameters 

 

In previous section we presented the results of fitting the 𝑝𝑡distribution of differentcharged 

hadrons. In this section will explore the model parameters and their significanceand how they 

vary as a function of collisions energy and hadron mass and also commentson the accuracy of our 

fit procedures. In tables (1, 2, 3, 4) we show the computed parameters in Eq.(8) with the 

corresponding 𝑐𝑖2 𝑛𝑑𝑓  , where 𝑛𝑑𝑓 is the number ofdegrees of freedom, for fitting pp data at 

62.4,200, 900 GeV and 2.7 TeV. We noticefor every particles in those tables the corresponding 

𝜒2 𝑁𝐷𝐹  is less than 1.0 that giveus confidence the model performs very well over the given 

collisions energy for everyhadrons in the tables. In Figs (5,6) we show the extracted values of the 

nonextensiveparameter q from as a function of collisions energy for both negative and positive 

hadronsrespectively. The nonextensive parameters q does not show energy dependance withinthe 

error bars but for both 𝜋±it is clearly q increases with the collisions energy fromq = 1.1 at 62.4 

GeV to q = 1.3 at 900 GeV. 
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Figure 4: Transverse momentum distribution of𝜋+, 𝜋−, 𝑘+, 𝑘−, proton and antiproton produced 

inpp collisions as obtained by ALLC Collaboration at  𝑠 = 2.7TeV at midrapidity. The solid 

curves arethe fits of the data of the modified Tsallis Eq.(8) at mid rapidity. 

  

 
Figure 5: The nonextensive parameter q for -vehadrons versus  𝑠 
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Figure 6: The nonextensive parameter q for +ve hadron versus  𝑠 

 

 

 

 

Figure 7: The Temperature parameter T versus 𝑠 
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                         Figure 8: The temperature parameter T versus 𝑠 

 

Now looking to the temperature parameters T in tables (1,2,3,4) and the 

corresponding figures (9,10,14) we find that T increases with particle mass such that 

𝑇𝜋± < 𝑇𝑘± < 𝑇𝑝 ,𝑝 . It is clearly indicates that the heavier particles have higher freeze-out 

temperatures as compared to lighter particles. Also the increases of temperature for 

𝑝 𝑝   is more rapid as compared to measons (𝜋± , 𝑘± ). The baryons in general freezeout 

earlier than mesons. This observation goes in-line with an intuitive expectation of mass 

dependent particle freeze-out or differential freeze-out. This is in agreement with the 

differential freeze-out scenarios proposed [D. Thaku et al ,2016].Once all the unknown 

parameters inEq.(8) are given as we have shown and discussed. We can compute different 

observables. 

In the current work we will limit ourselves to average transverse momentum  𝑝𝑡 as a 

function of Hardon mass and energy. In order to do so we define the 𝑘𝑡  moment of the 

normalized distribution as 

 𝑝𝑡
𝑘 =  

 𝑝𝑡
𝑘  1 +

𝑝𝑡

𝛼𝑇
 
−𝛼

𝑝𝑡𝑑𝑝𝑡𝑑𝑦𝑑∅

  1 +
𝑝𝑡

𝛼𝑇
 
−𝛼

𝑝𝑡𝑑𝑝𝑡𝑑𝑦𝑑∅
 

 

                                  (10) 

 

The ∅dependence drops out since the distribution is symmetric with respect to∅ as 

mention in section 1. 
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Figure 9: Temperature T of positive hadrons versus their masses. 

 

 

 

 
 

Figure 10: Temperature T of negative hadrons versus their masses. 
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Figure 11: The nonextensive parameter q versus negative hadron mass 

 

 

 
 

Figure 12: The nonextensive parameter q versus positive hadron mass 
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Figure 13: The nonextensive parameter q versus hadron mass 

 

 

 
 

Figure 14: The temperature parameter T versus hadron mass. 
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Figure 15:   𝑝𝑡  of negative hadrons versus collisions energy 

 

 

 

 
 

Figure 16:   𝑝𝑡  of positive hadrons versus collisions energy 
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The first moment k = 1 corresponds to  pt and the second moment k = 2 

corresponds to 𝑝𝑡
2  and the variance of the distribution𝑉𝑎𝑟 𝑝𝑡  is given by 

𝑉𝑎𝑟 𝑝𝑡 =   𝑝𝑡
2 −  𝑝𝑡 

2 
 

In Fig.(15,16) we present the results of our calculations of  pt as a function of hadron 

mass using Eq.(10) with k = 1. We find that the  pt  increases with increasing hadron 

mass such that pt 𝜋± <  pt 𝑘± <  pt 𝑝 ,𝑝  .  

