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ABSTRACT

In designing communication networks (graphs), number of spanning trees plays a vital
and significant role, as the more quality and perfect the network, the greater the
number of trees spanning this network, and this leads to greater possibilities for the
connection between two vertices, and this ensures good rigidity and resistance. In this
work, we derive an obvious formula for the number of spanning trees (complexity)
graphs generated by duplicating edge by a vertex of the path, cycle, and wheel
graphs. Also, clear expressions of complexity of duplicating a vertex by an edge of
path and cycle graphs. The eigenvalues of the Laplacian matrix of a graph are known
as the Laplacian spectrum. Furthermore, by using the spectrum of Laplacian matrix,
we deduce an evident formula of the complexity of the shadow graph of the path
graph, cycle graph and complete graphs. These explicit formulas have been found out
by utilizing techniques from linear algebra, matrix theory, and orthogonal polynomials
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1. Introduction

A graph is a formal mathematical illustration of a
network since any network can be modeled by a graph &
where nodes are represented by vertices V(&) and links
are represented by edges E(G). Let |E(G)| be the
cardinality of E(G) and |V(G)| be that of V(). We deal

with finite and undirected with multiple edges and loops
permitted. The degree of a vertex x € (&), is the number

of edges incident with the vertex, while the average degree
of a graph is applied to measure the number of edges
compared to the number of vertices which calculates by
dividing the summation of all vertex degrees by the total
number of nodes. As in the case with most mathematical
entities, one always tries to get new structures from given
ones, this also applies to the field of graphs, where one can
generate new graphs from a given set of graphs [1].

Definition 1.1. Duplication of an edge € =uw in a
graph G by a new vertex W produces a new graph G’ such
that N(w) = {u,v}. Duplication of a vertex v; by a new
edge e = v/v/' in a graph G produces a new graph G’
such that N{v/) nN(w/')={;}. In Fig. 1 we present
duplicating every edge by a vertex in the path E,. In Fig. 2

we present duplicating every vertex by an edge in the path
B,.
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A spanning tree of any graph is a communication
subgraph that guarantees connectivity between all vertices
in the original graph with a minimum number of edges. In
other words, a spanning tree ensures the existence and
unigueness of a connection between any pair of vertices.
The number of spanning trees T({) is equal to the total

number of various spanning subgraphs of & that are trees,
this quantity is also known as complexity T(&) of G.

There exist several methods for finding this number.
The celebrated Matrix tree theorem of Kirchhoff [ 2] , tells
us that: the complexity T(G) of a graph & is equal any

cofactor of Laplace matrix L{G) = D(G)— A(G), where
D(&) is the diagonal matrix of vertex degrees of G and
A(G) is the adjacency matrix of G.T(G) also can be
calculated from the eigenvalues of the Laplace matrix L.
Let 44 = A3 = -+ = 4,,(= 0) denote the eigenvalues of L
matrix.

Kelmans and Chenlnokov [3], have shown that

n—1
2(6) = ﬂ_[ A
=1

After that Timperley [4], has shown that:
1
{G) = 3 det(H +1)

(1.1)

(1.2)

where I is the 1 X n matrix all of whose elements are unity.

From Timperley’s equation (1.2} it is easy to prove the
following lemma.
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Fig. 1: Duplicating every edge by a vertex in the path E,.
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Fig. 2: Duplicating every vertex by an edge in the path E,.

Lemma 1.2. Let G be a graph with n vertices and D, A are the degree and adjacency matrices, respectively, of &, the

complement of &. Then,

1
(6) = —Edet[nf —
n

Proof. Since H=D-4

D={(n—-1I-D, then D=(n—-1I-D,
H+A=(n—-1)I-D

Since A+A=]—1, then

D+ A4)

then D=H+4 and

(1.3)

then

(1.4)

(1.5)

From Eq. 1.4 and Eq. 1.5 we have H + ] = nl — D + A substitution in [1.2) then,

1 _
T(G) = ﬂ—:det(nf —D +A)

The senior advantage of formula (1.3) is to express
T(G) directly as a determinant rather than in terms of
cofactors or eigenvalues.

