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ABSTRACT

Banach Contraction Principle (BCP) is a fundamental result in metric fixed point theory and
it is a very powerful tool in solving the existence problems in pure and applied sciences. Also,
the fuzzy set theory has many applications in various branches of engineering, mathematical
sciences including artificial intelligence, control engineering, computer science, management
science etc., see [1]. The aim of this paper is to study a common fixed point results for fuzzy
mappings under implicit relation in a complex-valued metric space. we introduces a new class
of an implicit relation to prove a common fixed point theorems for fuzzy mappings in this paper
and constructed some examples to illustrate the main theorem. Also, we gave the consequences
of our main result. The results have been reached in our current research work that consider
applying for an integral type contractive condition, these results are extention of many
results in this field.
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1. PRELIMINARIES

In 2011, Azam et al. [2] introduced complex valued metric spaces and established fixed point
theorems for a pair of mappings satisfying contractive type conditions. In 1965, Zadeh [3]
introduced the concepts of fuzzy sets. Motivated by the work of Popa [4], Azam et al.[2] and by
the ongoing research in this direction, we study a common fixed point results for fuzzy mappings
under implicit relation in a complex-valued metric spaces.

Now, we present some basic definitions and lemmas that help us in our sequel.

Definition 1.1: [2] Let C be the set of complex numbers and z,, z, € C. Define a partial order <
on C as below:

7z, Sz, iff Re{z;} <Re{z,}, Im{z} < Im{z,}.
So, z; S z, if one of the following conditions holds:
(i) Re{z,} = Re{z,} and Im{z,} = Im{z,},
(i1) Re{z;} < Re{z,} and Im{z,} = Im{z,},

(iii) Re{z;} = Re{z,} and Im{z;} < Im{z,},
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(iv) Re{z;} < Re{z,}and Im{z;} < Im{z,}.

7z, X z, if z; # z, and one of (ii), (iii) and (iv) is satisfied. Also, z; < z, if only (iv) is satisfied.
The symbol < means that only (iv) is satisfied.

Definition 1.2: [2] A mapping d: Z X Z — C, where Z is a nonempty set, is said to be complex-
valued metric on Z if it satisfies the following conditions:

() 6=dxy);

(i) d(x,y) =6 ifandonlyif x = y;

(i) d(x,y) = d(y,x);

(iv) d(x,y) 2d(x,z) +d(z).

Vx,y,z € Z, 0 is zero vector and a complex-valued metric space is denoted by (Z, d).

Let X be a nonempty set, a fuzzy set A in X is characterized by a function p,: X — [0,1] is called
membership function of A, « such that x € X a real number in the interval [0, 1] and the value of 1,4
at x representing the grade of membership of x in A”. Clearly, any crisp subset A of X is fuzzy set if
ua(x) =1, when x € A and u,(x) = 0 otherwise.

Let Y be a nonempty subset of a vector space V and D be a nonempty set, a mapping F: D — &(Y),
where &(Y) be the collection of all fuzzy sets of Y, is called a fuzzy mapping, and F(x), x € D isa
fuzzy set in §(Y), denoted by F, and F,.(y), y € Y is the grade of membership of y in F, see for
details .

Let B € §(X) and a € [0,1], then the set

B, ={u€X:B(u) = a}
is called an a-cut or ( a-level) set of B.

Definition 1.3: [5] Fuzzy set A in X is an approximate quantity if and only if its a-level set is a
nonempty compact subset of X for each a € [0,1]. The set of all approximate quantities is denoted
by W*(X), is a sub collection of (X).

Definition 1.4: [6] Assume that X represents an arbitrary set and Y represents a metric space. If
G:X - W(Y), then G is said to be a fuzzy mapping. A fuzzy mapping G is a fuzzy subseton X x Y
with a membership function G (z)(x). The function G (z)(x) is the grade of membership of x €
G(2).

