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ABSTRACT 

Quality of confor~ance is " defined as the degree to ..,hich a product or 
service conforms to its design specifications. In thIs paper. random assembly 
products are considered. and the degree of conforalty of a randoQ assembly is 
defined as the probability that the asseably ..,ill meet Its specified 
tolerance . Furtherllore, Modeis of inequal1.t1es are forMulated to show the 
relationships between assembly total tolerances, individual part tolerances , 
and asseably degree of confor. 1ty for a randoll asse. bly consisting of two or 
!lore parts (co_ponents). These Inequali ties can serve as a tool to set up 
parts dlaensional tolerances and/or asse.bly diaensional tolerances so that a 
predetera ined asse.bly degree of conforalty Is aet, and vise versa . 

Itn'RODUCTION AND BACEGROUND 

The purpose of a manufacturing systea 1s to produce saleable goo 
saleable the goods .ust function satlsfactortly. and aust fur 
custolllers dell3nds , Manufacturing 1s based on production specIfic 
costs. Production speelfications usually incorporate diaensional 
lIIaterials to be used, surface finishes, any heat treatMents , etc. 
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Interchangeable manufacturing systems for quantity production have 
r ecently been widely used because they have certain economic advantages: (1) 
parts can be produced in quantity with less demand on labor skill and effort, 
(2) parts can be assembled instead of fitted, (3) assembl1es so made can be 
serviced by a sillple system of replacement parts drawn froll! stock. This is 
Qore convenient for the user and cheaper than product reconditloning which may 
i nvolve the manufacture of new parts [6J . 

Dimensional tolerance has been defined as the permisslble or acceptable 
variation In the dimensions such as height. width, length. depth, angles, and 
diameter of a part or an assembly of parts (51. Tolerances are unavoidable In 
productIon. This Is because it Is virtually impossible to manufacture two 
parts precisely of the same dimension. It is well accepted that in most cases, 
the smaller the tolerance, the better w111 be the qual1ty of the product. 
Hovever. smaller tolerances require the use of high precision machine tools In 
~anufacturing the parts therefore increase productIon cost. Figure 1 indicates 
the relationship between the tolerance and the production costs. 

Relative 
cost 

Tolerance 

Figure 1: The relationship between tolerance and productIon costs. 

As can be seen, very small tolerances result in very high production cost. 
Therefore. small tolerances should not be specified when designing components 
unless they serve a certain purpose in that design [11). 

There are three different attitudes involving tolerance specification. The 
£lrst concerns the designer. whose goal Is to ensure proper function. The 
second are those who must see the part is manufac tured; their goal is to 
produce the part as economically as possIble . Finally. those responsible for 
asseabling individual parts into components and units ; their major concern is 
to co.plete the assembly without problems (7). 

The qUality of design of a product, "Whether a part or an assembly. Is 
determined by the product technical speCificatIons, "While the quality of 
conformance of a product depends solely upon the manufacturIng process ability 
to lII.eet the product specifications requirements [11 . It is managelllent's 
responsibillty, with respect to the setting of speCifications, to ensure that 
compatibility exists among those who des1gn products, those who manufacture 
the~, and those who will use them. Whether this compatibilIty is achieved or 
not, the suitability of a particular process or equipment will be assessed on 
the basis of existing product specificatIons. Quality. on the other hand. has 
been defined in ter~s of "quality of confor.ance" [2). The use of the term and 
the context within which the word uquaiity· Is used 1s defined as the degree 
to which a product or service conforms to its design specIficatIons 
(tolerances). Thus, the degree of conformity of a product may be expressed as 
the probabUity that it will satisfy its specified tolerance for its quality 
characteristic . When dealing vlth a quality characteristic that can be 
expressed as measure.ent, it is custOtnary to exercise control over both the 
average (_ean) value of the quality characteristic and its variability 
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(variance ). Such contro l is made by the statistical control charts f or means 
and var lance . 

Statistically, a process is said to be u.rw:ier statistical contro l if its 
mean value (the Dean value of the quality characteristic being controlled) Is 
centered on the desired value and. its variablllty is totally attributed to 
chance causes. When thls is the case, the process can be said to be 
functioning at the predeterNined level of accuracy . For -ore details refer to 
statistical quality control books such as (11. (2J. and (9) . 

