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In this paper, a preuniform structure based on way below relation (or L-fuzzifying 

preuniform structure) was defined and their properties were studied. Also, the 

concept of interior and closure operators in the L-fuzzifying setting were established. 

Furthermore, the relation between L-fuzzifying preuniform and L-fuzzifying 

topological spaces were explained. Finally, the continuity of L-fuzzifying preuniform 

spaces was studied.  
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1.  INTRODUCTION 

 There is no doubt that scientists worked hard to introduce a new 

concept of uniform space among of them in [8] kelley who said that a 

uniformity for a set   is a non-void family   of subsets of     

satisfies some condition. He also said that there may be different 

uniformities for a set  . The largest of these is the family of all those 

subsets of     which contain   the diagonal and the smallest is the 

family whose only member is    . Also, in [2] Badard defined a fuzzy 

preuniform structure and studied some of its properties. Furthermore, in 

[13, 14] the authors defined L-fuzzy preuniform space and L-fuzzy 

quasi-uniform spaces by using               is a strictly two-sided 

commutative quantale with an order reversing involution  . In [6, 12] the 

authors defined and studied uniformites on fuzzy topological spaces. In this 

paper was organized as follow: In section 2, the notion of fuzzy preuniform 

space based on way below relation was established and some of its 

properties were studied. Furthermore, the concepts of interior and closure 

operators relative to L-fuzzifying preuniform space were investigated. In 

section 3, the L-fuzzifying preuniform topology was studied. In section 4, 

the L-fuzzifying preuniform continuity was introduced. 
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Throughout this work               is a completely distributive 

complete lattice with an order reversing involution  , i.e,            is a 

complete lattice, for every     and for     ,  

 
   

      
   

   
  

     
   

    . and       is a function such that 

for every      ,         and if    , then      . The 

upper(resp.lower) universal element of   will denoted by   (resp. ).  

 

2.  PRELIMINARIES 

 Definition 2.1.[3] Let   be a complete lattice. We say that   is 

way below  , in symbols    , if for any directed subset     the 

relation        always implies the existence of a     with    . 

 

Proposition 2.2.[3] In a complete lattice   one has the following 

statements for all          :  

(i)     implies    ;  

(ii)         implies    ;  

(iii)     and     together imply      ;  

(iv)    .  

(v)     and     implies    .  

(vi) If    , then  
   

   .  

 

Definition 2.3.[5] Let   be a nonempty set,   be a complete 

lattice and        be a function that satisfies the following conditions:  

(O1)            ;  

(O2)                 , for all       ;  

(O3) for each {      }    ,    
   

     
   

     . 

Then   is called an L-fuzzifying topology on   and the pair       

is called an L-fuzzifying topological space. 

 

Definition 2.4.[5] Let        and        be two L-fuzzifying 

topological spaces. 

A function                 is called an L-fuzzifying 

continuous if for all     ,           
      .  

 

3.  L-FUZZIFYING PREUNIFORM STRUCTURE 

 Definition 3.1. A function          is called an 

L-fuzzifying preuniform structure on   if it satisfies the following axioms:  

PU1 : For any       , if       , then    . 
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PU2 : If        and    , then       , where         

    { }. 
The pair       is called an L-fuzzifying preuniform space. 

An L-fuzzifying preuniform is called of type D for any       
    . 

PU3 : If                , then           . 

An L-fuzzifying preuniform is called symmetrical for any 

      .  

PU4 : If       , then         .  

Proposition 3.2. Let    and    two L-fuzzifying preuniform 

structure. Then satisfies the following:- 

(1)       and       are L-fuzzifying preuniform structures. 

(2) When    ,    are symmetrical, then so are       and 

     . 

(3) When    ,    are of type D, then so is      . 

Proof. 

(1) First, we prove that       is an L-fuzzifying preuniform 

structure. 

PU1 : If             , then              . So, 

        and        . Hence     for any       . 

PU2: Suppose    . If             , then       
       .  

So,         or        . Hence         or       
 . Thus                         . Therefore       is an 

L-fuzzifying preuniform structure.  

Second, we prove that       is an L-fuzzifying preuniform 

structure. 

PU1 : If             , then              . So, 

        or        . Hence     for any        

PU2: Suppose    . If             , then       
       . So,         and        . Hence         and 

       . Thus                         . Therefore 

      is an L-fuzzifying preuniform structure.  

 

(2) Suppose    and    are symmetrical. 