Definition 1.5: Assume that (Z, d) represents a complex-valued metric space. Azam, etc in [6, 7]
represented

s(q) ={weC:q=3w} forqecC,

s(z,B) = Us(d(z,s)) = U{W € C:d(z,s) S w} forBe€ CB(Z)ands € B,

SEB SEB

s(A,B) = (ﬂs(r,B))ﬂ(ﬂs(s, A)) for A,B € CB(Z),

TEA SEB

where CB(Z) is the family of all nonempty closed bounded subsets of Z.
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Remark: [7] If C isreplaced by R in definition 1.2 and < instead of <, then (Z, d) is metric
space. Also Hausdorff distance induced by d is

H(A,B) = inf s(4,B) suchthat A,B € CB(Z).
Lemma 1.1: [9] Let (Z, d) be a complex-valued metric space, A € Z, then
A={z€Z:d(z,A) =6},
such that d(z, A) = inf,¢, d(x, 2).
Also, A is closed set if and only if z € A= A.

Definition 1.6: [5] Assume that (Z, d) is a complex-valued metric space and G,F:Z — W*(Z) are
fuzzy mappings. A point z € Z is said to be a fuzzy fixed point of G if z € {Gz}, for some
a € [0,1] and z is said to be a common fuzzy fixed point of G, F if z € {Gz}, N {Fz},.

Lemma 1.2: [11] Suppose that {y,} is a sequence in Z and h € [0,1). If z,, = d(Vy,, Yn+1) Satisfies
Zp, S hz,_, Vn € N, then {y,} is a Cauchy sequence.

Definition 1.7: [12] The max. function for complex numbers with partial order relation < is
defined as

max{z,,z3} = z3 iff |z, |<| z3 | Vz,,23 € C

2. IMPLICIT RELATION

Following Popa [4], we introduce a new class of an implicit relation to prove common fixed
point theorems for fuzzy mappings in the next section.

Let ¢ be the family of all complex continuous mappings g: C¢ — C, satisfy the following
properties as below:

(1) 0 is non-decreasing in the 15¢ variable and non-increasing in the 274, 374, 4th 57d gnq

6" coordinate variables,

(02) there exists h € [0,1) such that foreveryu,v 2 6, k € (1,2] with
(021) o(w,v,v,u,u+v,0) I Gor
(022) o(u, v, u,v,0,u + v) 3 0 impliesu 3 hv.

(e3) o(w,u,0,6,u,u) >0 Yu>0.
(04) o(u,u, ku, 0,u,u) > 6 Vu > 6.
(e5) o(w,v,6,kv,v,v) > 6 Vv > 6.

Example 2.1: A function g: C§¢ — C, defined as

3
0(21,22, 23,24, 25, Z¢) = 54175 (25 + z¢)

(01) is obvious.

3 1 3 1 1 1
(02) o(w,v,v,u,u+v,0) =Eu—z(u+v) =Eu—5u—5v$ 0 :usgv.

(3) 0w ,6,6,u,u) = Ju—Ju—su=3(u) > 0. Yu>0

2 2 2
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(ea) 0w w ku, 0, u,u) = 2u —~u—Zu=—(u) > 0 Yu > 6.
v,v,0,kv,v,v =§v—lv—lv=lv>9‘vﬁ7>9 k € (1,2].
@)@ 2 2 2 2

Definition 2.1: Assume that a fuzzy mapping G and a self mapping g from a complex-valued
metric space into itself are known as weakly g-biased iff Gx = gx implies d(gGx, gx) =
d(Ggx,Gx),Vx € C(G, g).

3. MAIN RESULTS
In the following, we will introduce our main results.

Theorem 3.1: Assume that g, f represent two self mappings from a complex-valued metric space
(Z,d) into itself and G, F are fuzzy mappings from Z into W*(Z) such that

() {6Z}q € f(2), {FZ}s < 9(2)

(ii) the pairs (G, g) and (F, f) are weakly g-biased and weakly f-biased mappings
respectively,

(iii) g(Z) is z, joint orbitally complete for some z, € Z, Va,b € Z. If there is ¢ € ¢ such that

s({Fa}q,{Gb}q),d(fa, gb),d(fa,{Fa},),
0 =~y 1)

d(gb,{Gb}e),d(fa,{Gb}a), d(gh,{Fa}a)

Then G, F, g and f have a common fixed point.

