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The notions of soft 1 compactness, soft 2 compactness and some of weaker forms 

of soft compactness such as soft locally compactness, soft countable compactness and 

soft lindelöf are introduced and studied in fuzzy soft pretopological spaces. 
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1. INTRODUCTION 
     Maji et al. in [7] introduced the concept of a fuzzy soft set and some properties. 

Tany and Kandemir [9] gave the notion of a fuzzy soft topology. In [1], Atmaca et 

al. introduced the concept of a fuzzy soft function. Brissaud in [3] introduced the 

concept of a pretopology. The concepts of a fuzzy pretopology, 1  compactness 

and 2compactness were introduced and studied by Badard in [2]. Mashour et al. 

in [8] introduced and studied the concepts of countable compactness and lindelöf 

in L  fuzzy pretoological spaces. Khedr et al. in [6] introduced the definition of a 

fuzzy soft pretopology. Some important properties of fuzzy soft pretopological 

spaces were discussed and studied. 

     The aim of this paper is to introduce the dual of  , soft a cover, soft 

compactness, soft lindelöf and soft countable compactness with some properties. 

Also, the concepts of soft weakly locally compactness and soft locally 

compactness are introduced and studied. 

 

2. PRELIMINARIES 

Definition 2.1 [7]. Let X  be an initial universe set, E  be a set of parameters, 
XI  

denotes the set of all fuzzy sets of X  and A E . A pair ( , )F A , denoted by AF , 
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is called a fuzzy soft set over ( , )X E  if F  is a mapping given by : XF A I  

such that ( ) 0XF e   if e A  and ( ) 0XF e   if e A , where 0 ( ) 0X x   for all 

x X . Thus a fuzzy soft set AF  over ( , )X E  can be represented by the set of 

ordered pairs {( , ) : , }X
A A AF e F e A F I   . In other words, the fuzzy soft set is a 

parameterized family of fuzzy subsets of the set X . 

     The set of all fuzzy soft sets over an initial universe set X  and a set of 

parameters E  is denoted by ( , )FSS X E . 

Definition 2.2 [1]. A fuzzy soft set AF  over ( , )X E  is said to be a fuzzy soft point if 

there is an e E  such that ( )AF e  is a fuzzy point in X  (i.e., there exists an 

x X  such that  ( )( ) 0,1AF e x    and ( )( ) 0AF e x    for all { }x X x  ) and 

( ) 0A XF e    for every { }e E e  . It will be denoted by ex  . The fuzzy soft point 

ex   is said to be belongs to a fuzzy soft set AF , denoted by e Ax F  , if
 

( )( ).AF e x                                                                        

Definition 2.3 [6]. A fuzzy soft pretopology on ( , )X E  is a function 

: ( , ) ( , )a FSS X E FSS X E  which satisfies the following conditions:- 

( 1) ( ) .PT a    

( 2) ( ) ,for every ( , ).A A APT a F F F FSS X E   

     The triple ( , , )X E a  is then said to be a fuzzy soft pretopological space. 

     A fuzzy soft pretopological space ( , , )X E a  is said to be of:- 

( 3) Type : if for every ,  ( ,  ) such that , we haveA B A BPT I F G FSS X E F G    

( ) ( ).A Ba F a G   

( 4) Type : if for every , ( ,  ), we have ( ) ( ) ( ).A B A B A BPT D F G FSS X E a F G a F a G   

 

2( 5) Type : if for every ( ,  ), we have ( ) ( ( )) ( ).A A A APT S F FSS X E a F a a F a F    

     We say that a  is of type   if a  is of type   and  , where  , , ,I D S  . 
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     One notice that ( 4) ( 3)PT PT  and any fuzzy soft pretopological space ( , , )X E a  

of type D S  is a fuzzy soft topological space where a  is Kuratowski closure. 

Definition 2.4 [6]. Let 1a , 2a  be two fuzzy soft pretopologies on ( , )X E . 1a  is said to 

be coarser than 2a , written 1 2a a  if 1 2( ) ( )A Aa F a F , for every ( , )AF FSS X E . 

