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The aim of this study is to find the Bogoliubov-Born-Green-Kirkwood-Yvon
(BBGKY) hierarchy equations in Curvilinear Coordinates. These equations were
used to calculate plasma distribution functions at very high temperatures. The
analytical form of the classical two and three particles distribution functions were
obtained for two models; relativistic pure electron plasma and dusty plasma. Our
results were compared with others.
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1. INTRODUCTION

Calculating the distribution functions of plasma is of paramount
importance in the field of statistical mechanics. As the identification of
the final form for distribution functions, will assist in calculating the
thermodynamic functions of plasma, for example, pressure, energy, and
many other quantities. In statistical mechanics, the BBGKY hierarchy is
a number of equations interpreting the dynamics of a system of many
interacting particles [1]. Many researchers have been interested in
identifying the optimal form of classical distribution functions. Hansen
[2] calculated the distribution functions for one component plasma in the
classical form and quantum corrections.

lliner and Pulvirenti [3] derived the BBGKY-hierarchy for hard
sphere particle systems. Also, Polyakov [4] studied the BBGKY
hierarchy in classical relativistic electrodynamics. Bose in 2016 used
BBGKY hierarchy for deriving an equation of pair correlation function
[5]; he solved the first two equations of BBGKY hierarchy in the absence
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of velocity-space correlation. Vereshchagin and Aksenov in 2017 [6]
produced a very well-written and interesting book on relativistic Kinetic
theory, starting from first principles of statistical mechanics. Also, they
obtained the BBGKY hierarchy for relativistic plasma and they derived
fundamental equations such as the Vlasov-Maxwell system, and Landau
equations. The BBGKY hierarchy equations of large classical systems
were studied by Zessin [7]. Moreover, Prasad and O'Neil [8] obtained the
classical distribution of pure electron plasma.

Relativistic plasma is objects encountered in many astrophysical
situations. For instance, they occur in the magnetosphere of pulsars
where they are strongly magnetized, or in the quasar jets [9]. Such
plasma can be created by heating a gas to very high temperatures. In the
relativistic plasma, the relativistic corrections to a particle’s mass and
velocity are important. Such corrections typically become important
when a significant number of electrons reach speeds greater than 0.86¢
where c is the speed of light.

Curvilinear coordinates play an important role in many types of
knowledge such as fluid mechanics, quantum mechanics, and statistical
mechanics. The formulation of physical equations in a generalized form
in curvilinear coordinates facilitates the processing of many complex
physical problems. We try in our paper to find distribution functions
generally in curvilinear coordinates which can be later used in special
situations to solve specific problems for systems with an appropriate type
of spatial symmetry. The main idea is that a curvilinear coordinate frame
can innately capture more information about the true motion of an orbit
than a Cartesian coordinate frame. Classical mechanics, Quantum
mechanics and statistical mechanics can be written in any coordinate
system, and the usual Hamiltonian methods apply. Stern [10] formulated
the Elliptical Cylindrical Coordinate System and showed that the
curvilinear system has definite advantages for studying motion along a
known, fixed elliptical trajectory. Jones [11] continued Stern's work by
developing a state transition matrix for the cylindrical coordinate system
derived by Stern. Berreen and Crisp [12] formulated special relative
motion equations in curvilinear coordinates for a probe ejecting from a
space station and found that by employing curvilinear coordinates, their
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approximate solution could be used over larger relative displacements
than earlier solutions in a rectangular coordinate frame [13]. In Ref. [14],
the nonlinear equations of relative orbital motion in a cylindrical frame
are presented.