Proof: We build an orbit 0(G, F, g, f, zy) with two sequences {y, } and {x,} in Z, where z, € Z,
Yon-1 = 9Z2n-1 S FZan2 and Yon = f22, S GZ3p1 (2)

Now, we prove that {y, } is Cauchy sequence. As

y1 =9z, S Fzy and {Gz1}4, {Fzo}q € CP(Z)3y, = fz, S Gz,. 3

Taking a = z, and b = z; in (1) and by using (2), (3) and triangle inequality. Also, we suppose
that s({Fzp}a, {G21}e) = d(fz1,922) = d(¥1,Y-), then we have

0(d(y1,¥2), A0, ¥1), d(Vo, Y1), A(V1,¥2), AV, Y1) + d(¥1,¥2),0) 3

s({Fzo}a {G21}a), d(f20, 921), d(f 20, {F Z0}a),
0 < 6.

d(921,{621}a), d(f 20, {GZ1}a), d(971, {F 20} ) ()

From (g51) =

Fh€[0,1) : d(y1,Y2) S hd(YVo, y1)-
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Similarity, d(y,,y3) < hd(y1,y2). By using induction, we get d (¥, Yn+1) = h*d (¥, y1). From
lemma 1.2, then {y,, } is a Cauchy sequence. As {y,,_1} is a Cauchy sequence in g(Z) and g(Z) is
Z joint orbitally complete, then

Az€Z: yyp12z=ft :z€g(Z), t€Z and y,, > zasn - ©
Now, we must prove that z € {Ft},. Since

0(d(Yan-1,Ft),d(2,Y2n-2),d(z, Ft),d(Von-2,Y2n-1), (2, Yan-1), d(V2n-2, Ft)) 3

S(GZZTL—ZJ Ft): d(ft' gZZn—Z): d(ft' Ft)r
0 < 6.

d(9Zan—2,GZon—2), d(ft,GZ2n_3), d(gZ2n—2, Ft)

atn - o

o(d(z,Ft),d(z,z),d(z Ft),d(z,z),d(z z),d(z Ft)) =

0(d(z, Ft),0,d(z Ft),0,0,d(z, Ft)) < 0

From (o,,) and lemma 1.1, then we get d(z, Ft) S h@ = 6 = z € Ft , where

z=fteFtc g(Z), AlsoaweZ: z=gwe€GwCc f(2).

Let ft=Ft and gw = Gw forsome w,t € Z.

From (7) and (8), we can deduce z = ft = Ft = gw = Gw. Now we see that z is fixed point of f.
Suppose that fz # z,puta =zand b = win (1)

0(d(Fz,z),d(fz,z),d(fz,z) + d(z,Fz),d(z,2),d(fz,2),d(z,Fz)) I

0(s(Fz,2),d(fz,2),d(fz,Fz),d(z,z),d(fz2),d(z,Fz)) =
o(s(Fz,Gw),d(fz,gw),d(fz Fz),d(gw, Gw),d(fz,Gw),d(gw, Fz)) S 6.

Since (f, F) is f-weakly biased and from (8), we get

d(fFt, ft) 3 d(Fft, Ft) = d(fz,2) 3 d(Fz, 2)

From (9) and (10), we get the following:
0(d(Fz,2),d(Fz,2),2d(Fz,z),0,d(Fz,z),d(Fz,z)) S
0(d(Fz,2),d(fz 2),2d(Fz,2),0,d(fz 2), d(Fz,2)) <

0(s(Fz,2),d(fz 2),d(Fz,z) + d(Fz,2),0,d(fz 2), d(Fz,2)) <

o(s(Fz,Gw),d(fz,gw),d(fz,z) + d(Fzz),0,d(fz Gw),d(Fz, gw)) < 6.
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From (g,), it contradicts with assumption, then fz = z,z € {Fz},. (i.e., z is a common fixed point of

F,f).

Next, we prove that z is common fixed point of G, g. Suppose that gz # z. As (G, g) is g-weakly
biased and from (8), we get

d(gGw, gw) 2 d(Ggw,Gw) = d(gz,z) S d(Gz,2) (12)

From (1), (12) and by using triangle inequality, we obtain
0(d(z,Gz),d(z,Gz),0,2d(z,Gz),d(z,Gz),d(Gz,z)) =
0(d(z,Gz),d(z,Gz),d(z,z),d(Gz,z) + d(z,Gz),d(z,Gz),d(Gz, z)) =

0(s(z,Gz),d(z,92),d(z,2),d(gz z) + d(z,Gz),d(z,Gz),d(9z,2)) =
13
o(s(Ft,Gz),d(ft,gz),d(ft,Ft),d(gz z) + d(z, Gz),d(ft,Gz),d(gz Ft)) (49

o(s(Ft, G2), d(ft, gz), d(ft, Ft), d(gz, Gz),d(ft, Gz),d (gz, Ft)) < 6.

