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In this paper a small signal capacitance model for an electrochemical
electrode is developed. This model takes into consideration the conventional
Helmholtz layer and diffusion layer capacitances in addition to the capacitance
of a homogeneous middle layer between the two previous layers. The small
signal capacitance calculated by this model increases with the electrode
potential reaching a maximum at certain specific voltage and then decreasesin
gualitative agreement with the measured C-V curve. By quantitative
comparison of the theoretical and experimental C-V curves satisfactory
agreement was found at the lower potentials. At the higher potentials where
the reaction rate is appreciable the measured capacitance is smaller than the
theoretical one. Thisis attributed to the formation of gas bubbles leading to a
continuous decrease of electrode area with increased reaction rate.
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I ntroduction

One of the most common techniques to characterize the transition
regions formed between two different materials in contact is the determination
of the relationship between the small signal capacitance of a metallic cathode
and the potential drop across these transition regions. It is found that the
measured small signal capacitance of a metallic cathode evolving hydrogen
increases with the cathode potential reaching maximum value after which it
decreases rapidly to small values [1,2]. It is observed that the rapid decrease in
the capacitance occurs at the same time of formation of large macroscopic gas
bubbles at the electrode surface. This C-V behaviour is not yet rigorously
modeled. The objective of this paper is to derive relationships relating the small
signal capacitance to the electrode potential based on a physical model taking
into consideration the maximum cation solubility in the electrolyte and the
formation of gas bubbles on the electrode surface. The theoretical and
experimental results will be compared to verify the model.
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Fig. (1) Charge distribution in an electrochemical cathode.

1. The Space Charge Distribution

Assume the cation distribution shown in Fig.1 where a negative voltage
V is applied on the eectrade. If the applied voltage is sufficiently high, the
concentration of the hydrogen ions in the first Outer Helmholtz Plane (OHP)
exceeds the maximum solubility owing to the self interaction between the
positively charged hydrogen ions and the absence of their negative neutralizing
charges because of the depletion of the anions from the surface of the cathode.
Increasing the voltage further a second OHP forms and so on. This means an
outer Helmholtz layer will be built as shown in Fig.1. Since there is thermal
random moation of the ions, their concentration can not change abruptly from Ny,
(the concentration in the Helmholtz layer) to that vaue in the bulk Ny. There will
be a diffusion gradient towards the bulk and a diffused layer will be formed.
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Because of the hydration sheath around the positive hydrogen ion they cannot get
closer to the cathode surface than the first outer Helmholtz plane. This layer will
befilled by nearly fully oriented water dipoles.

According to this distribution there are now four different layers in the
electrolyte facing the cathode surface. They are the water dipole layer, the
Helmholtz homogeneous positive layer, the diffused layer and the homogeneous
bulk of the electrolyte.

Let us assume that in the diffused layer the excess ion concentration
Ng(X) decays exponentially with position,

N,(X) =N, (€' -1 for x = xq 1)

where L is a certain characteristic length. Perhaps a more suitable distribution is
that resulting from the assumption of quasi-equilibrium. This means that the drift
and diffusion currents balance out. It followsin this casethat [3]:

Ng () = Np (e VO-V@)ivr _q) )

where V(o) is the potential at the bulk of the electrolyte, V(x) is the potential at
any point X, V+=kT/qisthe thermal equivalent voltage and Ny, is the background
concentration.

The electric field distribution can be determined using the Poisson's
equation, i.e.

[)4

where p isthe excession chargesin the interface region (see Fig. 1) and € isthe
dielectric constant.

6E:B 3
€

Outside regions 1, 2 and 3 the electric field is zero because there is no
excess charges. Assuming that the potential at (X = ) is zero such that V(x) will
be measured relative to V().

2. TheElectric Field E(x)
Inregion 3, Egn.(3) becomes:

9Es_ANb (vivy g @
[9)4 €3



A.R.M. Alamoud 206

Muitiplying the left hand side of Eqn.(4) by %EE(GWOV)’ rearranging and
T

integrating, one gets

Eg = M %‘V(X)/VT + M - 1% (5)
€3 VT

The dectric field at the edge of the diffused layer E; (x) can be found in
terms of the voltage drop on the diffused layer at X = Xg, i.€. V¢(Xq).
2
Ea(xg) =[N0 VT w2 Vd  (ovaivr )iz ()
€3 VT

The voltage V4 can be found in terms of N as a x = X4, Ng(Xg)= Ny can be
substituted in Egn. (2), then

Np = Np (€Ve/VT-1) O -vg=vr (N0 )

Nb

In region 2 the Poisson's equation has the form

0E N
2_9Nhn ®)
1) €2
Integrating, the electric field isfound to be
-ON e3E
Ep= NN (4o x) + E3E3 (©)
€2 €2

