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Abstract: The purpose of the paper is to study
nonlinear oscillation generated by general deviating
arguments and to study on the asymptotic behaviar of
its solution the results abtained are generalization of

some recent papers,

1. Intreduction:

in the asymptotic theory on a™ order {n>1) nonlinear differantial
equalion, an inleresting problem is that the stedy of solutions with presorihed
asymptotic bahewvior vig solution of the eguation, *“1) = 0 This probiem has been
extensively investigated during the last four decades for the casze of second order
nonlingar differeniial equations, see [2,4.5 8,and 8].

Recently, Agawal and Grace [1], studied the superiiner differential eguation
of the gpecial form

xB) + g e} |(e))! sign x(t) = e(t) whereg(t) <Oand A>1
Taksik and Hirofthi [9], studied tha solutions of the equation
) + g (O (g (tD sign x(g(£)) = 0 4 L e e

Which are oscillatory when n is even and are either oscillatory or strongly
monatanic when n iz odd, they investigaled secand order oelay of eguation [},
with n=2 and is the 1 ratic odd positive number 1 < 1,

In this paper we are concerned wilh the oscilistory behavior of the
nonfinear differential equation with devialing argumaents of the farm

2t )= f [;,xrj @ (0. oz, (81), 2" (g (D), o 2 g, mjj {1

We alwavs assume that the funclions G Ry R f=1..m R, =][0=) are
confinuous, g(t) =t for t ER, and lim,_.g (t)= += , and the function

K "
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B, = RB™ = & Salisflez eilher the condilians
—F (et e e Mg em o My oe o By DR 20 2 00 T gl 1 (&}

i T TS VR T 1 TR Tt 8 bt VR i3
Fort€ R, uy B R, uy oy >0i=1..m j=1.m where

Ry~ R, A=E A =1 4 20i=12,..m

We also assume Hhal

pgatl=mfis Bl =t foré =5 i=1,...m]

Lat t; €R,. A function x:[tg, =)= K well be called & regular solution of (1), iF i is
absolutely continuous together with the =, i=1,..,n—1, an each finlte segment
of R, it salisfies (1) for almost ali ¢t € {g.{&,), =) and

sup{lesils s [t=) =0 For 0 [ip =)

A regular solution of [T} will be said to be oscillating if if has a saguance
converging o« athanyize, it iz said to be non-ascillating.

Properly |:

Eqgualion (1] Iz said o bo gatizly this propery when nils even If each of iis
regular solutions iz oscillating and when n iz odd if each of ity regwlar sclultion is
either asclliating or soluticns satisfies the condiion

Imesax™ ) =0, i=0a,n—1 {4
Froperty Il;

Eqgualion (1} iz said lo be satisly thiz property when v is even when nis even
and if each of its regular solutionz iz either cecillaling or salisfies condition (4], or
lim Wty =m=, i=0..,n—1 {5}

and which n ls odd T gach regular solution s either oscillaling or satlsfles (5],
Congider the eguation

«™(0) + alt)x(ge))] sign x{gt)) = 0 (6 )

Where 1 >1 and a: R, = F, iz continuous funclions for the case, gif1 =&, gre) =0
and lim,_.. g{t) = =. Bounded solutions of () are oseillatory if

1Em, o SUD f;m(s — g™ al=z)ds = 0 fa)
Or Qi sup _I':m{g{t:l =gzt gfg)de =0 i
Or [Tyt [te — g0 alslds de = = {c}

respegtively.