A lI&in purpose of interchangeabie aanufacturing systeas is to produce 
parts in large quanti ties. If the lICUlufacturlng process is under statistical 
control. then the variations of this process i8 assumed to be normally 
distributed. This leads to the assumptIon that di.ensional variatiOn In parts 
produced ls normal. Further.ore, the s8.IIIpllng distribution of the process 
variables are consIdered to be nor:mally dIstributed based on the "Cantral 
LiMit theoreM- of statistics . Hence, Individuai part di .. nsion and part aean 
digension may be considered as Independent . nor.ally distributed random 
variables . There fo re. most quality control practitioners set production 
process natural t o lerance llalts at !J sta!ldard deviations fro. the .. an to 
cover 99 . 78~ of t he area under the curve . Figure 2 shows t he tv, ~. and ~ 
Intervals Crom the lIean of the norllal distribution, with their corresponding 
xage areas under the curve, where X. ~ are the lIean and s tandard deviation of 
the distribution. For DOre detalls see OJ. (2], {J l, (61. 

<-_--I-c.... 99 . 78 X 

95.4S :< 

68 . 26 X 
( J 

~Jcr -2a' -1<1' x 
Figure 2: The normal probability distribution. 

One way of deterainlIl8 a dillenslonal tolerance of an assellbly is by 
algebraiC SUI) of the dlaensional tolerances of its constituent parts or 
co.ponents . But due to the randOIl variation In the variables of the 
I118.nufacturlng prOcess, the dillena10nal toierances of the parts produced MY 
vary froe part to part . Hence. when extretM values oC part diMnsional 
tolerances occur within an asse.bly, the resulting •• seably di .. n.lenal 
tolerance will Call outside the tolerance range prescribed for the ••• &ably . 
Thls occurs because of the tolerance - build up" effect In ass.llbiles due to 
the ~18ebralc accUllulation of individual part tolerances (61, (2). Therefore, 
if parts and assellbly di . .ensional tolerances are based on a1sebralc sua 
relationshIp, replace.ent parts cannot then be supplIed separately. To avoid 
tolerance bulld up in randoll ass.llbUes, statistical to1eranCiJ Is used to 
aSSign asseably and constituent parts dlaenslonal tolerances . 

In the following aectlon • .oo.els of inequalities are {oraulated to 5how 
the relationshIps between assellbly total lolerAnce., IncUvidual part 
tolerances. and assellbly degree of confo~ity for a randoll ass •• bly product 
conSisting of two or .ore part. (collpanents) . Th •• e inequalIties can serve as 
a tool to set up parts and/or assellbly dien.ional tolerances, so that a 
prescribed degree of conforllity for the as.sellbly Is achieved. and vise versa. 
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rO~TloN or MODELS 

The following assumptions are considered in the for~ulation of the models : 

OJ The variation of sizes for each dImension considered is norl'lally 
dIstributed. 

(2) The individual part dimensions are completely independent of each 
other. 

(3) Individual parts to be assembled are randOlllly selected frolll, large 
quantities. 

(4) The basic (no.ina!) size of each part is equal to the !lean of all 
such parts, and the tolerance range is equal t o 6 standard 
deviations. That is, 1£ a bilateral tolerance is g iven as 10 .003, 
then the standard deviation is ~l to O. 001 . 

Consider two rando.iy selected parts A, and B, as sho\ln in Figure 3 , 

whose basic sizes (mean dimensions) are Xa and ~ respec tively, wi th upper and 

lower toleranc e limits of (Ua' Lal and (Ub' "l respectively , are t o be 

stacked together i n an assembly. Let the r esu l t ing diNension of the assembly 
be Y with upper and l ower tolerance li=its of Uy and Ly ' respectIvely. 

Part A 

x • 

Part B 

1<---- y ---->1 

Figure 3: An asseMbly consIsting of two parts A and B. 

Based on the randoruness of the se l ect ion and the "Central L!mit TheoreJ'l " 

Xa , ~ are independent, normally distributed randoll varIables, while Y Is the 

dependent randol'll variable. The dimension of the assembly Y can be found by 
the following equation: 

.. . . . . ... .... .... , " .. , .............. (1) 

since Xa and ~ are independent, norfUlly distributed random variables. then 

by the reproductive property of the noraal distribution [31. the dll11ension of 

the assembiy Y is norAlly distributed with a Ilean of Y and a standard 
deviation r given by 

y 

r~ -v! • r~ ....................... . . ........... (2) 

where va and Vb are the standard deviations of Xa and ~ respectively. 