If                         , then         or 

       . So,     
      or     

      which implies 

     
        

              
     . Hence       is 

symmetrical.  

If                         , then         and 
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       . So,     
      and     

      which implies 

     
        

              
     . Hence       is 

symmetrical. 

 

(3) Suppose   ,    are of type D.  

If                          , then            

                               . So,                 

or                . Hence                    . Then 

              . Therefore,       is of type D. 

 

Definition 3.3. Let   ,    are two L-fuzzifying preuniform 

structures on  . We denote        
      defined by        

            {                 }  
 

Proposition 3.4. Let   ,    are two L-fuzzifying preuniform 

structures on  . Then 

(i)       is an L-fuzzifying preuniform structure. 

(ii) When    and    are symmetrical, then so is      . 

(iii) When    and    are of type D, then so is      . 

Proof. 

(i) Suppose   ,    are two L-fuzzifying preuniform structures on 

 . 

PU1 : If           {                 }   , then 

there exist          such that               and      . 

So,         and        . Hence        . 

PU2 : Suppose           . Then  {              
   }   . Since    , then 

 {                 }   . So,           . 

Therefore       is an L-fuzzifying preuniform structure. 

 

(ii) Suppose that    and    are symmetrical.  

If             {                 }   , then 

                for all      . So,         or        

which implies     
      or         . Thus 

                      
        

       for all            .  

Then  {    
        

               }      
     

     . Therefore       is symmetrical. 

 

(iii) Suppose that    and    are D and  

                        (  {                 
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    }    {                     } )  . Then   {        
                                           }   . So, 

for some                  such that                   or 

                 . Hence             or            . 

Then   {                                      
 }    {                   }              , 

where         and        . Therefore,         is of type 

D. 

 

Theorem 3.5. Let       be an L-fuzzifying preuniform space. 

Define the function          { }     as follows:-  

          {     (  
             

       )    }.  

 Then    satisfies the following axioms:  

(1)          ;          .  

(2)          .  

(3) If    , then                .  

(4)                          , but if   is of type D the 

equality holds.  

(5) If      , then                  . 

The function    is called an L-fuzzifying preuniform interior 

operator. 

Proof. 

(1) Since       , then 

         {     (  
             

       )    }   . So, 

         . 

Since       . Then          for all  . So, 

         {     (  
             

       )    }       

 

(2) Suppose          . Then there exist      such that  

   , (  
             

       )    , where          

 . Hence    . So          . 

 

(3) Suppose    . Then (  
             

       )  

(  
             

       ). 
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When (  
             

       )    , we have 

(  
             

       )    . Hence                . 

 

(4) It is clear from (3) that       implies           
        and       implies                  . Hence 

                         .  

Now, suppose that                  . Then           

and          . Hence there exist          such that 

    , (  
                

        )     and     , 

(  
                

        )    . So,         and 

((  
                

        )    )  ((  
                

        )  

  ) . Then         such that (  
                

        )  

(  
                

        )    . Thus  

(  
                                 

                ). Since 

  is of type D, then 

(  
                             

              ) . Therefore 

    such that (  
               

          )  which implies 

           . Hence                          .  

 

(5) Suppose      . Then 

          {     (  
             

       )     } . Since        , 

then  

(  
             

       )     . So,                  . 

 

 

Theorem 3.6. Let       be an L-fuzzifying preuniform space. 

Define the function          { }     as follows:-  
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          {     (  
             

       )    }.  

 Then    satisfies the following statements: 

(1)          ;          . 

(2)          . 

(3) If    , then                . 

(4)                          , but if   is of type D the 

equality holds. 

(5) If      , then                  . 

The function    is called an L-fuzzifying preuniform closure 

operator. 

Proof. 

(1) Since       , then 

         {     (  
             

       )    }   . So, 

         . Again, since       , then     for all  . So, 

         {     (  
             

       )    }        

 

(2) Suppose          . Then for all      such that     

we have (  
             

       )    . So,          . 

 

(3) Suppose    . Then (  
             

       )  

(  
             

       ). When  

(  
             

       )    , then (  
             

       )  

  . Hence                . 

 

 

(4) It is clear from (3) when      , then           
        and when      , then                  . Hence 

                         . Conversely,                 

( {      (  
                

        )    }) ( {   

   (  
                

        )    }).  
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  {        |((  
                

(     )
 
)  

  )  ((  
                

(     )
 
)    )}   {      

  |((  
                

(     )
 
)  (  

                
(     )

 
))  

  }   {        |(  
                                 

(      

     )    )}  

 {        |(  
                                 

(           )  

  )}   {        |(  
                             

(     

   )
 
   )}   {     (  

               
       )    }       

    , where                             . Hence      
                    .  