Definition 2.5 [6]. Let a  be a fuzzy soft pretopology, the fuzzy soft interior function 

: ( , ) ( , )ai FSS X E FSS X E  is defined by ( ) ( ( ))c c
a A Ai F a F . 

The function ai  satisfies the following properties:- 

( 1) ( ) ;aPT i    

( 2) For every ( , ),we have ( ) ;A a A APT F FSS X E i F F   

( 3) For every ,  ( , ) such that ,we have ( ) ( );A B A B a A a BPT F G FSS X E F G i F i G    

( 4) For every , ( , ), we have ( ) ( ) ( );A B a A B a A a BPT F G FSS X E i F G i F i G     

2( 5) For every ( , ), we have ( ) .A a A APT F FSS X E i F F   

Definition 2.6 [6]. Let a  be a fuzzy soft pretopology and ( , )AF FSS X E . Then AF  

is said to be a fuzzy soft preopen (resp. fuzzy soft preclosed) set in ( , )X E  if 

( )a A Ai F F (resp. ( )A Aa F F ). 

It is clear that AF  is a fuzzy soft preclosed set if and only if c
AF  is fuzzy soft pre

open. 

Definition 2.7 [6]. Let a  be a fuzzy soft pretopology and ( , )AF FSS X E . The trace 

of a  on AF , denoted by 
AFa , is defined as follows: ( ) ( )

AF B A Ba G a F G  , for 

every fuzzy soft subset BG  of AF . 

Definition 2.8 [6]. A function : ( , )FSS X E I   is said to be a degree of soft non

vacuity if it satisfies:- 

(1) ( ) 0;    
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(2) ( ) 1 if there exists a soft point such that ( ) 1;
BB e G eG x x  

 

(3) If , then ( ) ( ).B C B CG H G H     
 

In particular,

 ( , )

( ) ( )sup
B

e

B G e
x X E

G x 


  is a degree of soft nonvacuity.  

Definition 2.9 [4]. A family   of fuzzy soft sets is said to be a cover of a fuzzy soft 

set AF  if {( ) : ( ) , }A A j A j
j J

F F F j J


   . A subcover of   is a subfamily of   

which is also a cover. 

Definition 2.10 [4]. A family   of fuzzy soft sets is said to be satisfies the finite 

intersection property (FIP) if the intersection of the members of each finite 

subfamily of   is not null fuzzy soft set. 

Definition 2.11 [5]. Let 1( , )FSS X E  and 2( , )FSS Y E  be the families of all fuzzy soft 

sets over 1( , )X E  and 2( , )Y E  respectively. Let :u X Y  and 1 2:p E E  be 

two functions. The fuzzy soft function from 1( , )FSS X E  to 2( , )FSS Y E , denoted 

by 1 2: ( , ) ( , )upf FSS X E FSS Y E ,  is defined as follows:  

(1) Let AF  be a fuzzy soft set in 1( , )FSS X E . Then the image of AF  under the fuzzy 

soft function upf  is the fuzzy soft set over 2( , )Y E , denoted by ( )up Af F , where 

1 1
1 2

1 1
1 2

( ) ( )
2

( ( ))( ), if ( ) , ( )
( )( )( )

0 , otherwise

x u y e p e A
up A

Y

F e x u y p e A
f F e y

 
 

 

  

    
 


   

(2) Let BG  be a fuzzy soft set in 2( , )FSS Y E . Then the preimage (inverse image) of 

BG  under the fuzzy soft function upf  is the fuzzy soft set over 1( , )X E , denoted by 

1( ),up Bf G
where

1 11
1

( ( ))( ( )), for ( )
( )( )( )

0 , otherwise

B
up B

X

G p e u x p e B
f G e x 

 


   

     If u  and p  are injective (resp. surjective), then the fuzzy soft function upf  is said 

to be injective (resp. surjective). 
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Theorem 2.1 [5]. Let 1( , )AF FSS X E , 1{( ) : } ( , )A jF j J FSS X E  , 

2( , )BG FSS Y E  and 2{( ) : } ( , )B jG j J FSS Y E   where J  is an index set. 