For some special classes of graphs, there exist, simple
closed formulas that make it much easier to calculate and
determine the number of corresponding spanning trees,
especially when these numbers are very large. Cayley

has n" %,n =2
spanning trees. Another result is due to Sedlacek [5], he
derived a formula for the wheel with 1 + 1 vertices, Wy +1,
has a number of

showed that a complete graph K,

spanning trees

—, 1 —. "
3445 3—vE
(+) + (%) —2,n = 2. Zeen El Deen et al. [6,7]

have derived many explicit formulas for the number of
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spanning trees of some duplicating graphs. Recently, and maximizing the number of spanning trees for some
several closed formulas have been published on counting families of graphs (see, e.g., [8-12])

2. Basic proof tools
The Chebyshev Polynomials of the first kind are defined as the solution of the recursion relation

Tos1(x) = 22T, (x) + T,y (x) = 0; Ty(x) =1, Ty(x) =x (2.1)
Using standard methods for solving the recursion (2.1) getting
1 n n
Tn[x]=i[(x+1,*x2—1) -I-{x—w,,fx:—l)],nEl (2.2)

Also, the Chebyshev Polynomials of the second kind are defined as the solution of the recursion relation
Upsq(x) = 22U, (x) — U,y (x); Upx) = 1, Uy(x) = 2x (2.3)

Furthermore, by using standard methods for solving the recursion (2.3) one obtains the explicit formula

1 n+l — ntl
Un[x]=ﬁ[(x+ﬁx2—1|- —(x—fx:—l) ],ﬂEl (24]
-\Ix.r._

where the identity is true for all complex x (except at x = +1). we have U,—1 (ccs%) =0,i =12,..n—1. Hence

n—1
im
U, _,(x)=2""1 1_[ (x — cos—) (2.5)
i=1 n
One further notes that:
n—1
U, _(—x) =271 1_[ (x + cnsij) (2.6)
n—1 - .
i=1
These two results yields
n—1 .
4 Y L LT
Us_i(x)= 4”_11_[ (x‘ — cos‘—) (2.7)
i-1 "
-1
Y [x +2 r 2im
us_, = 1_[ (x — Eccrs—) (2.8)
| 4 T
N i=1
One further note that:
n—1
i
1_[ (2 — Ecos—) =n, n=2 (2.9)
n
i-1
n—1
2im .
1_[ (2 — Zcus—) =n",n=2 (2.10)
1
i=1

Polynomials T, (x) and U,—4(x) are related by the following identity

. 1 :
Upq(x) = 2= [T.(2x7— 1) — 1] (2.11)
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4_
By using the substitution x = ‘JTﬁ we have:

2 [Tn (2%) — 1] =—plUZ, J?Tp' (2.12)

Chebyshev polynomials of the first and second kind have a strong relation with determinants, we will use. it in our
computations [13]. Let A4, {x) be n X n matrix such that:

2r -1 0 0 .. .. O
-1 2x -1 0 .. .. O
0 -1 2x =1 .. .. 0
An)=| o T T T
0 0 0 .. -1 2x -1
o 0 0 .. 0 -1 2«

where all other elements are zeros.

From this recursion relation and by expanding det 4,,(x) one gets
U,(x) =det[4,(x)], n=1 (2.13)

Lemma 2.1. [14] Suppose F, @, R, and 5 are block matrices of dimension j x j,j x k,k % j and k X k, respectively.
Then, when P and 5 are nonsingular,

det(; g] = det(P) X det(5 — RP1Q)

= det(5) X det(P — @S 'R)

P
Lemma 2.2. [14] Suppose P, @ are block matrices Then det (Q Q) =det(P — Q) x det(P + Q)
Lemma 2.3. [15, 16]