Assuaing a tolerance range of t 3 standard deviations for the asseMbly 
toierance It.its , the asseMbly standard deviation can be found in ter.s of the 



Mansoura Engineering Journal, Vol. 19, No.2, June 1994 M. 5 

assembly tolerance limits as follows: 

u - L 
Y Y 

" = y 6 
..•..••..•.....••..••...•.••.... (3) 

U - L 
and, a a 

" = a 6 
.......•......••.....••..••..•.... (4) 

U - '0 b 
"b = 6 

.................................... (5) 

An important inequality in statistics is the Camp and Heiddle inequality 
(2]. It is an adaptation of Tchebycheff's inequality [3]. Camp and Heiddle 

state that under certain circumstances more than 1-(lJ2.2St2 ) of any 
- -

distribution will fall within the closed range X±tO', where X, and 0' are the 
mean and standard deviation of the distribution, and t>1. These circumstances 
are that the distribution must have only one mode, and the mode must be the 
same as the arithmetic r.lean, and that the frequencies must decline 
continuously on both sides of the mode. 

As can be seen, the Camp-Melddle inequality can be applied to the 
distribution of Y (the diD"lension of the assembly) since it 1s normally 
distributed and satisfies the conditions stated for the inequality. Hence, the 
degree of conformity of the assembly, that Is the probability that the basic 
size of the assembly falls within its upper and lower tolerance limits can be 
denoted by DC and expressed as, 

........................... (6) 

Now, consider the foUowing two cases in which the basic size of the 

assembly (Y) is centered, and is not centered, between the lower (Ly) and 

upper (V ) specification limits as shown in Figure 4. 
y 

lower upper lower upper 
limit limit iimit limit 

1 
1 ·1 

" t '1· " t CT/11 f- O'yt: Y Y 
--; ----, ~ y 

L 
Y 

U L 
Y 

U 
Y Y Y Y 

Gase (A) Ga.e (B) 

Figure 4, Upper and lower specification limits of Y 

case (A): If the upper and lower tolerance limits of the assembly are at equal 
distances from the basic (nominal) size (dimension) Y. 

Since the range specified by Camp-HeIdi Ie inequality is to't, then t can be 
found in terms of 0' , U , and Ly as follows: 

y y 
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t = 0.5 ... •.. • • ...•...•...• • . . .... (7) 

by subst itution for t In Inequality (6) it follows: 

OC i!: 1 - 4.0 

2.25 
..... •.•.• • ...•.. _ •... • ...... (8) 

then, substituting for u~ from Equation (2) in Inequality (8), we get 

DC i!: 1 - ~ [ 2.25 

2 2] ' •• "b 

(U _ L )2 
y y 

........................... (9 ) 

and substituting for ~a and ~b fro m Equations (4) .nd (5) in Inequality (9), 

it results that, 

DC i!: 1 - '.0 

81.0 
•••.• •••.• • ..... (10) 

case (B): If the upper and lower tolerance liMite of the assembly are not at 
equal distances fro. the basic (noqdnaL) 81zo (dimension) Y. 

In th:S case, instead of having (0"/) at both sides of Y, the tolerenc 

range of : is decomposed inlo (d"/l) and (O"yt
z

) on the left and the right 

sides of Y respectively. as shown In Figure 4 (nole. t
1
+t

Z
=2t l. Hence , the 

degree of con!or.llily of the asseJlbly becoJles: 

..•. • . • • • .. • .. (11) 

t~~(U -V)/v 1n Inequality (11), we get 
4 y Y 

•. 5) [ _ 1 + 
(Y _ L )2 

y 

oc ~ 1 - •••...• .... (12) 
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but from Equat ions (2), (4 ). and (5) we have, 

2 [ 2 IT =(U-L) + 
y •• 

and by s ubstitution fo r cr; in Inequal1ty (12). the fo11 ow11\11 r esultant 

lnequality Is obt~lned. 

DC 1=. \- -- (U - L ) + 1 [ 2 
162. 0 a a 

..• , (13) 

Generalization of Hodels 

Consider a n asse~bly of n parls. Part 1 has a mean (no_inal ) di~ension (of 

a qu~lity characte r is tic variable ) Xl with upper and lower t o lerance 

(specif i catIon) l!mlts U
1 

and LI respect Ive l y . for 1~l , 2 , ... , n. Let the total 

asse.bly r esulting dillension be T, then the Han ( nollinal) dt .. nsion of the 

asse.bly will be T, with upper and lower tolerance (specif1catlon) I1111ts of 
UT, and Lr r espective ly. 