Asthereis no free charge in region 1 adjacent to the cathode surface, the
electric field E; will be constant and because of dectric flux continuity we have,

e1E1= €2 E2(xn) (10)
Substituting Eqgn. (10) into Eqgn. (9) it follows that
Eo= N (L + BB (1)
€1 €1

3. The Potential Distribution V(x)

The potential V(X) at any point x can be obtained by integrating the electric
field from o to X,

V(x) = [, dV = -} Edx (12)
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The electric field distribution is schematically shown in Fig.2, whereit is
assumed that €< €,< €5 as the electric field E;< E;< E; and the orientation of the
water dipolesincreases as x decreases. This distribution corresponds to Egns. (6),
(9) and (11).
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Fig. (2) Electric field and the potential distributions.

Based on Egn.(12) and the electric field distribution, the potential
distribution V(x) takes the form shown in Fig. 2, where the total potential
difference Vp isdistributed across the three layers, i.e.

Vg =Vg+Vp +Vq (13
where Vg, Vi, and Vy_ are the potential differences across the diffused layer, the

Helmholtz layer and the dipole layer respectively[4]. These voltages are related to
the area under the (E-x)-curve asfollows:

Vg =-[5¢ E3(X)dx (14a)
Vi =- I§E E> (X) dx (14b)
and
VoL =- [, E1(x) dx (14c)

The potentia drop, across the Helmholtz layer, V. can be obtained by
substituting Eqn.(9) into Eqn.(14b) and integrating, i.e.
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-qN e3E
g hyy2 +£3E3
€2 €2
Here Vy_ is intentionally expressed in terms of Helmholtz layer width,

Wi, which varies with Vi while the other quantities in Eqn.(15) are fixed.
Substituting Egn.(11) into Egn.(14c) and integrating we obtain

Vh = Whe (15)

-gNpXx e3E3 X
VdL:(M)WhL+(3—3h) (16)
&1 &

According to this equation as V4. increases W, , increases linearly, while
the other quantities remain unchanged.

The total cation charge Q" (C/lcm?) is the sum of the charges in the
diffused layer Q4 and the charges in the Helmholtz layer Q" , i.e.

Q" = qN\Wn + €3Es(xq) (17)

4. The Small Signal Capacitance C

Now the small signal capacitance for an electrochemical cathode can be
derived. By definition,

+ +
C:aQ :(aQ / aVB)
0Vg O0Wp OWp

(18)

Combining Egns. (18), (17), (16), (15), and (13) one gets

i1 .1 1
C (a/xn) (e22Wp) gzl{ﬁ[l-an(l"' Nhyy172 (19
aNy, Nh Np

or 1/C=1C+ 1UC,+ 1C; (19&)

In order to see how the capacitance C changes with the voltage Vg, let us
express Wy in terms of V. Combining Egns. (13), (15), (16), (7) and (6) one
gets

athZL +b, Wy + (Cv + VB)= 0 (20)

—ANn
€2

where av (209)
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_AdNnxh , V2desNnVT - Np Nnyv2  (20b)
v = + (1 N @+ Nb)]

€1 €2 h

b

and

Nh Np

Cv=VT/n(1+&)+ Xh
Np €2

Equation (20) can be solved to obtain the width of the Helmholtz layer, Wy, i.e.,

-bytbZ-4 +
Wi = by \/bv ay (Cv VB) 1)
2ay

The positive solution isthe only physically allowed solution in this case.

Since Vg is negative, therefore as it increases, Wy, increases and from
Egn. (19b), C, decreases with the square root of the applied voltage. This is
really an important result showing that the overall capacitance C decreases by
increasing the applied voltage above the voltage Vg a which Wy, = O.
According to Egn. (19)

-Ve=¢y (22)
At this voltage, C, tends to increase to infinity and the overall
capacitance C becomes C such that the capacitance C will be the maximum
overall capacitance, i.e.
11,1 (23)
C G G

5. The Capacitance C for | Vg | < |V gl

All previously derived relations for the electric field, potential and
charges are valid for the voltage range [Vg|<|V's| except one has to set W, =0.
Now the main parameter is the concentration of the cations at the first outer
Helmholtz layer Ny. As Vg increases, Ny, increases according to Eqn. (20c).