 

(5) Suppose      . Then 

          {       (  
             

       )     } . Since 

       , then 

(  
             

       )     . So,                  .  

 

4.  L-FUZZIFYING PREUNIFORM TOPOLOGY 

 Theorem 4.1. Let       be an L-fuzzifying preuniform space of 

type D and    . Define a map         by  

          {     { }           }  

 Then    is an L-fuzzifying topology on  . 

Proof. 

(O1) Since           and          , for all      
{ } . Then              . 

 

(O2) Suppose there exist        and     { }  such that 

                     . Then         and        . So 

there exist         such that            and           . Put 

        and from Theorem 3.5 (4) and (5), we have           
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                                     . So,           
   . Thus,           and     and this is a contradiction. Hence 

                   .  

 

(O3) Suppose there exists a family {         } and     

{ } such that   (  
   

  )     
   

      . Since  
   

         for each 

   , then there exist      such that             . Put    
   

  . We 

have     
   

        
   

            
   

            
   

  . So, 

    
   

       
   

  . Thus,   (  
   

  )    and     and this is a 

contradiction. Hence   (  
   

  )   
   

      . Thus,    is an 

L-fuzzifying topology on  .  

 

Theorem 4.2. Let       is an L-fuzzifying preuniform space of 

type D and    . Define a map         by  

          {     { }             }  

 Then    is an L-fuzzifying topology on  . 

proof 

(O1) Since           and          , for all      
{ } , then              . 

 

(O2) Suppose there exist        and     { }  such that 

                     . Then         and        . So 

there exist         such that              and             . 

Put        . From theorem 3.6 (4) and (5), we have             
                                           . So, 

                   . Thus,             and this is a 

contradiction. Hence                    . 

 

(O3) Suppose there exists a family {         } and     

{ } such that   (  
   

  )     
   

      . Since  
   

         for each 

   , then there exists      such that        
          

 . Put 

   
   

  . We have 

    
   

    
       

   
       

        
   

       
        

   
    

 . 

So,      
   

   
       

   
   

 . Thus,   (  
   

  )      and 

this is a contradiction.  
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Hence   (  
   

  )   
   

      . Thus,    is an L-fuzzifying 

topology on  .  

 

Theorem 4.3. Let       is an L-fuzzifying preuniform space of 

type D. Define a map         by  

        
   

     
      

      

 Then    is an L-fuzzifying topology on  . 

Proof. 

(O1) It is clear        . 

(O2) 

              
   

     
       

         
   

     
       

       

 
       

     
               

               
     

     
            

     

     
     

     
        

             

 

(O3) 

    
   

     
   

   
  

     
      

   
  

      
   

(  
    

     
      

   
  

    )  

 
   

(  
    

     
       

    )   
   

      .  

 

5. THE CONTINUITY OF L-FUZZIFYING PREUNIFORM 

SPACES 

 Definition 5.1. Let       and       are two L-fuzzifying 

preuniform spaces. Then               is called an L-fuzzifying 

preuniform continuous function if       , then               
            .  

 

Lemma 5.2. Let      ,       and       be three L-fuzzifying 

preuniform spaces. If               and               are 

L-fuzzifying preuniform continuous functions, then           
      is an L-fuzzifying preuniform continuous function. 

Proof 

If       , for all       , then                   

for all                 . So,  

                                          
                   . Hence     is an L-fuzzifying 

preuniform continuous function.  
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Lemma 5.3. Let       and       be two L-fuzzifying 

preuniform spaces.   is L-fuzzifying preuniform continuous function if 

and only if        for each       , there exist        such that 

       and           .  

Proof. 

Suppose   is an L-fuzzifying preuniform continuous function and 

       for each       . Then 

               . Put             . Then        

and           . If for each       , there exist        such 

that        and           , then             . From 

    , we have                . Hence   is an L-fuzzifying 

preuniform continuous.  

 

Theorem 5.4. Let       and       be two L-fuzzifying 

preuniform spaces and               be an L-fuzzifying preuniform 

continuous function. Then:  

(1)                                  

(2)                                      

(3)                 is an L-fuzzifying continuous function.  

Proof. 

(1)             ( {     (  
             

       )  

  })    ({     (  
             

       )    })   {     

   (  
             

       )    }. So, there exist        such that 

             where        and                    . 