Then:- 

(1) If 1 2( ) ( )A AF F , then 
1 2( ) ( ) .up A up Af F f F  

(2) If
 1 2( ) ( )B BG G , then 

1 1

1 2( ) ( ) .up B up Bf G f G   

(3)
 

( ( ) ) ( ) ,up A j up A j
j J j J

f F f F
 
    and the equality holds if 

upf  is injective. 

(4)
 

1 1( ( ) ) ( ) .up B j up B j
j J j J

f G f G 

 
    

(5)
 

1( ( ))A up up AF f f F , and the equality holds if 
upf  is injective. 

(6)
 

1( ( ))up up B Bf f G G  , and the equality holds if 
upf  is surjective. 

(7) 1( )upf Y X  , 1( )upf     and ( )upf   . 

(8) ( )upf X Y , and the equality holds if 
upf  is surjective.  

 

3. SOFT COMPACTNESS AND SOFT LOCALLY COMPACTNESS 

Definition 3.1. A family {( ) : }A jF j J  of fuzzy soft subsets of ( , )X E  is said to be 

satisfies the   finite intersection property if ( ( ) )A j
j J

F


 


 , for every finite 

subset J  of J . 

Definition 3.2. Let ( , , )X E a  be a fuzzy soft pretopological space of type I , then 

( , )X E  is said to be soft 1 compact (resp. soft 2compact) if for every family 

{( ) : }A jF j J  of fuzzy soft subsets of ( , )X E  which verifies the finite 

intersection property (resp. the   finite intersection property), we can assert that 

( )A j
j J

a F 


  (resp. ( ( ) )A j
j J

a F 


 ). 
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     It is clear that the classical definition for fuzzy soft compactness is a special case of 

soft 1 compactness because the family {( ) : }A jF j J  is taken with 

( ) ( )A j A jF a F  and then ( ) ( )A j A j
j J j J

a F F
 

  . 

Definition 3.3. Let ( , , )X E a  be a fuzzy soft pretopological space of type I  and BG  a 

fuzzy soft subset of ( , )X E . Then BG  is said to be soft 1 compact (resp. soft 2

compact) if for every family {( ) : }A jF j J  and ( )A j BF G  which verifies the 

finite intersection property (resp. the   finite intersection property), we can assert 

that ( )
BG A j

j J

a F 


  (resp. ( ( ) )
BG A j

j J

a F 


 ). 

Proposition 3.1. Every fuzzy soft preclosed subset of a soft 1 compact fuzzy soft 

pretopological space is soft 1 compact. 

Proof. Let ( , , )X E a  be a soft 1 compact fuzzy soft pretopological space, BG  be a 

fuzzy soft preclosed subset of ( , )X E  and {( ) : }A jF j J , ( )A j BF G  be a 

family of fuzzy soft subsets which verifies the finite intersection property. Then 

( )A j
j J

a F 


 . But ( )A j BF G  implies
 

( ) ( )A j B Ba F a G G  . 

Now, ( ) ( ) ( )
BG A j A j B A j

j J j J j J

a F a F G a F 
  

       which proves that BG  is soft 

1 compact. 

Proposition 3.2. Every fuzzy soft preclosed subset of a soft 2compact fuzzy soft 

pretopological space is soft 2compact. 

Proof. Suppose that ( , , )X E a  is a soft 2compact fuzzy soft pretopological space, 

BG  be a fuzzy soft preclosed subset of ( , )X E  and {( ) : }A jF j J , ( )A j BF G  

be a family of fuzzy soft subsets which verifies the   finite intersection property. 

Then ( ( ) )A j
j J

a F 


 . But ( )A j BF G  implies ( ) ( )A j B Ba F a G G  . 

Now, ( ( ) ) ( ( ) ) ( ( ) )
BG A j A j B A j

j J j J j J

a F a F G a F   
  

       which proves that 

BG  is soft 2compact. 
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Definition 3.4. A function : ( , )FSS X E I   is said to be the dual of  , where   

is a degree of soft nonvacuity if it verifies: ( ) ( ( ))c c
A AF F   or equivalently 

( ) ( ( ))c c
A AF F  . 