An expression for the capacitance in this voltage range can be derived
from Egn. (17),

V=350 Eot vy (24)
&

Differentiating Eqn. (24) with respect to E; and dividing the result by e;yields
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1 = 1 + 1 (25)
C (gl/Xh) 0 E3(Xd)
€.
an
Combining Egns. (6) and (25) one gets
11 _ 1 (26)
C alxn e [2q b ]1/2 (e-Vd/VT-1)[e-Vd/VT-1+ﬂ]'1/2
eV VT

It can be seen from this equation that the capacitance C for V| < Vs |
increases by increasing the voltage drop across the diffused layer V4 and hence by
increasing Vg. One can eliminate E; by subgtituting Egn. (6) into Egn. (24). It
follows that

2
Vg = €3Xh [(M) (e-Vd/VT.1+ﬁ)]1’2+Vd (27)
g €3 VT

One can calculate C as afunction of Vg from Egns. (26) and (27).
6. The Effect of the Anions on the Small Signal Capacitance

In the previous analysis it is assumed that the anion concentration is
homogeneous and equal to the bulk concentration of the cations. For relatively
large Vg values the effect of the anion is negligible but at small Vg values, their
real distribution must be considered.

Fig. 3 shows the distribution of the anions and cations schematically in
the front of a cathode for Vg | < Vg | The negative charges on the cathode
surface repel the anions away from the interface region. The excess ion charges
in the interface region p isgiven by [3],
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Fig. (3) Theanion and cation distribution in the front side of a cathode.
p =-2qNpsinh (V(X)/V7)

Substituting the above equation into Eqn. (3) gives the Poisson's equation

-2agN
0 Es - q b sinh %/(X)E] (28)
ox €3 OVt O

Multiplying Eqn.(28) by Sﬁt dV/aV) and integrating with the b.c. V()

=0=Ej3(c0) one gets,
4q NbVT) (COSh V(X) _ 1)

E2=(
3 €3 VT

(29)

In region 1 at small Vg vaues the quantity of anions remaining in the
dipole layers are appreciable and must be taken into consideration. The Poisson's
equation in region 1 becomes

0E1_ =N _-MNp vpory, (30)

This equation can be solved to get the net eectric field at the metal surface with
V(X)=Vga x=0,i.e

2 AgN
E1(0)=- [M (eV8/VT-gVdVT) + E—g (M) (coshYd.pjP2  (31)
&1 & & Vr
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The total charge on the electrode is given by Q = &; E;(0). In order to
determine the capacitance one has to express Vg in terms of Vg,

VB:-Igh EldX+Vd (32)

Egn. (32) requires numerical solution. For a suitable solution, let us
assume that the anions in the dipole layer are also negligible. Then the
capacitance follows Egn. (25) with the condition that 0Ej(Xq)/0Vy must be
recalculated from Egn. (29). Hence:

i__1 — 1 (33)
C (Sl/ Xh) 83( q b)1/2 (Cog,]ﬂ_l)llz_i_snhﬂ
eV VT VT

The value of the diffused layer capacitance at V4 = O is equal to the
denominator of the second termin Eqgn. (33) at V4=0,

Cs(0) = €3/ Lo (34)
where Lg, = (€3V/ 2gN) 2 is the debye length in the bulk of the electrolyte.

It is interesting to notice that Cs(0) is the minimum diffused layer
capacitance at which the overall capacitance C will aso be minimum. Increasing
Vg, Vq4 a0 increases, C; increases and consequently C.  For the voltage range
where C; >> C;, C; dominates the overall capacitance C which becomes
insengitive to the voltage variation. For voltages Vg > Vg a Helmholtz layer
begins to appear and the overall capacitance begins to decrease again. The overal
potentid difference Vg can be obtained by substituting Eqn. (29) into Eqn. (24) at
V(X) =Vy,i.e

AGN, V
£3Xn 2 IT (o5h Vd _qypL2 (35)
€1 €3 VT

VB=Vqg-

Egns. (33), (35), (20), (21) and (18) can be used to calculate C as a
function of the overall voltage Vs. The physical parameters concerning the cation
concentrations N, and N;, the diglectric constants €, €5, €3, the dimension x;, of
the dipole layer and the temperature must all be known.

If the water dipoleradiusisr,, and the cation radiusisr; then it can be proved that:

Xh = (2 +\/§) lwtr; (36)
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The maximum solubility of H* ions in water corresponding to the molecular
arrangement is such that each ion is surrounded by six water dipoles forming a
hexagona cell. If the interionic distance r, = 4r,, + 2r;, then the number of H*
iongem® is simply the inverse of the volume per ion vi. This concentration is
labeled previously by N,
Np = L 37
365 (1+ )

I'w

With the density of water being 3 gm/cm?® and a molecular weight of 18,
one can calculate the density of water mol ecules’cm®, N,,. It isfound that N, = 3.5
x 10% cm®. Assuming that the water molecules are spheres, the radius of the
water molecule amountsto r,, = 1.896 x 10® cm. It should be noted that the ionic
radius of the hydrogen ion r; = 0.529 x 10°® cm according to the first Bohr radius.
Substituting the above values into Eqgns. (36) and (37), one gets x, = 7.6 x 10% cm
(7.6 A) and N, = 2.75 x 10°* cm®, respectively.