When   is continuous, then           . Hence 

 {        (  
                                 

     

         )    }   {        (  
                   

       )    }  

             
 

(2) From (1) we have 

                                                       
               

 

(3) Suppose                   . Then        . So, 
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there exist     such that         . Then                    . 

From (2)                                 , then 

                    for each     . Hence              and 

it is contradiction. So,                 . Therefore   is an 

L-fuzzifying continuous function.  

 

6.  CONCLUSION 

 In the present paper, a new concept of preuniform structure based on way 

below relation was introduced and some of its properties were studied. 

Also, the relation between  -fuzzifying preuniform and  -fuzzifying 

topology was established. Furthermore, the notion of interior and closure 

operators were investigated.  

 

 

REFERENCES  
 

[1]  C. L. CHANG, Fuzzy topological spaces, J. Math. Anal. Appl. 

24(1968), 191-201.  

 

[2]  R. Badard. Fuzzy preuniform structures and the structures they induce 

Part 1: Main results, J. Math. Anal. Appl.100(2)(1984).  

 

[3]  G. Gierz, K. H. Hofman, K. Keimel, J. D. Lowson, M. Mislove, D. S. 

Scott, A compendium of continuous lattices, Springer-Verlag, Berlin, 

Heidelberg, New York, 1980.  

 

[4]  Adalberto Garc  a-M  ynez and Adolfo Pimienta Acosta, Completion 

of pre-quasi-uniform spaces, Topology and its Applications, 221(2017), 

491-500.  

 

[5]  U. Höhle, Upper semicontinuous fuzzy sets and applications, Journal 

of Mathematical Analysis and Applications, 78(1980), 659-673.  

 

[6]  B. Hutton, uniformities on fuzzy topological spaces, J. Math. Anal. 

Appl, 58(1977), 559-571.  

 

[7]  A. K. Katsaras, Fuzzy quasi-proximities and fuzzy quasi-uniformities, 

Fuzzy sets and systems, 27(1988), 335-343.  

 

[8]  J. L. Kelley, General Topology, Van Nostrand, New York, 1955.  



FUZZY PREUNIFORM STRUCTURE BASED ON WAY BELOW...    51 

 

 

[9]  F. H. Khedr, K. M. Abd El-hakeim, F. M. zeyada and O. R. Sayed, 

Fuzzifying proximity and strong fuzzifying uniformity, Soochow Journal 

of Mathematics, 29(2003), 83-92.  

 

[10]  Y. C. Kim, A. A. Ramadan and Seok Jong lee, Categories of 

Alexandrov L-Fuzzy Pre-uniformities, L-Approximation Operators and 

Alexandrov L-Fuzzy Topologies, International Journal of Fuzzy Logic and 

Intelligent Systems 19, No. 1, March 2019, 28-39.  

 

[11]  R. Lowen, Fuzzy topological spaces and fuzzy compactness, J. 

Math. Anal. Appl. 56(1976), 621-633.  

 

[12]  R. Lowen, Fuzzy uniformities, J. Math. Anal. Appl, 28(1981), 

370-385.  

 

[13]  A. A. Ramadan, M. A. Abdel-sattar, M. El-Dardery, Y. C. Kim, 

L-Fuzzy topogenous spaces and L-Fuzzy Quasi-Uniform Spaces, Journal 

of Intelligent and fuzzy systems, 1(2003), 125-138.  

 

[14]  A. A. Ramadan, E. H. Elkordy and Y. C. Kim, L-fuzzy pre-uniform 

spaces and L-fuzzy topogenous orders, SYLWAN, English Edition, 

158(12)(2014), 276-285.  

 

[15]  Mingsheng Ying, Fuzzifying uniform spaces, Fuzzy Sets and 

Systems, 53(1993), 93-104.  

______________ 

 
 العلاقت علي القائم منخظم القبل الخشكيب عشف البحثيت الٌسقت ىزه في :الخلاصت

 أيضا .خٌاصو بعض ًدساست )ل النٌع من الفاصٍ منخظم القبل أًالخشكيب( الخحخيت

 علاًة .ل النٌع من الفاصٍ الاطاس في ًالاغلاقيت الذاخليت مفيٌمالمعاملاث أنشئ

 ًضحج رلك علي

 حم أخيشا .ل النٌع من الفاصيت ًالخٌبٌلٌجيو منخظمت القبل الفضاءاث بين العلاقت

 .ل النٌع من الفاصيت منخظمت القبل الفضاءاث احصال دساست

 

 