Curvilinear coordinates would be able to handle fixed
discontinuity, moving discontinuity in more natural way. Namely, a
curvilinear coordinates could generate fine mesh in the neighborhood of
fixed and moving discontinuities and increase the accuracy of the
solution. Furthermore, if we introduce curvilinear coordinates, we can
transform a non-square region into square one and can introduce a regular
mesh in the transformed coordinates. Kjaergaard and Mortensen in 1990
[15] made a simple derivation of the quantum mechanical Hamiltonian in
curvilinear coordinates. In 2012 a generalized, curvilinear-coordinate
formulation of Poisson's equations to solve the electrostatic fields in
plasma was given by Fichtl et al. [16]. Calculating the distribution
functions in curvilinear coordinates of the dusty plasma model facilitates
the selection of the appropriate coordinates of the model studied. Btaszak
and Domanski [17] give a definition of a quantum canonical coordinate
system for classical mechanics in curvilinear coordinates. We will pay
attention to the formulation of BBGKY-hierarchy in curvilinear
coordinates and try to use it to calculate the distribution functions of
plasma at very high temperature.

Dusty Plasma plays an important role in experimental physics and
in experimental physics and in many astrophysical situations [18]. In
dusty plasma, a dust particle can be charged to about 10*electrons due to
greater electron mobility than ion mobility. It differs from ordinary
plasma in the presence of dust particles along with an even number of
positive and negative charges moving at a high speed if compared to the
speed of dust [19]. The previous research studies have shown that the
distance between every two particles is a straight line. But what can we
get if we imagine the distances between the particles are curved lines and
get its distribution function in curvilinear coordinates. We used the
results to calculate the distribution functions for relativistic electron
plasma and dusty relativistic plasma.
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2 Curvilinear formulation of BEGKY hierar-
chy

Firat we introduce apoint transformation te curvilinear formulation aystem

T(£, 6% & P, Pa,Pa) = (& &° Pt Pa, Pua) (1)

between the physical zpace X with coordinates X = { 2!, 2% 2%} fo the
logieal space £ with coordinates £ = [E]:E!:Eg}_ By define th Jacobi matrx

as : 3
. da” F o
JDQ_F o, 8=123 (2)
While 1ta inverze is
. o
Fed == o, 3=1,23. [3)
Er

The Jacobian of the transformation iz the determinani of Jacobl matrixc
7(2) = detljind] (4)

MNow zuppose we have a problem of N pariicles moving in the Hamliion
(awitching back to variablea (X, £)) :

N F: N ~N
H=Zz_-i: +ZL‘,£_E_.]+Z+.-,‘,- ()

g gl

where L;(£;) i1z the potential from every particle in curvilinear coordi-
nates and v; = vj; = Ll'l'r' — £41) 1z the poteniial between two particles in
curvilinear coordinates.

Then Lisuville’s equation 1z given by:

35! N — N — F‘. .
=2 FE- ) Ej)V,.0-—=Vu (6)

=l Lt

where F; = —VIG(L), K = Ve and gl£;, Fy ) 1z refer to the distrib-
ution function for N particle phase zpace.

Liguville’s theorem can be resiated as

3 :
|5 +Bw(E €. 8 P Bo Bol]a = 0. (7)
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where the differential operator hy 12 defind az

L —

- P
hlf' P € Py, 8V, B} = Y [V + ELV, ]

gl
X
A E.v,-v,) ®
il

MNow define the single particle distribution funetion in curvilinear coord:-
nates with £ = (£, Ft)

N
Fil€. Pet) = <ZJ¢_E — &8P — Pﬁ.l‘)

a]

N f 9(Z1. Zyo s Bn)T(E) dZy...dZn, (9)

whereJi£) iz the determinant of Jacobi matrix between coordinates.
Te chtain an equation for evolution of f;, it is useful to write

n N
jl_q = F"u-,. + h.\"—.: + Z Z E: - [T:-(: - vl‘!.l :I: I:-ID}

gl jemt]

where we have suppressed the coordinate dependence. And finally we can

get
fra Balz1. 2 A 2, )iz
= —+ E1y Fxy ooy B ) | Tl 21, B2y oenn By JEE,
N )
= _fZI{i.MI-Tan-H':zhz!:---:2'“_:'"?':_’5_:'&3“—]: (11}
ol

and thiz equation is known az BEGKY hierarchy [11]. Here, for each
value of n we have n egquationz which can be zolved o get the disiribution
functions. For example for n=2 we have two equationsz; one of them gives the
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relation between fi and f» and the other givea the relation between binary
distribuiion funetion f» and triplet distmbuiion funetion f7.