From (gs), it contradicts with assumption, then gz = z,z € {Gz},. (i.e., z is a common fixed point
of G, g). So G,F, g and f have a common fixed point.

Remark: The content of the theorem 3.1 remains correct if the completeness of g(Z) is replaced by
the completeness of f(Z).

Example 3.1: Suppose that (Z, d) is a complex-valued metric space defined as d(z,,z,) = i|z; —
Z,| suchthatz,,z, € Z, Z = [0,1] and f, g are two mappings from a complex-valued metric space
into itself defined by:

2 z

1
gZ1=§Z1 , fZ1=E

and G, F are two fuzzy mappings as mentioned below:

r1 if z,=20 (1 if z7 =6
z 1 z
FO@)={c fo<nsg , @O@={5 fo<ns
o 22 1
1fg<2151 3 if =<2z, 31

\10

Now, for a = 1, then {F6}, = {GO8}, = f(6) = g(0) = 6. The pairs (f, F) and (g, G) are weakly
f biased and weakly g-biased mappings respectively. Also o(z1, 25, Z3, 24, Z5, Zg) = 6, then
0 =g6 = f0 ={GO}, = {FO},, 0 is acommon fixed point for mappings G, F, g, f.

Example 3.2: Suppose that (Z, d) is a complex-valued metric space, f, g are two mappings from a
complex-valued metric space into itself is defined by: gz, = fz, = z,
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7] if z; € {Fzy},0r {21} = {Fz,},
d({Fz2}q,21) =
i|zy — 75| if otherwise

and G, F are two fuzzy mappings defined as:

(a f 0=z 2z (a if 032z 22
(Fz2)(z1) = v (G2)(z1) = J
o ) a
z otherwise 3 if z,<z;, =31

{Fz3}q = [0,2,], {Gz,} = [0, z,]. If z, = 0, the pairs (G, g) and (F, f) are weakly g-biased and
weakly f-biased mappings respectively. Also, 8 = f6 = g8 € {GO}, N {FB}, (i.e., 6 iscommon
fixed point for mappings G, F, g, f).

Theorem 3.2: Let Y < Z (complex-valued metric space) and g, f:Y = Z and {G,,},: Y = W*(Z)
such that

() {GiZ}a © f(2),{GjZ}a < 9(2),

(i) the pairs (G;, g) and (Gj, f) are weakly g-biased and weakly f-biased mappings
respectively,

(iii) g(Z)is Z, joint orbitally complete for some z, € Z.

If there is o € @ where

d({Gia}q, {Gjb}e), d(fa, gb), d(fa, {Gia}e),

0 < 0. (14)
d(gb,{G;jb}e), d(fa,{Gjb}e),d(gb,{G;a}s)

VneN,Va,b€Z j=2n+1,i=2n+ 2. Then (G;g) and (G;, /) have a common fixed point.

Proof: Fromtheorem 3.1, let G; = F and G; = G, then the proof is complete.

4. INTEGRAL TYPE RESULTS

Let & be the family of all complex continuous mappings ¢ : C$ — C, satisfying the following
properties:

(0}) 0 is non-decreasing in the 15¢ variable and non-increasing in the 27¢, 374, 4th 5th gnd 6th
coordinate variables,

(0,) 3 h € [0,1) such that for every u, v = 6 with

. 8( 3 0yar.fy 9mar,f; 9@ar,f; 9yar,f3 9 (r)ar,e)
©,, f Y(s)ds 36

Or

o( (Fomar,[F 9@ ar, [Fo@dr, [ 9(@)dr,0, T 9(r)d L
(azz)fee(fg (r)dr, [y 9(r)dr,fo 9(r)dr, [y 9(r)dr,e, [y 9(r) r)l[)(s)ds < 0 implies