Definition 3.5. Let ( , , )X E a  be a fuzzy soft pretopological space. A family 

 ( ) :A jF j J  of fuzzy soft subsets of ( , )X E  is said to be soft a cover of 

( , )X E  if  ( ) :a A ji F j J  covers ( , )X E . 

Theorem 3.1. A fuzzy soft pretopological space ( , , )X E a  of type I  is soft 1

compact if and only if for every soft a cover  ( ) :A jF j J  of ( , )X E , there 

exists a finite subset J  of J  such that  ( ) :A jF j J  covers ( , )X E . 

Proof. Suppose that  ( ) :A jF j J  is a soft a cover of ( , )X E  and there is no finite 

subset J  of J  such that  ( ) :A jF j J  covers ( , )X E . Then ( )c
A j

j J

F





 , for 

every finite subset J  of J . Since ( , , )X E a  is soft 1 compact, then 

( )c
A j

j J

a F 


 . Therefore, { ( ) : }a A ji F j J  does not cover ( , )X E  which 

contradicts our assumption. Conversely, let {( ) : }A jF j J  be a family of fuzzy 

soft subsets of ( , )X E  such that ( )A j
j J

F





 , for every finite subset J  of J  and 

( , , )X E a  is not soft 1 compact. Then ( )A j
j J

a F 


  which implies that 

{( ) : }c
A jF j J  is a soft a cover of ( , )X E . Thus there exists a finite subset J  of 

J  such that {( ) : }c
A jF j J  covers ( , )X E . Therefore, ( )A j

j J

F





  which is a 

contradiction. Thus ( , , )X E a  is soft 1 compact.   

Theorem 3.2. A fuzzy soft pretopological space ( , , )X E a  of type I  is soft 2

compact if and only if for every family  ( ) :A jF j J  of fuzzy soft subsets of 
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( , )X E  such that ( ( ) )a A j
j J

i F


  , there exists a finite subset J  of J  such that 

( ( ) )A j
j J

F





  . 

Proof. Let  ( ) :A jF j J  be a family of fuzzy soft subsets of ( , )X E  such that 

( ( ) )a A j
j J

i F


   and ( ( ) )A j
j J

F


 


 , for every finite subset J  of J . So, 

( ( ) )c
A j

j J

F


 


 . But ( , , )X E a  is soft 2compact which implies that 

( ( ) )c
A j

j J

a F 


 . So, ( ( ) )a A j
j J

i F 


  which is a contradiction. Thus 

( ( ) )A j
j J

F





  . Conversely, suppose that for every family  ( ) :A jF j J  of 

fuzzy soft subsets of ( , )X E  such that ( ( ) )a A j
j J

i F


  , there exists a finite 

subset J  of J  such that ( ( ) )A j
j J

F





  . Assume that ( , , )X E a  is not soft 2

compact and ( ( ) )A j
j J

F


 


 , for every finite subset J  of J . Then 

( ( ) )A j
j J

a F


  . So, ( ( ) )c
a A j

j J

i F


  , then there exists a finite subset *J  of 

J  such that 
*

( ( ) )c
A j

j J

F





 .  Since ( ( ) )A j
j J

F


 


 , then ( ( ) )c
A j

j J

F


 


  

which is a contradiction. Thus ( , , )X E a  is soft 2compact. 

Proposition 3.3. Let 1 2,a a  be fuzzy soft pretopologies on ( , )X E , 1 2a a  and 

1( , , )X E a  is soft 1 compact (resp. soft 2compact), then 2( , , )X E a  is soft 1

compact (resp. soft 2compact) .  

Proof. (1)  Let 1 2a a , 1( , , )X E a  be a soft 1 compact fuzzy soft 

pretopological space and  ( ) :A jF j J  be a family of fuzzy soft subsets 

of ( , )X E  which satisfies the finite intersection property. Then 

1( )A j
j J

a F 


  . Since 1 2a a , then 1 2( ) ( )A j A ja F a F , for every 
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( ) ( , )A jF FSS X E  and so 1 2( ) ( )A j A j
j J j J

a F a F
 

  . But 1( )A j
j J

a F 




, then we have 2( )A j
j J

a F 


  which proves that 2( , , )X E a  is soft 1

compact. 