For equilibrium plasma in homogeneous case the one-particle disinbution
funciion fi 1z the relativistic Maxwellian distribuiion in curvilinear coordi-
nates [17] as

I

; —pme
dar(mae® ) Kol ;)

Fil€ pe) = axp —ae(f)). (12)

el =

Where Fy(u, ) denotes the modified Bezsel function and g, = ‘;—‘:’_ Also,
&£ iz the electroztatic potential see [15]. Thiz appreximation iz only suit-
able for the relativiztic diluted plasma if there are no external fields. With
taking into account that the potential between each particle depended on the
curved diztance between them in curvilinear coordinate.

3 Classical distribution funections in curvilin-
ear coordinates
For n=1 the first equation of BBGKY 1z
8 Pa

1 —_—
‘E + ;:.rf + . Valfi(f, Pa.t)

= _ffl,“_'r_,ﬂ F2(€ P £ P £)J(E)dzy. (13)

The zecond equation for n=2 ha: a different atructure

53 Pa - Pa -
[E - F:.T'fl + Fl-'\_f-(, +?€‘-TE! +E-TP{|

l—s . .
+5En (Ve — Ve, ) fa( €, P, £, P t)

= _ﬁ;ﬁr?{, +K_',;,.'~.—Fc,;.fg[fl,pf1:?,Pf,f,pf,:e;.fgf}dzﬁ_q14:-

Let uz now study the medel of duaty three component plazma [(3*CP)
which 12 conziats of positive and negative charges such as electirons, poaitirons
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and dust particles like iona. For the numerical caleulation we uge go = —g, =
—e . Dust particles are heavier and slower in their velocities than electronz
and positrons.

For three component plazma, we can uze the relativistic binary correlation
function (1,2) which iz given by

p_l,f'.:l,: I"f,. '.:l,:.-.FI. ;lEi.

[me)? L’[mc]z,’;'f

aG(L2) = l'-F1:l_l+
(15)

where -
s Bt ¥
€ . 167
KTt ' (
§1lr1s) iz the Debye-Hiickel solution [10] and the relativistic iriplet cor-
relation function (1,2 3) which 1z given by

g(f) = -

\ . B, L.:-'J:!. D1 Dy
G(1,2,3) = gu(fa)en(radgn (o)l + S + S
I'm::l (rc)®

— Ed
Pt B '-E.. '-'-‘r'“',. Fal)
LS

1 H]
[me) Ame)L;;

]

+l:.:-'-‘ P2 P2 P ) N [Pet-Per ) (et B )
[me)* (me)®

+':.:¥-E’":':.:¥"-PE";' (Pet 27 ) (£10-P1 ) ($1-B2)
(me)* 2(me)4t,

1. (17)

Whatever particles 1, 2, 3 are, we can write

Fl{1 2) FU)FU{2)1 4+ &(1,2) + - G i -J|+ G*rl .21
(18}

FUOFN 2PN (31 +C(L2) + 6(1,3) + &(2,3)

FA(1,2 3)
1 . N | .
+—|:G[l:1'_l + @3+ G2 3)) + = (3L 2)
ko
+Gl.]. 4I+C[-’4I"B+C[l 4'] I:_'.lg':'

where the binary correlation function &1, 7) < 1.
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When equation (15) iz substituted inte equation (18], the two particlez
distribution function appearz in the following form:

2 —
i1 \ € P -Bei
F(1,9) = FOLFY {1 - (S [ommtn 4 2T
L2 { Z_ - ST
fF_TI f_'_f': e?e: .19,,.
LRy P‘f -'[ '; PE "‘ — [é_m'-l'\-l'j 4> P,r
2KT~'-:‘.-J- h Zm;;;';j A2
o |:'_' — g —% —
(S PellSyBei) o EE [ty PP ﬂE g
mi.-,d.s; : Ew;’f,s;’:
) [y
#_%-«f 4.} (20)

et
where F'U iz given by equation (12).
Subairtuting equationz (19),(17) and (12} indo (14) for n = 1,2,3 we
cbtain the triplet distribution funetion F'¥)(1,2 3) as

2
. . . £e.
Fo(1,23) = FUMFYFNE1- Y (leuy,
]
1.1 2.2
£ eleti
|IJ it —-lwt i il | -t
— L+ € g + ———— e il
dmym? i M 2mlL,. i Iy miE, !
P I 3
S S L o o M R
Smimmif, TH Lem m-r45” Car i
. | 2.7
E.ES E; &,
— : —T-‘E _L
Tlemie 9 T Bmie, - B4mix* Yt)
]
+-} (21}
where ]
— —3 o ,_._' —3,
.. = p‘f."ﬂi'l + l:-"‘J Pf‘ I[“"J f'l'l_ I:.ﬂg'-.
T 2KT 2KTE;, '

The triplet and binary funetions ecan be aszsimilated for a more accurate
and full analy:ia of macrescopic equilibrium properiles. We alzo can used the
Hirkwood superposition appreximation (KSA) [20); which iz comprized of
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the azsumptien that the potential in a set of three particles iz the sum of
the three pair potentials, this 1z equivalent to asaume that the three particles
distribution function ia the produet of the three radial distribuiion funetions

FiP1,2,.3) = F (1, 2)F®(2, 3)F? (1, 3). (23)

Subatituting equation (20) inte [23)

?:"PJ
F1,2.3) = (FY0FY 2R3 1 - [e =50 £
(1,2,3) (L)F R Z [m +

o My 2ET
*"J PE‘ [“'J p"ll EEE; —smrmgfy) pf‘ p‘“
OKTE: ] mie +le TaE
; i-Pel )
+M] 324 ). (24)

Imic*t;

4 Discussion

In the prezemi ztudy, we conzided the clasasical relativistic plasma at very
high temperature. An analytical method o solve Bogoliubov-Born-Green-
Kirkwood-Yvon (BBGKY ) hierarchy in curvilinear coordinates is prezented.
We caleulated the two and three particles dizinbuiion functions from the
BBEGKY hierarchy for relativistic and weakly relativistic plasma. We ploted
the two and three diziribution funcilons for weakly relativiaiic and relativistic
plazma in different temperaturea. Our results were compared with the resuliz
of Prazad and O'Neil [10] who obtained the classical distribution of a pure
electron plasma in spherical coordinates.

The values of the disirbution funetions were increased by inereazing the
temperature, becauze as the temperature increazes, the apeed and disperasion
of the particles increazes and hence increaszes the probability of their precence
in the phaze space. Figure (1) shows the one particle relativizstic distribution
funetion for relativistic eleciron plazma in curvilinear coordinates. Alse,
we found many varnation: and deviations in the values of the one particle
distribution for weakly relativiziic electron plasma, these vanation increaze
with increazing temperature (figure (2}).
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In figurez (3). (4] and (5] we found the valuez of both two and three
particles relativiztic distribution function inerease in high temperature more
than that of the one particle relativiztic distribution funetion for relatrviatic
and weakly electron plasma. These results are phyzically accepiable becauze
from the definition of the Phaze-space diziribuiion funciion which iz the
number of pariicles per unit volume of space per umit volume of velociiy
apace; at high temperature the velociiy of the particles increaszez and az a
result the number of particlez Increazea per unit volume zee figurez () and
(§]. The pair correlation funciionz for different valuez of acreening length
are presented in figure (7). The Pair correlation funciion: become more
acceptable when the number of particles increaszes (figure 9).