For the following typical cathode parameters: N, = 6.3 x 10* cm’®,

N, = 3.5 x 10° cm?, r, = 1.896 x 108 cm, r, = 0.529 x 10® cm, N}, = 2.75 x 10*
cm?® and x, = 7.6 x 10® cm together with the expressions of the cathode
capacitance, as a function of the cathode voltage, and using Excd, the small
signal capacitance of the cathode was calculated. The results are plotted in Fig. 4.
It is clear from Fig. 4 that the diffused layer capacitance increases with the
(negative) cathode voltage saturating at [V | = 0.4V while the homogeneous layer
capacitance decreases. The overall capacitance of the cathode increases firstly
with the cathode voltage Vg, reaching maximum value at [Vg'| > 0.4V and then
decreases following the homogeneous layer capacitance. It was found that as Ny,
increases the value of the capacitance at zero voltage increases and the maximum
capacitance decreases. The voltage |Vg | also increases. It must be mentioned here
that these theoretical results agree with those measured for the dependence of the
small signal capacitance on the electrode voltage as shown in Fig.4 in the lower
voltage range. In the higher voltage range, the rate of decrease of C with V is
smaler for the theoretica model. This may be attributed to capacitance-
decreasing factors not taken into consideration in this model. The formation of
gas bubbles which act as an insulator between the eectrolyte and the metallic
electrodeis responsible for this discrepancy.
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Fig. (4) The cathode capacitance as a function of the cathode voltage Vg for Ny, =
3x 10" cm?®,
7. Effect of Gas Bubbles on the Electrode Capacitance

Assume that the bubbles are statistically distributed at the cathode surface
such that one can allocate a circular area with aradius r, producing gas which is
collected by a gas bubble in the center of the circular areaand having aradiusr. If

the flux of hydrogen is ¢ and the density of the gas in the bubble is N, then one
can write the rate equation.

N 2Mr? dr = @M (r,? - r?) d, ... (38)

where the gas evolved at the active areain atime dt with aflux ¢, increases the
radius of the gas collecting bubble by dr.

Normally the bubble grows from zero radius to a steady state radius ry,
smaller than ry,, in agrowth time T, hence

N/ @)y (r/ 1, )? (39

A

Now, one can express, the gas flux with bubble (_p in terms of the ratio
(EUOKS

TI(
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VN
TMr?

Q= (40)

where V,, isthe volume of the bubble. Substituting Egn. (39) into Egn. (40) one
gets,

@/ @=(ry /1) 13y (41)

The ratio of (_p/(p is at the same time the ratio of the effective area A« to
thetota area A,

QO/p=Agl A (42)

From Egns. (39-42), the values of (A«/A) were calculated as a function
of (rw/ry) and the results are plotted in Fig. 5. We can see from this figure that
the reaction rate remains almost unchanged for ry < 0.3 r,, after which it
decreases rapidly, with ry/ry,, reaching very small fractions of the reaction rate
without bubbles when (ry/ry) approaches one. These results are very important
and can have a great impact on the electrode design [5]. One has to design the
electrode such that the bubbles cover no more than 9% of the total cathode
area. On the other hand, it is observed experimentally that as the cathode
current increases the bubble size increases which means that the active cathode
area decreases and consequently the junction capacitance. In order to take the
bubbles effect into consideration, one has to multiply al the previous
expressions of the capacitances by the area factor (A«/A). From Fig. 4, at
cathode voltage of 0.9V, the ratio of the measured to the theoretical capacitance
is equal to about 0.2 which results in (ry/r,) = 0.97 according to Fig. 5. This
means that the cathode area is amost covered with bubbles that is an
experimentally observable fact.
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Fig. (5) The ratio of the active area A« to the total cathode area A as
a function of the ratio of bubble radius to the radius of the
available area per bubble.

For quantitative analysis of the capacitance, it is necessary to either
measure (ry/r,) as a function of the electrode voltage or develop a
corresponding theoretical relationship. However, it is obvious now, that the
formation of gas bubbles can drastically decrease the measured junction
capacitance and can account for the observed C-V behavior since the decrease
in the capacitance is coupled with arisein the current value [2].

Conclusions

Because of the maximum solubility of the cation in the electrolyte, a
middle layer with constant cation concentration will be formed between the
Helmholtz layer and the diffused layer at relatively high cathode potential. The
width of this middle layer increases with the potential and hence, its small
signal capacitance decreases with the electrode potential.

The homogeneous middle layer with the maximum cation solubility is
not sufficient to account for the rapid decrease of the measured C-V values. By
taking the effect of the gas bubbles into consideration one could correctly
explain the rapid fal in the C-V curve. One should not assume specific
adsorbed species at the surface of the cathode. Further confirmation of this
model may be achieved by the small signal capacitance variation with the
frequency.
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