(2) Let 1 2a a , 1( , , )X E a  be a soft 2compact fuzzy soft pretopological 

space and  ( ) :A jF j J  be a family of fuzzy soft subsets of ( , )X E  

which satisfies the   finite intersection property. Then 

1( ( ) )A j
j J

a F 


 . Since 1 2a a , then 1 2( ) ( )A j A ja F a F , for every 

( ) ( , )A jF FSS X E  and so 1 2( ( ) ) ( ( ) )A j A j
j J j J

a F a F 
 

  . But 

1( ( ) )A j
j J

a F 


 , then we have 2( ( ) )A j
j J

a F 


  which proves that 

2( , , )X E a  is soft 2compact. 

Definition 3.6. Let 1( , , )X E a  and 2( , , )Y E b  be two fuzzy soft pretopological spaces. 

A fuzzy soft function 1 2: ( , , ) ( , , )upf X E a Y E b  is said to be:- 

(1) Fuzzy soft precontinuous if ( ( )) ( ( ))up A up Af a F b f F , for every 

( , )AF FSS X E . 

(2) Fuzzy soft preopen if ( ( )) ( ( ))up a A b up Af i F i f F , for every ( , )AF FSS X E . 

(3) Fuzzy soft preclosed if ( ( )) ( ( ))up A up Af a F b f F , for every ( , )AF FSS X E . 

Proposition 3.4. Let 1( , , )X E a  and 2( , , )Y E b  be two fuzzy soft 

pretopological spaces of type I  and 1 2: ( , , ) ( , , )upf X E a Y E b  be a 

fuzzy soft bijective precontinuous function. If BG  is a soft 1 compact 

fuzzy soft subset of 1( , )X E , then ( )up Bf G  is a soft 1 compact subset of 

2( , )Y E . 

Proof. Let {( ) : }A jF j J , ( ) ( )A j up BF f G  be a family of fuzzy soft 

subsets of 2( , )Y E  which verifies the finite intersection property. Note that 
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1( ) ( )
Bup G A jf F  is the fuzzy soft subset 1( )up A j Bf F G  . For simplisity we 

use *a  for 
BGa  and *b  for ( )up Bf Gb . Since ( ) ( )A j up BF f G , then 

1 1( ) ( ( ))up A j up up B Bf F f f G G    because upf  is fuzzy soft injective. Now,  

1 1 1 1( ) ( ) ( ) ( ) ( ( ) )
Bup G A j up A j B up A j up A j

j J j J j J j J

f F f F G f F f F
   

   

   

       

 because upf  is fuzzy soft surjective. Therefore, 1( ) ( )
Bup G A jf F  satisfy the 

finite intersection property. Since BG  is soft 1 compact, then

* 1(( ) ( ) )
Bup G A j

j J

a f F 



 . Since upf  is fuzzy soft precontinuous, then 

* 1 * 1

1

1

1 1

( (( ) ( ) )) ( (( ) ( ) ))

( (( ) ( ) ) )

( ( (( ) ( ) )) ( ))

( (( ) ( ) )) ( ( ( ) ))

( (

B B

B

B

B

up up G A j up up G A j
j J j J

up up G A j B
j J

up up G A j up B
j J

up up G A j up up A j B
j J j J

up
j J

f a f F f a f F

f a f F G

f a f F f G

f a f F f a f F G

f a f

 

 









 

 



 

 

 

   

 
1 1( ) )) ( ( ( ) )) ( )up A j up up A j A j

j J j J

F b f f F b F 

 

  

Therefore, * 1( (( ) ( ) )) ( )
Bup up G A j A j

j J j J

f a f F b F

 

  . We have * 1(( ) ( ) )
Bup G A ja f F   

1(( ) ( ) )
Bup G A j B Ba f F G G    and then

 * 1( (( ) ( ) )) ( ) ( )
Bup up G A j up B up B

j J j J j J

f a f F f G f G

  

    . Therefore, 

* 1( (( ) ( ) )) ( ( ) ) ( ( )) ( ( ) ( ))
Bup up G A j A j up B A j up B

j J j J j J j J

f a f F b F f G b F f G

   

         

 

( ) .A j
j J

b F


  Thus *( )A j

j J

b F 


  which proves that ( )up Bf G  is soft 1

compact. 