—x L .
Let in the eguation 6] a(tl =1 and g{E) = —e0-0¥, In this case the
condition fa), (bf and [z} are nol salisiied and of the other hand all boaunded
solutions of (6] are oscillatory since

[T atfe = g -1t m [t~ it = =,

Equation (6) has prapecty (1), (M) g: 8, = R is cortinuous functions,
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iy glE) ==, glE) =t forte R,
and gi{t) =0 forre R, And [ g" (1) a(t)dt = = (7)

if g: R. —+ & iz @ continuous funclion satisfying condifion (7) the following theorams
hald:

Theorem 1.
IFn=3and Jf;g"“(t]ﬂ{t}'ﬂ ==
Then equation (G)+ (equaticn (6)- ) has properly | (propery i}
Theorem 2:
ifaz3

a) f niz odd and for some € > 0, ‘I;g“‘z""'{t',‘ln (Eldt ==, ,f; th=t(de =

Then egualion {&]+ has propedy |

b) If iz even and [ gt (Daltldt == and [ la(ehdr = -
Then equalion [G]- has property

cl Wnis odd feven) and . J =0 whare -"L-!T < =1, Then the condition
JD e a{t)dt = = i85 necessary anﬂ' sufficient for egquation (61+ fegqualion [(G]+ )
ta have property | (property I}

Lemma 1:

Lef the function x:[t,=) = & and its dervatives up o arder n-1 be abzolulely
continuous, and assume thal

w0 ks 0 (=0 Foar b=

Then there are numbers ¢, € [£,, =) and L€ [0, ....... n] such that L +n (s odd
{even) snd
ey (e} 2 0 for (i =0,.. L), t € [tg, =) i (3
(=1 () = 0 for (=100 (L} r€[rp.=) ,;

Proal: Seal3 7]
Thearem 3:

If x satisfies the condition of lemma 1 and Le {1, .. .n—1},

_|'r'|”r""-' ™ (e )ldde < o {9}
(0] = |t ) +ml F =50t [Tls = grotet |2=0(8) st (10)
Far t E [y, o)
aoraaver, If
L:t""Fxm?fcjgdt=ﬂ {11}

Then there iz a number [; € [t <) such that

lx{5)] = Iili}f [#it)] fortzszi {12)
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Proaf:

Raj’ah’nn{ El} fallows from fhe aqua.f.ir_l.-r

'}r-_: T = i) =I5 'i_ o —x3s) + I e bl (] £ {13)
With i =1 and [B) , using |’9]. we conclude i"r-::m fire redation
¥l () = A} %{r — )4 u...]_u-f{* S i Lt (3] (14)
Withi=L, k=mn, and s>t [hal

ety = l:ll—:-—'._I! f{.;' =ttt N2 fort € L) (13
From [14) with s =t thaf

et = Bt + = [ (e — 041 [RU0GEY | for b ty) {16)

Thus {15) impiies {10).
Now aszume that (1711 then by (8), I follows frome 0 13) that

i, (=) | = ¢ (2]} = = (17
Lot pilty= ¢ |e T ] = Bt thiey] {18}
Fince

paalt) = g (6] forrelt,®), i=1...L—1

We conclude from [(17) that

lim plt) == [ R

Hence ¢, can be agsumed (o be guch thar

b=t z el foreele=)  (f=L..s D

Usging this inaguality for ( =1, we find that t~"|xi(t)| (& non-increasing; thus, (12)
hotds and theorem 3 foliows

Thearem &4:
Suppose that g 1 B = F™ = §  salislies condiifons
(el TR iy R R B f o PR g B+ i P
Eol, iy =0 wpvy=0 gnd: [ |2 le | fel . m
i the ineguality
M Neh sign (6} 5 —gp |:J.'. (g (81} .x[y.,{i:l:l::l sign (t)
has the solution x: [t =)= & [x(t] = 0 fort € [t;,=]]

wiich sans.f;.fr'rlg ::-.:u.'acfn'n'-::-.': (&) forzome LE {1, .., n — 1], thens the eguation

. el
has fhe solution v salisfing the fl:l.h'-:a-m‘rl condition
F‘ Heypitd ,-]'n fur'}?l EQ[r. w), i=0 F....L T (20)
n:—a,-'*l YOI 20 for teft, =) i=0,.....L
Proof:

Theorem [2) implies that either

10
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J;I e"t |xti(e)| o = and ()] et fort € [t =) (21)
Where ¢ iz a positive conztant, or there Is t, = ¢, such that {12) holds,
Laf ty =t besuchthat git) =t for 128, (=1,.. ,m; than
(g ()] = cgl="(e) fortE [ts, =)
and
w (0 (), wli (00 ) signate) = gt e gl 00 oy gl (0L € [10,)

it follows from the last inequality hare and {21} that
_I: (e g e), s o gl () e <

Assume that t; s such that

J- eVl e gl HE) L e gt e < E

Vet C([t;.«a); R} be the space of contintous functions v: [y, =) — B with the uniform
convargenca on finite intervals, let 8 be the sst of function v & {[t;,c0) = B)
zatizsfyping the conditions

-;-:"‘ se{tl S et forte [t;=)

and let i £ {[ty, ) By be defjned by the following

I = ot 1mes_ -ty (*“‘{ DY oo (Eﬂ) -m)

far L€ [ty =)and Y0 =ct' for ¢ [t2:.2.)

For I = 1 ahd by the raiation

W0 = e = L (405 = 0~ [ (22 vy, (522 o5} )as force o)
el = yiwhie,) for LE [trty) .

Lat (12) holds | :rhan

leta )] = {”’": :'j k(B for telty=), i=1..m

vl

ol
X1(E) sign x(e) = —p :.((g": ]) e (Eiij,] x[tJ) stgn (£)
W follows by (140) that
[xie)| =

sign Jx{r3:1| + Ly S
- ,]"-,,_| ”_I- [t = £3i- |_|‘ [5=Eni-l |: IE""'";“] A‘(Sj.----.l:hT'”_:l _:l:'{f:ljl gn x[ s

for t& [ty ™)
5 isihe sal of function v g {[{;,=}k R} such that
v(tlx(t) = 0, [t = [e(n)] Forr e [g,=
arnd s - oy, =)k ) iz defined by
l ' f {aits) g5
By E) = x(ty) + = Fyn-i-1 el T R B oE
il s e ey f{t 2 {”LS'L_ )] ( T
iy :

g
far te[t=] and

Wiy d(E) = x(£) for ¢ € iy, )
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Then it can be proved eg% (18} has & regular solulion satisfying condilions (20).
This completes the proof of thaarem,

We shall prova the foliowing more general theorem
Theorem 5;

Ifnz 3, conditlon (2} 15 satisfied, and
fy alt) g, g Mt = = (22)
for w, €[0,4,) such thal TN, =1, then equalion (1) satisfy property |,

Proof:

Lot x:(ty.=] = R bhe reguiar non-oscillating solution of (1), and assumsd that
alt] « 0 for ¢ € [ty =), then by equation (2] and lemma 1, there are numbers
b € gty =) and L [0.....n—1] such that L +n is odd and {9) holds.

Firsf azsume that L & [1, .. ..,n— 2} and that the numbers
g € (0] N[04, = ] are such that e = Lk, ¢; =0, for somec, >0,
leCg (0l = o g (8} fortelh,=)  i=l..m (23]
Hance, in (20 and (1} :Fa{:l_nws.
ari(eysign x(t) < —c; o0t) | [Ca@lx (@)™ Foreele,=)
whaere ¢ = cf ™1™ =0, by the theoram 3, fallows
yHe) = ¢ alr) l_[I:ra- )T e )l sign ()
has a 3.:u.||.r!|'-m gatisfying (20} hence
Jr nml—[fwa:n:n}" (AR S e f "=Laft) l_lty (U e g o g
ﬁ-“ﬁ;{rh .:::unrra digts (22}, pufting L = n = 1 and a,na.l,-f.'ng (2f and {22}, we find that
X2 sigm x(t) 5 —cal) (g (R RHIE=T e (g, o)

