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A NUMERICAL SOLUTION OF INTEGRAL EQUATIONS WITH
A LOGARITHMIC KERNEL BY PRODUCT AND .
GAUSS-LEGENDRE METHODS
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Abstract : An integral equation whose kernel presents logarithmic singularity is
numerically solved by product method. Gauss-Legendre method is developed to be
sutable in handling such type of integral equation. Hence, it is used to obtaina
aumencal sohution for intezral equation whose kernel presents logarithmic singulanty
A companison and both the weakness and strengths of the solutions obtained by these
methods are evaluated and discussed.
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1. Introduction : The general form of an integral equation whose kernel presents &
A s
]
[ WK =1x), < 5
with
K, x) = Alrx) In g-x| *+ B(tx) PRI {1

where Al1x), B(i,x) and f{x) are regular in (-1,1] This integral equation appears
frequently in applied mathematcs and physics. Some lems where tus ciass of
equations is encountered are mentioned by Mordandl!l, and Chrstiansen!Z] Wave
scattening and heat transfer in strips problems and elasticity problems are also some
sources of such applications which lead to these cases of sngular mtegral equatons of
the first kind wath loganithreic singularities in the kernels

For come \pecial cases of the weight functior wit) and the coefficent function
A (tx), amlytical methods can be used 10 obtain the solition of the pe of suyalar
mteerzl squation Numerical methods have been proposed by many authe. o Ve
ovarview of such methods can be found (0 Delves and Waighl3] Bakerl®]
Ackinsorl 5] asd in Moss and Christensenl®] who themselves proposed sich « Galerkin
type method. A modificatun of this latier method lius been proposed by Frenkell 7.%]
On the other hand Theocars et all?) have extended to the case of thie loganthmic
kernel the direct methods used for Cauchy fype singular integral equations and based
cn the coflocation 2t appropriately selected ponts xy,  The method i very umple and
as performance is reasonable, if one takes w10 accourt that the mtegrand uf the
reduced equanon was bounded but its denvalive was not. As mentioned oy Clrysakas
and Tsamasphyrosl 10], foakimidis{!1] has considered the case A{1,x) = constant and
proposed the reduction of (1) to a Cauchy type equation by differentiation wath respect
tox, Le -

I
j wit) K*(Lx) gt dt = £20x). 2
=1
where,
K'{l.n}tl—:l;d-B‘[u} PP E R A T PR >4 |

and solution of the latter by the classical methods{!2.13] performng callocation of
appropnately chosen points xy. But, as it s known, this differentation causes the loss
of two constants in K(t,x) and in fix), hence addinonal analys:s is developed to ensure
that the solution w(l) of the last equation (2) satisfies the original equation { 1) too
Chrysakis and Tsamasphyrosi!0] proposed another direct method for equation (1)
with A{t,x) = | This method has the advartage of loakimidisl! '] method (ie., it has
polynomial accuracy of degree 2n-1 by a collocation at n points, and hence reducing
the problem to an (n xn) linear system), But in addition it does not need 10 perform
the collocation at approprintely determined points x, but at arbitranly chosen ones 3,
[n the present work, product method s applied 10 solve singular integral
equations of the first kind with logarithmec sngularity in thew kemels along the
integration interval. The techmgue used here is very smple and it has the advantage
that it can be used on uniform and graded meshes or on Gauss's ponts [t can be also
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used as open type or closed type formula according to the choice of the nodes
Furthermore, a simple modification is introduced on the conventional Gauss-Leuendre
method to improve the accuracy of the obtamed numencal solutions for the mteyral
equationg whose kernel presents loganthmic singulanty

2. Product Method : Integral which contains loganthmic singularity can be evaluated
by using product -2 as follows -

L' F(t)Init - xidt = Bf(1,) + Byf (1), AGNR Wt 3

where 1y, t2 = [a,b] and f{t) is a regular function on the interval [a,b). It is known that
the weight functions P(x) and Pa(x) can be determined from the solution of the
following system of equations

f:" tnt - xidt = ROOE P, k=01 . . (4)

where the error in this method is of order b3 (O(h?)). As mentioned above the points
1) and 11 are arhuranly chosen pomts which belong to the interval of integration [a,b]
Therefure, the following relations can be assigned to them
G=a+ 8(b-a)
tg=b-8(b-a)
where 08 <05