5. Discussion and Conclusion 

 

In conclusion, the Pareto-Tsallis distribution, Eq.8 leads to an excellent description 

of data on transverse momentum distribution. Taken into account couple of 

approximations that we have taken such that we neglect the chemical potential of 

hadrons µ and both radial β and elliptic flow velocity𝑣2. By comparing results from 

62.4Gev at RHIC up to 2.7 TeV at LHC it has been possible to extract hadron mass 

and energy dependence of the parameters n, q and T. We have used momentum 

dependent entropy index n that scales with 𝑝𝑡dependent power ansatz. Parameters T 

and q were obtained by using the least square method. We investigated the collisions 

energy  𝑠dependence of the parameter values q and T. The q parameters were found to 

be almost independent from  𝑠for protons and kaons and distributed around q = 1.1 

and q is increasing for pions from 1.1 to almost 1.3 at top energy  𝑠 = 2.7TeVUsing 

the scaling TsallisPareto ansatz, the effective temperature, T increases with collisionsenergy. 

 

 
 

Table 1: 𝜒2 𝑁𝐷𝐹 and different extracted parameters of Eq.(8) for 𝜋± , 𝑘± , 𝑝 𝑎𝑛𝑑 𝑝 produced in 

ppcollisions as measured by PHENIX [A. Adare et al, 2011]  𝑠𝑁𝑁= 62.4 GeV.  

 

 
 

Table 2: 𝜒2 𝑁𝐷𝐹 and different extracted parameters of Eq.(8) for 𝜋± , 𝑘± , 𝑝 𝑎𝑛𝑑 𝑝 produced in 

ppcollisions as measured by PHENIX [A. Adare et al, 2011]  𝑠𝑁𝑁= 200 GeV. 
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Table 3: 𝜒2 𝑁𝐷𝐹 and different extracted parameters of Eq.(8) for 𝜋± , 𝑘± , 𝑝 𝑎𝑛𝑑 𝑝 produced 

in ppcollisions as measured by PHENIX [K. Aamodt et al, 2011]  𝑠𝑁𝑁= 900 GeV. 
 

 

 
 

Table 4: Fit parameter for pp collisions at 2.7TeV LHC 

 

Since increasing the collisions energy may result in a higher energy density and 

higher temperature. We estimated T ≈ 0.3 GeV for pp collisions at 2.7 TeV LHC 

energy. further studies is needed to scan low energy pp collisions and get full picture 

on how the measured parameters depend on energy and hadronic masses and also take 

into account both radial and elliptic flow of identified hadrons. 
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 بروتون الغير قابل للاتساع عنذ الطاقات العالية-وصف تصادم بروتون

 

يحًذ حسٍ عبذ انعضيض
1,2

و شيًاء يحًذ عبذ انشاصق
3

و يُال سشاج
3

 

  جايعه عيٍ شًس – كهيه انحاسباث وانًعهىياث –استار يساعذ بمسى انعهىو الاساسيه  -1

  جايعه عيٍ شًس–كهيه انحاسباث وانًعهىياث -  سئيس يشكضانحساب انعهًي  -2

 جايعت عيٍ شًس–كهيت انبُاث –لسى انفيضياء  -3

 

 الملخص العربي

 

الاحصائياث انغيش لابهت نلأتساع تعطي تطبيك يًتاص في يجال تصادياث انطالاث انعانيت نذساست انخىاص انحشاسيت نهجسيًاث 

انًعايشة نذساست يعايم الاَتشوبي كذانت في كًيه انتحشن  (تسانيس)في هزا انبحث طبمُا يعادنت . انُاتجت يٍ انتصادياث 

باسيتى نذساست كًيه انتحشن انًستعشضه -طبمُا تىصيع تسانيس. انًستعشضه  نههادسوَاث انُاتجت

,p, p انهادسوَاث k±, π± ٌبشوتىٌ عُذ طاله يشكض انكتهت- في تصادياث انبشوتى( sNN = 62.4 , 200,900 GeV) و

 (q)انًعايم  . باسيتىتمىدَا انى وصف دليك نهبياَاث في تىصيع كًيه انتحشن انًستعشضه–تىصيع تسانيس  . 2.7TeVعُذ  

 يٍ  π  ويضداد هزا انًعايم نهبايىَاث (q=1.1)  ويتشاوح حىل  (k) وكايىَاث (p) نهبشوتىَاث s دائًا غيش يعتًذ عهي 

s  عُذ الصي ليًت نهطالت 1.3 اني حىاني 1.1 = 2.7 TeV .   دسجت انحشاسة انًؤثشةT تضداد يع طاله انتصادياث 

Tحىاني = 0.3 Geٌ2.7بشوتىٌ عُذ طالت انًصادو انهييذسوَي انكبيش - نتصادو بشوتى TeV .  انهادسوَاث انًختهفت نها

 .دسجاث حشاسة يؤثشة يختهفت يثلا انهادسوَاث انثميهت نها اعهي دسجت حشاسة تجًذ خاسجي 