Qi If
x -1 0 0 0
-1 (x+1) -1 0 0
0 0 0 w =1 (x+1) -1
0 0 0 0 -1 x
1+
then det [B, ()] = (x — 1)U, _, (Tx)
i) Yx=3, if
¥x —=1 0 -1
-1 x -1 .. .. 0
1o -1 x . . o0 _ Xy
C,lx)= E . | then det [C,(x)] = 2[ T, (2) 1 ]
0 0 0 xr -1
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Lemma2.4.[17] If

¥r 1 1 1 1
1 x 1 1 .. 1
E,(x) = 1 1 * 1 1 , then det {En (x}} =(x+n—-1)x-1)"1?
11 1 .. x 1
11 1 .. 1 x
Lemma 2.5. Let A, F and C be matrices of dimension i % 1 if B and € commute, then

A B B

det (E C E) = [det(B — C)]det[2BZ —A X B — A x (]
E B C

Proof. Using the properties of determinants and matrix row and column operations yields:

A4 B B A—F 0 E A—FE 0 B
E ¢ B|=|B—-C C—F B|=|EF-C (] B+C
B B C 0 BE—-C C (] BE—-C C
A—FE B )
E—-C B+C
A—F A)

BE—-C 2B

When B and € commute (i.e., B X € = € X B),so (B — C) and 2B commute, then

A B B
det(B c 3) = —det(B — ) X det
B B C

= —det(B — C) x det(

A B B
(E C Es‘) = —[det(B —C)]det[(A—B)x 2B —A X (B—C)]
E B C
= [det(F — C)]det[2B* —A X B — A x C]
Lemma 2.6. Let 4,5 and C be matrices of dimension 7 X 1, then
p @ R Q
Qg P Q@ R 5
det R Q P @ = [det(P — R)]*det(P + R + 2Q)det(P + R — 2Q)
Q R Q@ P
Proof. Using the properties of determinants and matrix row and column operations [?] yields:
F @ R @ p—R o R Q@ p—R o R Q
Q p @ R\ (] P—-R @ R\ _ (] PF—R Q R
R ¢ P @g| \R—P o0 P @] | o0 0 p+R 2@
g R @ p o R—F @ p o o 2@ P+ R
P Q@ R ¢
Q P Q@ R|_ P—R 0 (P+R EQ)
detlp g p g)=t( o0 plp)xdet(Ty pig
Q R Q@ F
= [det(P —R)]*det(P + R + 2Q)det(P + R — 2Q)
3. Complexity of duplication edge by vertex graphs Proof. The graph @, obtained by duplication of every

Theorem 3.1. For n = 2, the number of the spanning edge of the path E, by a vertex has number of vertices,
trees of the graph @y, obtained by duplication of every edge  |V{a, )| and edges |E{a,)| are |V{a,)| =2n—1 and
of the path P,, by a vertex is given by t({a,) = 3771 |E(a,)| = 3(n—1), n = 2,3, -, see Fig. 1.
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Applying Lemma (1.2), we have:

1 _
=——[2n—-1I-D+A
(a,) Gn—1)? [(2n —1) 1
'/3 0 1 10 1 1 |
05 0 1 1 0 0 1 1 1\
1 0 5 0 1 1 0 0 1 1
1 1 0 5 1 1 1 0 0 w1
11 0 5 0 1 1 0 0
1 11 .. .. 1 0 3 1 1 .. 1 0
T = ———— det
(a,) 2n-12% 0 0 1 1 1 3 1 1 1
1 0 0 1 11 3 1 1
1 1 0 0 1 1 1 3 .. 1
1 1 1 0 1 1 1 1 3 1
l\ 1 001 1 1 1 3 1/
1 1 00 1 1 1 1 3
B A B
T @n-1)2 det( g ¢)
From Lemma (2.1), then
(a )= _t det(C)det(4A — BC~'B*®)
" (2n — 1)*
1 (2n —1)*(3)"1
— — _|_ E E n—1 — 3?‘!—1
Gn—1)2 T AT TS oy
ug us

Theorem 3.2. For 1t = 3, the number of the spanning

U1

trees of the graph {1, obtained by duplication of each

edge of the cycle C,, by a vertex is given by:

(0, ) = 2n3"" 1,

Proof. The graph {1,, obtained by duplication of each Un \ V4
edge of the cycle C,, by a vertex has number of vertices
|V(G, )| and edges |E(Gn)| are [V (G, )| = 2n and

Fig. 3: The graph {1_ obtained by duplication of each
|E(G,)| =3nn=34.,seeFig. 3. 9 grap n y dup

edge of the cycle C,, by a vertex
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let us apply Lemma (1.2), we have: (0,) = = }z [2n] — D + A]
/5 0 1 1 0 0
0 5 0 1 1 0
1 0 5 0 1 1
1 1 0 5 1 1
1 1 0 5 0 1
o 1 .. .. 1 0 5 1
T —
() = e jz ey 0 1 1 1 3
1 0 0 1 1 1
1 1 0 0 1 1
1 1 1 0 1 1
l\l 1 0 1 1
0 1 1 0 1

1 A B
- (2-;-:)2 det (Bt c) , Here we have B' x €' = C' x I, then

() =

(Qf )2
14 5
5 14
8 5
8 8
T(Qy) = @ )Qdu‘ L
8
b 8
2 (3 n—1
= 7( ) det
n?

LI R e T

1
0

8 8
5 8
14 5
5 14
8 8
8 8
0 1
3 0
0 3
1 0
1 1
1 1

det(A x C — B x BY)

8 8 5
8 8 8
8 8 8
5 8 8
8 5 14 5
8 8 5 14
1 1 1
1 1 1
0 1 1
3 0 1
1 1 ... 0 3
1 1 ... 1 0

straightforward induction using the properties of determinants, we obtain:

T(0,) =

23?‘2—1
.n* = 2n3™1

[ = I =

o

N =

== =5

= R

o

L N e

=

1)

o

e = =TT
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Theorem 3.3.
trees of the graph I}, obtained by duplication of each edge

For n = 3, the number of the spanning

of the wheel W}, by a vertex is given by
7(T,) = 3*[(3 +V5)" + (3 —V/5)" —2"*1]

Let W, be

V(Wn] = {’i?’g., T T iﬂn} with the hub vertex 17;. The

Proof. the wheel with vertex set

graph T, obtained by duplication of each edge of the wheel
W,, by a vertex has number of vertices |V (T, )| = 3n +1
and edges |E(I'n)| = 6n,n = 3,4,---, see Fig. 4

27

Fig.
The Kirchhoff matrix H associated to the graph [, is
"2n -1 -1 -1 ... ... =1 o o 0 0 o
—1 2 0 1] cee 0 0 1] 0 ] 0
—1 0o 2 1] L ] o 1] 0 ] o
—1 0 1] 0 2 0 o 1] 0 0 o
—1 o [1] 0 2 0 1] ] 0 0
0 0 1] 1] Cee e 0 2 1] ] - 0 0
0 0o 0 1] . ] 0 2 0 0o 0
0 0 0 1] cee 0 0 1] 2 ] 0
H = :
0 0 1] 0 0 o 1] 0 2 0
0 0o 0 0 0o o 1] 0 0 2
-1 -1 0 1] 0 -1 1] 0 0 —1
—1 o —1 1] o -1 -1 0 o o
—1 o 0 -1 ... ... o o -1 -1 o 0
—1 o 1] —1 o o 1] 0 —1 —1
-1 o o 0o -1 0 0 0 -1 -1
Thus, we get:
21 0 -1
[l ]=det| 0 21 B =det| B
—1 B A5 A—1 Bf

by a vertex of the wheel W,

S
~1 0
0 -1
1 ]
] 0
-1 -1
0 -1
0 0
0 0
~1 0
G -1
~1 &
0 -1
0 0
~1 ]

0

2B

2A -1

—1
]
0

0
0
0

—1
—1

Frdn

, where

4: The graph T, obtained by duplication of each edge

—1
0
0

0
0

0
0

—1
6 S indil.8nddl
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G -1 0 0 —1 -1 -1 0 0 0
-1 6 -1 0 - 0 0 -1 -1 0 0