Also, the effect of uniform and graded meshes on the obtained solution by this method
muay be taken into consideration, and hence we take

At ey (3)

m,-{%)a k=0,1.2, N ool 8 ®

where N is the number of subintervals, x.g = x; and 0<B<2

3. Ganss—Legendre Methoe ; Although the integral [[In [t-xdt  and  [«]<],
has s singulanity along the line x*1, it is convergent 1o a finste exact value, 1e

_[_'m[t-xm = (b-x)In [b-x] - (8-x) Inja-x[<b-a) .. ... (D

But when using Gauss-2 method, the considered integral may have the following
value:

_[:lnu-x;dx =l_;-1[1nn,-:r Ity -x]] B

where, 1ty and t3 are given in (5) The nght hand side of (8) may lead to an infinite
value if 1] or 13 15 equal to the value of the vanable x This mfinite value can be
avoded For instance, let 1]-x =& =0 and hence the value of £ can be adjusted such

that the value of the integral J:Hdl-xidtutuinadbyﬁmurhswnllmh.um
value in (7). This value can be easily determined and 1s found Lo be
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o= :_: (erm)* (Bgh® e

=0, 1. M
where
. 3+~.-J'E.; 6= B
& 6
hk T T 1
4. Examples
4-1 Example (1) :
Kixt) = Injt-|
fixy = (hx) Inil=x| + (1ox)inf | +x)-2.
oty =1
Methad Ganss-2 Product-2
N Erms, | Timeursee. | Epp o | Timeinsec.
4 1.98%10°3 | 921j0-1L |
3 1.39*10%2 3 2o3*|0-11 3
16 9.83%10+ 27 §.12*10718 17
24 80710+ 75 | 14*10-10 58

where Epms, 15 the roor mean square error and Time in sec. is the nme of
compurations.

4-2 Example (2)
K (x.1) = (x2+12}Injr-x),
=

fix) = ::Tf!x: +1=-3x")n & %r‘jx’ + 1

|+ x|
gty =1
Method Gauss-2 Product-2

N Erms | Timeinsec | E; g5 | Timeinsec
4 1937102 i 4.99%10-2 1

8 1.54%10-2 6 1.87*10°2 5

16 242°102 27 6.96%10-2 19
24 3.15%102 72 3891073 57

But we can improve the accuracy of product-2 by one method of the following :

(i) The wvalues of regular part of the kernel K(t,x) 15 taken mto consideration when
the weights are evaluated, i.e. .

b " A )
L F(1) (1 -x7) Injt-x|dt =P (x)F(y) + Py (x)ECLs), bty efab]i (9)
The case study shows the effect of using this formula if it is compared with

previous table.

a
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e — e, -
= Erms. [ Time in '
4 126107 1
8 9 94=10°1! o
16 1591010 3
- 1.76° 10 86

(i) By using graded meshes, ie
L ‘[%)’ Bemi.z.'l

The effect of B on the solation is given in the following table for N=4

07 08 009 8 L1
3.48°10F [287°109 |234°10°3 |1 87°10¢F |1 4310
12 11.3 14 15 | 6
990° 1 I5.28%10%  [396°(0~F [119%10d [254%)0+

(iii) By changing the position of the points 1y, t3 .
[p=a+8(ba)
13=b-0(-a)

It is found that 8 £ (0.2, 0.23)

5. Conclusions : [t can be concluded that the product method and Gauss - Legendre
method can be used to solve integral equations whose kernels present logarithmic
singularities The product-2 method is a straigin-forward techaique which can be essily
used to ﬂwm type of mtegral cquations. The accusscy of this method can be
improved by

a) Taking int consideration the regular part of the kernel,

b) Using groded mesh and

¢} Changing the position of | jand i3

It 5 possible 10 use Gausy-2 method for solving miegral equations whose

kemels present loganithmic singularities avouding the mfimte values which may be
appeared by using the adjusting values e Although, these adjusting values enable us to
obtain a solution with accepted accuracy, they have a disadvantage . This disadvantage
forms the only weakness in applying Gauss-2 method for solving this type of integral
equanon The disadvantage is that £ depends only on the interval of integration and not
on the integrand function
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