Jo 9 @dr 3 ]9 (r)dr
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. 0(Jy 9(rar, [y 9(r)dr.,0,8,f, 9(r)dr, [y 9(r)dr)
(93)f Y(s)ds >0 Vu>0.
0

@,

([ o(ryar, [t 9 (ryar, [ 9(rydr,0,[3 9 (rar,[3 9 (r)dr)
f Y(s)ds >0 Vu>0.

fé( [Z9(ryar, [y 9dr.8,[y" 9(ryar, 3 9(rdr, [y 9(r)dr)

(05) W(s)ds >0 Vv,

Where ¥, 9: C, — C, is a summable non negative Lebesgue integrable function such that for each
€20, [,y (s)ds x 0and [, 9 (r)dr x 6. Note that if Y(s)ds = 1, 9(r)dr =1, then § = .

Theorem 4.1: Assume that g, f are two self mappings from a complex-valued metric space (Z, d) into
itself and G, F are fuzzy mappings from Z into W*(Z) such that

() {GZ}o € f(2), {FZ}q € 9(2),
(ii) the pairs (G, g) and (F, f) are weakly g-biased and weakly f-biased mappings respectively,
(iiiy  g(2) is z, joint orbitally complete for some z, € Z. If there is ¢ €  such that Va,b € Z,

< (LD () g7, (4TI () g7, (AT DD iy gy,
0
je

Then G, F, g and f have a common fixed point.

15
>l/J (s)ds 2 6. (1)

[P g 1 g, (AEAEEID) ) g (AGDIFDD ) gy

Proof : We build an orbit O(G, F, g, f, z,) with two sequences {y,,} and {x,} in Z, where z, € Z,

Yon-1 = 9Zn-1 S F2zap and yyn = f22 S GZpp1. (16)
Now, we prove that {y, } is Cauchy sequence. As
yl == ng c FZO and {Gzl}a, {FZO}a (S CP(Z)H yz = sz c GZl. (17)

Put a = z, and b = z; in (15) and by using (16), (17) and triangle inequality. Also, we suppose that
d({Fzo}q, {G21}a) = d(f2z1,92;) = d(¥1,¥2), then we have

>l/) (s)ds =

d(y1, do, dyo,
) fg 1 yZ)ﬁ(T)dT,fg o yl)ﬁ(r)dr,fe o yl)ﬁ(r)dr,
o
f fed(ym/z) 19(r)dr,f;(yo'y1)+d(y1'y2) 9(r)dr,0
6

f;({on}a,{GZﬂa) 19(r)dr,f9d(fzo'gzl) ﬂ(r)dr,fgd(fzo'{pzo}a) d(r)dr,

0
f ( ({07167 () a7, (AU 70(6710) 1 gy [AO7LFZOND g dr>¢ (5)ds < 6. (18)
6

From (g,) =

d(y1,y2) d(Yo,¥1)
3h € [0,1) : f Y(r)dr 2 h 9 (r)dr (19)
0 0
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Similarity, we get that [*®2”? 9 (r)dr < h [*?**2 9 (r)dr and by using induction, we obtain

0 0
[0 (ydr < hn [$O07 9 (r)dr. Thus
d(Vn.Ym) ol AWiyien)
f 9 (dr 3 Z f 9 (r)dr
o i=n 7° (20)
h" d(¥o.¥1)
S f 9 (r)dr
—h 0
Therefore lim,y, 00 d (Vn, Ym) = 6, and then {y,,} is a Cauchy sequence.
As {y,,_,}is a Cauchy sequence in g(Z) and g(Z) is z, joint orbitally complete, then
3z€Z : yyp1—2z=ft:z€g(Z),t€Z and y,, >zasn - ©
Now, we prove that z € {Ft},. Since
JE02n=1FD 51 gy [4EV2m=D 9y, [4EFD 9 1y ar,
4
j f:(J’Zn—Z'J’Zn—l) ﬁ(r)dr,fgd(z'yzn_l)ﬁ(r)dr,f;(yzn_z’”)ﬁ(r)dr ‘(l) (s)ds <
6
J‘;(Gzzn—z:Ft) ﬁ(T)dT,fed(ft'gzzn_Z)ﬁ(T)dT,fed(ft'Ft) 9(r)dr,
¢ (21)
f f:(gZZn—z-GZZn—z)ﬁ(r)dr'f;(ft'GZZn—z) ﬁ(r)dr,f:(gzzn_z’”) 9rar) < g
0
atn — oo
B(fFFO 9ryar, [§2 9 (ryar, £ 9 (ryar, [P 9 ar, [§ P 9 (ryar, [FFD 9(ryar)
Y (s)ds =
0
B[ 9 (ryar,0,[2* D 9(r)ar,0,0,[77 0 9 (ryar) 22)
Y(s)ds 30
0
A d(zFt)
From (0,,), we get |, 9 (r)dr 2 h6 = 6 = z € F. Such that
z=ft€eFt C g(Z), Alsothereexists w € z: z=gw € Gw C f(2). (23)
Take
ft=Ft and gw = Gw for some w,t € Z. (24)