4= 0 -1 6 -1 . III and B = l] 0 -1 —1-1 IZI
0 0 -1 & -1 0 0 o -1 -1
—1 0 1 -1 6 -1 0 0 o -1
Since AxB'=B"xA = 1] =det[44 —27—-2B'B]

18 -6 0 e e 0 =0

-6 18 -6 0 . . 0

]=det| & 76 18 6 -~ - O

0 0 18 -6

—6 0 0 —6 184 nn

3 -1 0 . 0 -1

-1 3 -1 0 v 0

e det| O 3 ;

0 0 3 -1

-1 0 0 -1 3

L] =

-
=

4. Complexity of duplication vertex by edge graphs
Theorem 4.1. For 1 = 2, the number of the spanning
trees of the graph D(E(E,)) obtained by duplication of
a vertex of the path B, by an edge is given by:

672 [Tn (3)- 1] =3"[3+V5)"+ (3—V5)" — 27*1],

Proof. The graph D(E(E,)) obtained by duplication of
a vertex of the path B, by an edge has total number of
vertices | V(D(E(B,)) I= 3n and edges

| E{D{E(Pn}} |=4n—1,n=23,.. seeFig.2
t[D(E(R,)] = 3" Let us apply Lemma (1.2) , we have:

1 1 4 B B

t[D(E(R,))] = sozdetl3nl —D+4] =——det|B C B

G G *\8 € 8

Where

A4 0 1 ... .. 1 Iy a1 1 .. 1 1 31 1 1 1
o s 0 1 . .. 1 1 0 1 1 1 1 3 1 1 1
A=|1 05 0 1| p |11 01 mg c=|1 131 1
1 1 .. .. 0 5 0 1 1 .. 1 0 1 1 1 1 3 1
1 1 1 .. .. 0 & 1 1 1 1 0 1 1 1 1 3

Applying Lemma (2.5)], we have:
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[D(E(R))] = [det(B C)]det[2B2 —Ax B— Ax (]
—3 0 0 0
o -3 0 0
1 0 0 -3 0 0
DI E(R = ———det
[D(2E))] = ryzce
0 0 -3 0
0 0 o -3
-10 -8 -9 -9
-8 -11 -8 -9 -9
w det -9 -8 -11 -8 - -9
-9 -9 -8 —-11 -8
-9 -9 -8 10
Using the properties of determinants, we obtain
2 0 1 1 1
0 3 0 1 1
t[D(E(B))] = j X (—3)" X (—1)"9 det o 3 0 !
1 1 w30
1 1 1 0 2
=1 gp3no3
(3n)*

Theorem 4.2. For 1 = 3, the number of the spanning
trees of the graph D(E(C,,)) obtained by duplication of
a vertex of the cycle C,, by an edge is given by
7[D(E(C,))] = n3"

Proof. The graph D(E(C,,)) obtained by duplication of
a vertex of the cycle £, by an edge has total number of
vertices | V(D(E(C,)) |= 3n and edges

| E(D(E(C,)) I=4n, n =34, see Fig.5.

Fig. 5: A graph D(E(C,,)) obtained by duplication of a
vertex of £ by an edge.

let us apply Lemma (1.2), we have:

t[D(E(C,))] =

L 1 A B B
det[3n/— D+ 4] = det
Gn)? et[3m + A] Gn)? et| B C B

E B C
where
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5 0 1 S 01 1
05 0 1 w w 1 10 1
4|1 0 5 0 -« 1lp=|1 10
11 0 5 0 11
0 o101 0 5 M1 1

Applying Lemma (2.5) we have:

D (EC)] - 5o
1
t[D(E(C,))] = Gn)? X det
—11
-8
-9
® det :
5
-8
[D(E(c,))] = Gy * (—3)" x (—
1
~ (3n)?