Proposition 3.5. Let 1( , , )X E a  and 2( , , )Y E b  be two fuzzy soft 

pretopological spaces of type I  and 1 2: ( , , ) ( , , )upf X E a Y E b  be a 
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fuzzy soft bijective precontinuous function. If BG  is a soft 2 compact 

fuzzy soft subset of 1( , )X E , then ( )up Bf G  is a soft 2 compact subset of 

2( , )Y E . 

Proof. Let {( ) : }A jF j J , ( ) ( )A j up BF f G  be a family of fuzzy soft subsets of 

2( , )Y E  which verifies the   finite intersection property. Note that 1( ) ( )
Bup G A jf F  is 

the fuzzy soft subset 1( )up A j Bf F G  . For simplisity we use *a  for 
BGa  and *b  for 

( )up Bf Gb . Since ( ) ( )A j up BF f G , then 1 1( ) ( ( ))up A j up up B Bf F f f G G    because upf  

is fuzzy soft injective and so 
1 1 1( ) ( ) ( ) ( )

Bup G A j up A j B up A j
j J j J j J

f F f F G f F
  

  

  

     . 

Therefore, 
1( ( ) ( ) )

Bup G A j
j J

f F


 



 . Thus 1( ) ( )
Bup G A jf F  satisfy the   finite 

intersection property. Since BG  is soft 2 compact, then 

* 1( (( ) ( ) ))
Bup G A j

j J

a f F 



 . Since upf  is fuzzy soft precontinuous, then 

* 1 * 1

1

1

1 1

( (( ) ( ) )) ( (( ) ( ) ))

( (( ) ( ) ) )

( ( (( ) ( ) )) ( ))

( (( ) ( ) )) ( ( ( ) ))

( (

B B

B

B

B

up up G A j up up G A j
j J j J

up up G A j B
j J

up up G A j up B
j J

up up G A j up up A j B
j J j J

up
j J

f a f F f a f F

f a f F G

f a f F f G

f a f F f a f F G

f a f

 

 









 

 



 

 

 

   

 
1 1( ) )) ( ( ( ) )) ( )up A j up up A j A j

j J j J

F b f f F b F 

 

  

Therefore, * 1( (( ) ( ) )) ( )
Bup up G A j A j

j J j J

f a f F b F

 

  . We have * 1(( ) ( ) )
Bup G A ja f F   

1(( ) ( ) )
Bup G A j B Ba f F G G    and then 

* 1( (( ) ( ) )) ( ) ( )
Bup up G A j up B up B

j J j J j J

f a f F f G f G

  

    . Therefore, 

* 1( (( ) ( ) )) ( ( ) ) ( ( )) ( ( ) ( ))
Bup up G A j A j up B A j up B

j J j J j J j J

f a f F b F f G b F f G
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( ) .A j
j J

b F


  Thus 

*( ( ) )A j
j J

b F 


  which proves that ( )up Bf G  is soft 2

compact. 

Proposition 3.6. Let 1 2: ( , , ) ( , , )upf X E a Y E b  be a fuzzy soft surjecive pre

continuous function. If 1( , , )X E a  is a soft 1 compact fuzzy soft pretopological 

space, then so is 2( , , )Y E b . 