From (23) and (24), we can deduce z = ft = Ft = gw = Gw.

Now, we prove that z is a fixed point of f, let fz # z. Puta = zand b = w in (15)
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f:(FZ'Z) ﬁ(r)dr,fgd(fz'z) ﬁ(r)dr,f;(fz'z)+d(Fz'Z) 9(r)dr,

0
f < J5 “2 9@yar, gD 9y, f{ T o rar >¢(S)ds 3
0

f;(Fz,z) ﬁ(r)dr,fgd(fz'z) ﬁ(r)dr,fed(fz'FZ) 9(r)dr,

4
f ( f:(z'z)ﬁ(r)dr,f;(fz'z)ﬁ(r)dr,f:(z'Fz)ﬂ(T)dr >1/J (s)ds =
6

fes(Fz,Gw) d(r)ar, fed(fz,gw) 9(r)dr, fed(fZ,FZ) I(rdr,

4
f < JFOED 9y, (LI 9 (ryar, [FOMF Z)ﬁ(r)dr> b (s)ds < 6.
0
Since (f, F) is f-weakly biased and from (24), then

d(fFt, ft) 3 d(Fft, Ft) = d(fz,z) S d(Fz,2)

From (25) and (26), we get

fd (Fz,z) d

SED 9 yar, [§ 4P 9 (ryar, [Z 1D 9 (ryar,

0
j < Q,f;(FZ'Z) ﬁ(r)dr,f;(Fz'z) I(r)dr > ) (S)dS <
0

JEEED 9 (yar, (U7 9 ryar, [0 9 (ryar,

Q
f ( 0,530 9(ryar 13" 9(ryar >¢ (s)ds <
0

Fz, d(fz, d(Fz,z)+d(Fz,
) LEED 9@yar, [f97D 9 (ryar, [P AEDD 9y ar,

e
f < G,fgd(fz'z) ﬁ(T)dT,fed(FZ'z) Jd(r)dr > ) (S) ds <
]

I, ;(FZ'GW) 9(r)dr,f, gd F2.9w) (r)dr,|, ; (fza)+d(Fzz) g (r)dr,

@
J < e,fed(fz'GW)ﬂ(T)dT,fed(FZ'gW)ﬂ(T)dT >ll) (S)dS 5 9
0

(25)

(26)

(27)

Which contradicts with (@4), then fz = z, z € {Fz},. (i.e., z is common fixed point of F, f). Finally,
we prove that z is a common fixed point of G, g. Assume that gz # z, as (G, g) is g-weakly biased,

from (24), then

d(gGw, gw) 2 d(Ggw,Gw) = d(gz,z) = d(Gz,z)

From (28) and triangle inequality, we get
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A

4

|

e
f < fed(Gz,z)+d(GZ.Z) d(r)ar, fe‘i(z'cz)ﬁ(r)dr, fed @29 9(ryar
6

( f:(Z'GZ)ﬁ(r)dr,fgd(z'cz)ﬁ(r)dr,f;(Z'Z)ﬁ(r)drr

2d(Gz, d(z,G. d(Gz,
J2HED 9 @yar, (1D 9 ryar, [ 9 (ryar

>1p (s)ds =
fd(z,Gz)