5. Enumerating spanning trees of the shadow graph
using Laplacian spectrum

The spectrum of a finite graph G is the set of

eigenvalues of its adjacent matrix A together with their
multiplicities. The eigenvalues of the Laplacian matrix of a
graph are known as the Laplacian spectrum. From the
Laplace spectrum of a graph one can determine the
number of spanning trees (which will be nonzero only if the

11 301 1 11
1 1 13 1 1 1
1 mdco|1 1 3 1 1
1 0 1 11 1 3 1

1 M1 1 1 3

[det(B — €)]det[2B* —Ax B — A x (]

-3 0 1 1 1
0o -3 0 1 1
1 0 -3 0 1
1 1 we —3 0
1 1 1 0 -3
—a -9 1 —8
-1 -8 -9 —9
-8 —11 -8 -9
—9 we —11 —8
-9 -9 -8 -11
3 0 1 1 1
o 3 0 1 1
1 0 3 0 1
1)"9det
1 1 .. .. .. 3 0
1 1 .. .. 1 0 3

gn33" =n 3"

graph is connected). While the involved calculations are
complicated, and this method is not valid for calculating the
number of spanning trees for larger graphs.

Definition 5.1 The shadow graph D(G) of a connected
graph & is constructed by taking two copies of &, say
and Gz. Join each vertex ¥; in {r; to the neighbors of the
corresponding vertex u; in (3. The shadow graph D, (@)
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can be obtained from the splitting graph 5' (&) by adding
edge between any two new vertices u; and u; if the

corresponding original vertices v'; and v; are adjacent.

5.1 Complexity of the Shadow of the path

Theorem 5.1. For n = 2, the number of the spanning
trees of the shadow graph D;(B,) of the path B, is given

by: t[D,(B)]=2%""*

Proof. The shadow graph D, (P, ) of the path B, is
obtained by taking two copies of B, say £, P, and
joining each vertex 1’ of B to the neighbors of the

u."

T
corresponding vertex of B.". According to the

construction, the number of total vertices
| V(D,(B,) |=2n,n = 273,..., seeFig.6

s Tn—1 tn

uy Uua usg (1|

Fig. 6: The shadow graph D, (B, ).

Let L[D,(P,)]= D[D,(B)]—A[D,(P,)] be the Laplacian matrix of the shadow of the path B,, then

det [L[Dy(B)] — Al = det (‘S i) = det (A — B) X det (A + B)
where
2—4 -1 0 0 0 0 -1 0 0 0
-1 4 -4 -1 0 0 -1 0 -1 0 0
A | 0 -1 4-a o o |_ . g0 -1 o0 0 0
0 Q 4—4 -1 0 0 0 0 -1
0 Q -1 2—4 0 0 0 -1 0
2—4 0 0 0 0
0 4-—-4 0 0 0
detlL[D,(B)] ~ Ml =det | O 0 44 R B
0 0 0 4—-4 0
0 0 0 0 2—4
2—4 —2 0 0 0
—2 4— A —2 0 0
det 0 —2 4 — A 0 0
0 0 0 4— A -2
0 0 0 —2 2—4

straightforward induction using the properties of determinants and Lemma. 2.3. we obtain:

det [L[D2(B)] - AUl = (2—D*(4 - )" 2 x 2" (=D Up— (—2)

.
2
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Using Eq. 2.5 then

i

det [L[D,(B)] — ATl = (2 — A)2(4 — )" 2 x 222 (— ) ["L1 (? — cos &)

When det [L[D,(B,)] —AI] = 0, then the eigenvalues 4, are:

0, 2 4-2) 2“—1(2 _ 2c0s %) i=12--n—1

1 — —
Using Eg. (2.9) and From Eq. (1.1), then T[Dz [Fﬂ}] = E l_[ ;?:1 1 Af = Egﬂ * .