Figurez (10), (11) show the three particle diztribution funetion for rel-
ativistic and weakly relativistic dusty plasma in curvilinear coordinates. It
aeems 1o uz that in high-temperature the distribution funciion for relativis-
tie dusty plasma iz mere accurate and clear than that the lower temperature
(weakly relativiatic dusty plazma).

We used Graphicz 3D with color pointz for three pariicle dizirbuiion
functien in figurea (12) and (13); the warm colorz indicate the high val-
ues of the distribution funection while the cold colers have lower values. Az
temperatures mncrease, the veloeity increases and the momentum increases
accordingly and thiz affectz the shape of the distribution functionz. Rel-
ativistic plasma represemiz a high properiion of the star's componenis in
apace and it seema to wa that spherical shape 1z what most stara take. Thus,
the sphercal perception of the dizinbution functions in three dimensions iz
phyzically acceptable. Thiz iz what we observed from the figures (12) and
(13) for relativiztic and weakly relativiatic dusty plasma, reapectively.

Figurez (14) and (15) show comparisen between our binary and triplet
distribution function from our resuliz, Bose 5 and from Prasad and O"Meil
[10] for weakly relativistic electron plasma We obzerved the applicability of
the results at high temperatures.

The Kirkwood superpodiiion approximation (K3A) [20]; which is conaisi-
ing of the assumption that the potential in a set of three particles iz the sum
of the three pair poientials, thia 1z equivalent to assuming that the triplet
distmibution funeiion iz the produet of the three radial distribution fune-
tions. The comparizon between triplet distribution function from our resuli
and from (K5A) equation (23) for weakly relativistic and relativistic eleciron
plazma was given in figures (16) and (17).
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We note from all forms of diztribution that with the increaze in momen-
tum valuez for all disiribution funcilons are approaching zere. The reazon
for thiz iz that by increaszing the momentum, the zpeed increases accord-
mngly, and at very high veloeities near the speed of Light there 13 no value of
the diziribution funciion see [17]. The effect of increasing temperatures is
more proncunced in the three particle distribution functions than the binary
distribution functions.
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Figure 1: The one particle diziribuiion function for relativistie electron

plazma in curvilinear coordinate: in different temperaiures.
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Figure 2: The one pariicle disgiribution funciion for weakly relativisiic elec-
tron plasma in curvilinear coordinates in different temperatures.
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Figure 3: The iwo pariicle distribution funciien for relativisiic eleciron
plazma in eurvilinear coordinates in different temperatures.
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Figure 4: The two particle disiribution function for weakly relativisiic elec-
tron plasma in curvilinear coordinates in different temperatures.
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Figure 5: The three pariicle disiribution function for weakly relaiivisiic elec-
iren plasma in curvilinear coordinates in different temperatures.
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Figure 7: The Pair correlation functions for different values of screening
length.
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Figure §: The phase apace of relativiztic electron plasma.
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Figure 10: The two particle distribution function for relativistic dusty plazsma
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Figure 11: The two particle distribution function for weakly relativistic dusty

plazma in curvilinear coordinates.
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Figure 12: The three particle distribution function for relativistic dusty
plazma in curvilinear coordinates.

Figure 13: The three particle distribution function for weakly relativistic
dusty plazma.
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Figure 14: The comparizon between binary disinibution funetion from our
resuli , Bose [6] and from Praszad and O'Neil [10] for weakly relativistic
electron plasma.
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Figure 15: The comparizon between iriplet distribution function from our
result . Bose [B] and from Prasad and O'Neil [10] for weakly relativistic
electron plasma.
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Figure 16: The comparizon between iriplet distribution function from our
result and from (KSA) equation (23] for weakly relativistic eleciron plaama.
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Figure 17: The comparson between inplet distmbution funetion from our
result and from (KSA) for relativisiic eleciron plasma.
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