The gene ral for. of Inequality ( 10 ) beco_es as follows: 

DC ~ 1 -

0'. 

. ... ... ............. (14) 

and, the general fore of Inequality (13) beco .. s a8 follows : 

DC 11: 1-~ [[ I-n (U - L )2 
][(T _1 (UT~ Tl 2] 

+ 
I-I 1 1 "T)2 

0'. 
[l_n 2 ] [ 

1)2] 
1 _ r i- I (U1- L t ) 1 1 

DC' • .... ... . .. (15) 
162. 0 (T - "T)2 (U-

T 

It can be observed fro. Inequalities (14 ) and (15) tha t the maximUM 
possible degree of con!or.lty of the assellbly can be better achieved when the 
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upper and lOl.ler speclrlcation 111l11ts of the assembly dimension are both 
specified (i.e . bllateral tolerance), and placed at equal distances froID the 
mean (basic) dillension (size) of the assembly. It can also be verified that 
Inequality (lS) yields to Inequality (H.~ if tolerance limits Lr and Ur are 

placed at equal distances froll the Jllean T. This can be done by substituttng 

(UT-Lr)/2 (or both (I-LTI and (Ur-T ), since each term ~l l l coun t for half of 

the tolerance range in this case. 

However, unilateral specIfication (tolerance) limits may also be used. 
This still can be facil1tated by Inequality (15), by excLuding the term whl~h 
Is related to the unspecified limit from the inequality. This exclusion can be 
made by assigning a value of infinIty to the unspecified limit. For exa~ple, 
if only the upper specification li.it for the assembly (U

T
) is specified, then 

the lower specification limit for the assembly (LTl 15 assigned a value of 

infinIty, and therefore the term l/(T-Lrl ~ill eq~ate to zero and be 

eliminated from the inequality. 

Other cases may arise when using Inequalities (14) and (15). Such cases 
and the accompanying manipulations in the inequalities Ilay be identified as 
follows: 

1. A lower bound on the degree of conformity (OC) of the assembled 
product may be found by substituting the inequality sign by an equality sign 
in Inequalities (14) and (1S). 

2. Suppose the degree of confonalty of the assembly Is specified, and 
the speCificatIon limits of each const Ituent part Is known, and it is requIred 
to find the specl.ficatlon limits of the assembly. In thIs case, all Is 
required Is sl.ple aathe=atical manipulatIons on the aodels so that the terns 
containIng UT and Lr are expressed in t erRs of OC, UI and Li . 

3. On the other band , when the assembly degree of conformity and lhe 
asse~bly specification liAlts are known, and it 15 required to determine the 
specIfIcation Ii_its of each component part, i.e. Ui,and Lt . In this case, the 

SUlIIIation term of the U
I 

and L1 needs to be expressed 1n terms of DC, U
T 

and 

~. Furthermore, the speCificatIon limits U1, and Li could be the saae for all 

constituent parts, if not, then they can be expressed as ratios of each other. 

In all cases a viable and ratlonal tool for solving these lIOdels Is a 
coaputer progra. that incorporates some search lIethods of engineering 
optimization (101. 

CONCLUSIONS 

Quality and reliabllity are important attributes of products and systems 
[4]. Interchangeable lIanufacturing facllitates quantity production of parts, 
assembly and replacelllent of parts, at lower costs and higher quality of 
conformance. Qual1ty of conforlllance of parts and assemblies may be expressed 
in terlls of the degree to which aanufactured products, conSisting of one part 
or assellblies of parts. adhere to their prescribed specification (tolerance) 
limIts. Assellbly product speCification limits should be related statistically, 
not algebraically, to the speciflcatlon limits of its constituent parts or 
components . 
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The qual1ty of confor..ance, or the degr .. of confondty of III randoa 
assembly product In terlas of the specifIcation (tolerance) Ileal ts of 1 ts 
quality characteristic was defined as the probablllty that the product will 
meet such specificatIons . As noted. before, this conforaance Is essential to 
facilitate parts asseMbly and replacement . The Modo Is of inequalities 
presented In this paper can serve as a tool for relating speciflcatlon 11~lts 
Incorporated In product design and ~anufacturlng. They are applicable for both 
random assembly products and their associated COMponents and/or parts. 
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