Hence, theorem 3 implies
¥R = =gy afe)e eV TR (g, ()R =Rt )1 sigmeoy(r) (24}

Has & solution safisfying (200 with L=n-—1,

Thus L & {1, ....n = 1}-and thearem foilows for even . Now let n be odd; then L = 0
and (&) implies that

liml=()| =0 i=0,....n=1
it iz clear thate, = 0 { = 1, ....n — 1, ahd, if we sssume that
g =0 and |xO™) = cfalt]  for tE[g,=) thar [ s ais)ds < =

This {s & contradiction with {22}, hence ¢, = 0, x salisfies condition (4}, and the
thearem follows.

12
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Remark 1:
it follows from the prool of this theorem that, iF n iz odd, {22} can be replaced

by the condition that
J:: alt) T (g (erin-2itticnndt = o, g _ILJ t7-1 gty dt = =,
for same e, € [0 ] [a, = w) sueh thal B, o =0
Remark 2:
In n=2,if can be proved fhat (1} has pn:-pa-r!y il if

JI’ w[é}(ﬂ{y {epme +"""Jﬂ,ﬁ!"“ rtj)d-: ==

Whera Hhe ﬁ'..'rll:!fmrr 71 Ry =0 =) 5 {.‘-.':l.rl.!Jr?uL:-us fon-dasreasing, ang unbaundad,

g, B0 ], ¢ = XM, ¢ = 0 and (1) = min{g, (), v(r)}
Example 1:

xM(1) = —t Cos¢t) + 6(R.01¢2 Cos(D.16) + 0.25t"Cos(0.5t) + x (g, (1))
+ x(gz (E){0.02Cas (1t} + 0.5Cas({h5e) — 0.01x{g, (£}

3 : . .
— 0.252(g, (1))} + -@ — 600120180 + 0.5 (05601 (001 (0.1¢)

+ 25 (0500
0 = £ leh a0 (e (000 Uy 0 2 a0 (i (00 o (1))

Wihers g 8= 01, glitk=05¢ 0=t=s50

The solufiam which safisiez the above sxample is 20t} = {10t}

X

qil

|l ]k | | L=t Sindt)

Funsiens ol ¢

Rt T AT TR T R U= ¢ Sin)
W el Fif 4 T | ¥ - | f

13
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Example 2:

1 1 .
2By = TR (=40Cos(t ) + 1
+ BGe V3 Sin(E) + Sin(3elP)) + 162077 (Sin(vE) + Sing3VE)
+ 2400 30 g, (61} + A0S xla, (1)) + 3240 Cas(t)x(t)"
— S4B Cos(A)(1? = Blx (g, (£)) = Bt Ex (g (1)
AR (g (61 + B g ()

wie) = f (eaeleh el )l () (g (00 (200 (0 () (200))

gilt)= 113, =1  0<t=25
N
LI | |rll Iml |I. Iil
I [ [ III
% | l I I| | I| N
AR L | f i | I I"| L O R Bir tricea 28
!_I_.lll. L .|_|_|.ﬁ|_|.|...-.|.I i "l'-]"T"4* i
H | | Il.ll .:\'Iu | i ||‘|:| I..'I 'Jﬁ'llj Il.:I tiu | I|r| EF
b o o |
Zast ] | | L |
| | \ \
=0 1 i U
Fanctions ol f
15 ¢ . 0
b 1 ki I- f I -| 4 |
10 " |: | |I. ;. O | I' i
I _I | 1 | I I | B
.| | I 1| : 1.1 -!
; | | ';.._.I i.'-_-;..'_l'i--i-ll e o 0
P2 o St '_..Lq'...q.! P 1 88 ] L
TTTE] b wl [T | |;“ i —e
e e A B e ' L] xit)= -‘il"'itfﬁ'N'f?!{
| ! I 1 1 B A e R A v £1 &2
1l L | ! { | |
_Il}i.l | | | | I;,I I| i 1! | 1
—1 5!
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