d(z,G d(z,
) I(r)dr, [, & Z)ﬁ(r)dr,fe (zz)ﬁ(r)dr,

>1p (s)ds =

< i) ; (262) (rdr,, ed (292) o (rdr,f, ed 22) (r)dr, >
4
f f;(gz'z)+d(z'cz)ﬁ(r)dr,fed(z'cz)ﬁ(r)dr,fed(gz’z)19(r)dr " (S)dS —
6
A ( [ED 9 yar, (U599 (ryar, [§IHO 9 ryar, >
0
f f:(gz,z)+d(z,62)ﬁ(r)dr’fgd(ft,Gz)ﬁ(r)dr’fgd(gz,Ft)ﬁ(r)dr ll} (S)ds 5
9
S 9 (ryar, [1IH9D 9 (ryar, [FTFO 9 (ryar,
¢ d(gz,Gz) d(ft,Gz) d(gz,Ft) (29)
f f@ 4% ﬁ(T)dT,fe ’ ﬁ(T)dT,fe % 19(7‘)617‘ lp (S)dS 5 9.
]
Then
( [EED 9 ryar, [£E99 9 (ryar, [£47 9 (ryar, )
0
J fed(Gz,z)+d(z,Gz) 9(ryar, fed(z,Gz) 9(ryar, fed(gz,z) S(ryar l/) (s)ds _
]
( JEED 9 (yar, (99 9 (ryar,0, )
¢ (30)
2d(Gz,z) d(z,Gz) d(gzz)
f Jo D 0y [{ D owar [ oryar) yy ($yds < 0
6
Which contradicts with (@5), then gz = z, z € {G,}. (i.e., z is common fixed point of G, g), SO
G,F, g and f have a common fixed point.
When we put 9(t) = 1 in theorem 4.1, then we get the following result:
Corollary 4.1: The conclusion of theorem 4.1 remains true if we replace the condition (15) by:
If there isa ¢ € @ such that Va, b € Z,
[AWFa}a{Gb}a).d(fa.gb).d(falFa}q),
¢ (31)
f a(gb. (6D} AU @G} AGBF DD |y (5)ds 5 6.
o
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5. CONCLUSION
In this paper, we studied common fixed point findings for fuzzy mapping under a new class
of an implicit relation in the complex-valued metric spaces. We hope that our presented idea herein
will be source of motivation for other researches to extend and improve these findings for their
applications.

REFERENCES
Zimmermann, H. J., Fuzzy set theory and its applications, Kluwer Academic Publishers, Dordrecht,
1988.

Azam, A.; Fisher, B.; Khan, M., “Common fixed point theorems in complex valued metric spaces,”
Numerical Functional Analysis and Optimization; 32.3, 243-253, 2011.
Zadeh, L. A., Fuzzy sets, Inf. Control, 8, 338-353, 1965.

Popa, V., Fixed point theorems for implicit contractive mappings, Stud. Cerc.St., ser. Matem., 7, 129-
133, 1997.

Beg, I.; Ahmed, M. A., Fixed point for fuzzy contraction mappings satisfying an implicit relation.
Matematigki Vesnik., 66, 4 (2014), 351-356.

Heilpern, S., Fuzzy mappings and fixed point theorems, J. Math. Anal. Appl. 83, 566-569, 1981.
Ahmed, J.; Klin-Eam, C.; Azam, A., Common fixed points for multivalued mappings in complex-
valued metric spaces with applications, Abstract and Applied Analysis, 2013.

Azam, A.; Ahmed, J.; Kumam, P., Common fixed point theorems for multivalued mappings in
complex-valued metric spaces, Journal of Inequalites and Applications, 84, 2012.

Ahmed, M. A.; Kamal, A.; Abd-Elal, Asmaa M., Convergence theorems to fixed point of mappings in
metric spaces, M.SC., IN MATHEMATICS, Port Said University, 2017.

Kuthi, M. A.; Ahmad, J.; A. Azam; Hussain, N., On fuzzy fixed points for fuzzy maps with generalized
weak property. J. Appl. Math. 2014, 549504 2014.

Waleed Mohd. Alfagih; Mohammed Imdad; Fayyaz Rouzkard, Unified common fixed Point theorems
in complex-valued Metric space via an implict relation With applications. Bol. Soc. Paran. Math., 4, 9-
29, 2020.

Imdad, M.; Alfagih, Waleed M., Unified complex common fixed point results via contractive
conditions of integral type with an application. Accepted for Publication in Nonlinear Functional
Analysis and Applications, 2017.

116