5.2 Complexity of the Shadow of the cycle
Theorem 5.2. For 1 = 3, the number of the spanning
trees of the shadow graph D,(C,.) of cycle C,, given by:
7[D,(C, )] = n23" 2

Poof. The shadow graph D.(C,) of the cycle C, is
obtained by taking two copies of £y, say L, 5 and joining
each vertex u' of Cj, to the neighbors of the corresponding
vertex u'" of C};. According to the construction, the number
of total vertices| V{D1(C, )] = 2n,n = 3,4, ...... see Fig. 7.
Let L[D,(C,)] = DI[D,(C,)] — AlD,(C,)] be the
Laplacian matrix of the shadow of the cycle C,, then

Fig. 7: The shadow graph D,(C;)

det [L[D5(C,)] — AI] = det (‘; i) — det (A — B) X det (A + B)
where
4—1 -1 0 0 -1 0 —-1 0 0 -1
-1 4-1 -1 0 0 -1 0 -1 0 0
a_| o -1 4-2 EJ :? andB—] @ -1 0 0 0
0 0 4—1 -1 0 0 0 0 -1
-1 0 -1 4—4 -1 0 0 -1 0
4—24 0 0 0 0
0 4—-1 0 0 0
0 0 4-a 0 0
det[L[D,(C, )] — AI] = det :
0 0 0 a-2 0
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4—A —2 0 0 —2
—2 4—A —2 0 0
0 —2 4 — A4 0 0
% det :
0 0 0 e 4 —A4 —2
—2 0 0 —2 4 —

straightforward induction using the properties of determinants and Lemma. 2.3. we obtain:
A

det [L[D,(C,)] = Al = (4— )" x 2"2|T, (2| -1
Using Eq. (2.12) and Eq. (2.8) then

mn

det[L[D,(C,)] —AIl = (4 — )" x 2"} (=) l_[ (4;_‘1_ 2cos EE)
i=1

When det[L [Dz [Cﬂ)] — AIl = 0, then the eigenvalues "'-'Lz' are :

25T

0O, 401 or—1 (2 — Z2cos i — 1,2, ---,72 — 1

Using Eq. ( 2.10) and From Eg. (1.1). Then T[Dg [:C j-l'] = - nzﬂ 1 -'1 n23" 2

5.3 Complexity of the Shadow of the complete graph

Theorem 5.3. For 1 = 3, the number of the spanning
trees of the shadow graph D, (K,) of the complete graph
Knisgivenby: T[Dy(K, )] =2""%(n—1)"(n)""

Proof. The shadow graph D,(K,,) of the complete graph
K, is obtained by taking two copies of K, say KK, and
joining each vertex u' of K, to the neighbors of the
corresponding vertex u'' of K, According to the

construction, the number of  total vertices Fig. 8: The shadow graph D, (k)
| V(Dy(K,) |= 2n,n = 3,4, ..., see Fig. 8 . i

Let L[D, (K, )] = D[D, (K, )] — A[D,(K,)] be the Laplacian matrix of the shadow of the complete graph K,,, then

det [L[Dy(K,)] — Al = det (‘; f_‘;) = det (A — B) X det (4 + B)
A=
2Zn—-2-4 -1 -1 -1 -1
-1 2n—2-414 -1 -1 -1
Al -1 -1 m—2-1 -1 -1
1 4 5 " an—2-1 -1

-1 -1 -1 w1 2Zn—2—-4
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o -1 -1 -1 -1
-1 0 -1 -1 -1
and 5 — —:1 —1 0 _,1 —:1
-1 -1 -1 o -1
-1 -1 -1 —1 0
n—2—2 0 0 0
0 n—2-1 0 0 0
0 n—2 -2 0 0
det[L[D; (K, )] — AI] = det :
0 0 v 2n—2-2 0
0 0 0 n—2-21
n—2—4 -2 -2 -2 -2
-2 n—2-2 -2 -2 -2
-2 -2 n—2-1 .. -2 -2
X det : : :
-2 -2 -2 2n—2-21 -2
-2 -2 -2 -2 2n—2—

straightforward induction using the properties of determinants and Lemma. Z.4. we obtain:

det [L[D,(K,)] — Al = (2n—2 - )" x (-2)"(3) (5 - n)”_l

When det[L[D,(K, )] — AI]=0,
From Eq. (1.1). Then

1 _ _
T[DZ(KH.)] = ﬁnf:i 1’11' = 2" Z(H -

Conclusions

Enumerating the number of spanning trees (complexity) in
networks is a significant invariant, not only helpful from a
combinatorial standpoint, but it is also an important
measurement of the reliability of a network and electrical
circuit design. In this paper, we found clear formulas for the
number of spanning trees for some duplicating edges by
vertex and vertex by edge graphs. Also, we found the
Laplacian spectrum for the shadow of the path, cycle and
complete graphs, then we used it in calculating the
complexity of these graphs.

References

[1] R. Balakrishnan and K. Ranganathan, A textbook of Graph
Theory, Springer, New York, USA (2000).

[2] G. G. Kirchhoff, Uber die Auflosung der Gleichungen, auf
welche man beider Untersuehung der Linearen, Verteilung

Galvanischer Strme gefhrt wird, Ann. Phys.Chem.Vol.72 (1847)
pp. 497-508.

[3] AK. Kelmans, V.M. Chelnokov, A certain polynomials of a

graph and graphs with an external number of trees, J. Comb.
Theory (B) 16 (1974)197-214

2

then the eigenvalues 4;are: 0, [2(n — 1)]™, [2(n)]™*

1 )Tl(n)ﬂ—z

[4] H.N.V.Temperley, Graph theory and applications. Ellis
Horwood Series in Mathematies and its Applications. Ellis
Horwood Ltd., Chichester; Halsted Press [John Wiley and Sons,
Ine. ], New York, 1981.

[5] J. Sedlacek, Lucas number in graph
theory,in:Mathematics(Geometry and Graph theory)(chech),
Univ.Karlova, Prague, 1970, pp. 111-115.

[6] M. R. Zeen El Deen, W. Aboamer, Complexity of some
duplicating networks, IEEE Access, Vol.6, (2021)

[7] M. R. Zeen El Deen, W. Aboamer, Complexity of some graphs
generated by square, J. Math. Comput. Sci, Vol.6 (2021).

[8] S.N. Daoud, Generating formulas of the number of spanning
trees of some special graphs, Eur. Phys. J. Plus,129 (2014) 1-14
[9] S.N. Daoud, Number of spanning trees of different products of
complete and complete bipartite graphs, J. Math. Prob. Eng.,
2014 (2014) 23, Hindawi Publishing Corporation, Article ID
965105.

[10] L. Clark, On the enumeration of multipartite spanning trees
of the complete graph, Bull. ICA, 38 (2003) 50-60. [11] S. N.
Daoud, K. Mohamed, The complexity of some families of cycle-
related graphs, Journal of Taibah University for science., Vol.11:



Walaa A. Aboamer et al/Frontiers in Scientific Research and Technology 3 (2022) 20-35

No. 2,(2017), 205- 228, Hindawi Publ. Corp., 2019. P. 22,
Article ID 2171783.

[12] Jia-Bao Liu, S. N. Daoud , Number of spanning trees in the
sequence of some graphs, Complixity, 2019 , Hindawi Publ.
Corp., 2019. P. 22, Article ID 2171783

[13] J. C. Mason, D. C. Handscomb, Chebyshev Polynomials,
CHAPMAN and HALL/CRC, (2003).

[14] M. Marcus, A Survey of Matrix Theory and Matrix
Inequalities, Unvi. Allyn and Bacon. Inc., Boston 1964

[15] S.N. Daoud, Complexity of products of some complete and
complete bipartite graphs, J. App. Math.,2013 Vol. 2013, Hindawi
Publishing Corporation, Article ID 873270.

[16] D. J. Gross and T. J. Saccoman and L. C. Suffel, Spanning
tree results for graphs and multigraphs: A Matrix-theoretic
approach. World Scientific Publishing Company, (2014).

[17] A. Bose and K. Saha, Random circulant matrices. CRC
Press : Taylor and Francis Group, (2019).

35