Proof. Let 1( , , )X E a  be a soft 1 compact fuzzy soft pretopological space and upf  be 

a fuzzy soft surjective precontinuous function. Let {( ) : }A jF j J  be a family of 

fuzzy soft subsets of 2( , )Y E  which verifies the finite intersection property. Let 

1( ) ( )up A j B jf F G  , for every j J . Therefore, ( ) ( )A j up B jF f G  because upf  is 

fuzzy soft surjective. Since ( )A j
j J

F





 , then 
1( ( ) )up A j

j J

f F






  because upf  is 

fuzzy soft surjective. Therefore,
1( )up A j

j J

f F






  which implies that 

( )B j
j J

G





 , but 1( , , )X E a  is soft 1 compact, then ( )B j
j J

a G 


 . Since upf  

is fuzzy soft precontinuous, then ( ( ) ) ( ( ) )up B j up B jf a G b f G . Therefore, 

( ( ) ) ( ( ) )up B j up B j
j J j J

f a G b f G
 

  .  

Now, ( ) ( ( ) ) ( ( ) ) ( ( ) )A j up B j up B j up B j
j J j J j J j J

b F b f G f a G f a G 
   

        which 

proves that 2( , , )Y E b  is soft 1 compact. 

Proposition 3.7. Let 1 2: ( , , ) ( , , )upf X E a Y E b  be a fuzzy soft surjective pre

continuous function. If 1( , , )X E a  is a soft 2compact fuzzy soft pretopological 

space, then so is 2( , , )Y E b . 

Proof. Let 1( , , )X E a  be a soft 2 compact fuzzy soft pretopological space and upf  

be a fuzzy soft surjective precontinuous function. Let {( ) : }A jF j J  be a family 

of fuzzy soft subsets of 2( , )Y E  which verifies the   finite intersection property. 

Let 1( ) ( )up A j B jf F G  , for every j J . Therefore, ( ) ( )A j up B jF f G  because 
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upf  is fuzzy soft surjective. Since ( ( ) )A j
j J

F


 


 , then 
1( ( ) )up A j

j J

f F


 



 . 

Therefore, ( ( ) )B j
j J

G


 


 , but 1( , , )X E a  is soft 2 compact, then 

( ( ) )B j
j J

a G 


 . Since upf  is fuzzy soft precontinuous, then 

( ( ) ) ( ( ) )up B j up B jf a G b f G . 

Therefore, ( ( ( ) )) ( ( ( ) ))up B j up B j
j J j J

f a G b f G 
 
   .  

Now, ( ( ) ) ( ( ( ) )) ( ( ( ) ))A j up B j up B j
j J j J j J

b F b f G f a G   
  

      which proves that 

2( , , )Y E b  is soft 2 compact. 

Definition 3.7. A fuzzy soft pretopological space ( , , )X E a  of type I  is said to be 

soft 1weakly locally compact (soft 2weakly locally compact) fuzzy soft 

pretopological space if for every fuzzy soft point ex 
 in ( , )X E , there exists 

( , )AF FSS X E  such that ( )e a Ax i F   and AF  is soft 1 compact (resp. soft 2

compact).  

Definition 3.8. A fuzzy soft pretopological space ( , , )X E a  of type I  is said to be 

soft 1 locally compact (resp. soft 2 locally compact) fuzzy soft pretopological 

space if for every fuzzy soft point ex 
 in ( , )X E  and every ( , )BG FSS X E  such 

that ( )e a Bx i G  , there exists A BF G  such that ( ) ( )e a A a Bx i F i G    and AF  

is soft 1 compact (resp. soft 2compact). 

Lemma 3.1. Let 1( , , )X E a  and 2( , , )Y E b  be two fuzzy soft pretopological spaces 

and 1 2: ( , , ) ( , , )upf X E a Y E b  be a fuzzy soft function. If upf  is fuzzy soft pre

continuous, then 1 1( ( )) ( ( ))a up B up b Bi f G f i G  , for every 2( , )BG FSS Y E . 

Proof. Let upf  be fuzzy soft precontinuous and 2( , )BG FSS Y E . Then 

1 1( ( )) ( ( ))c c
up B up Ba f G f b G  . Taking the complement, we have 

1 1( ( ( ))) ( ( ( )))c c c c
up B up Ba f G f b G  . Thus we have 1 1( ( ( )) ) ( ( ))c c c c

up B up Ba f G f b G  . 
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By the definition of the fuzzy soft interior function, we have 
1 1( ( )) ( ( ))a up B up b Bi f G f i G  . 

Proposition 3.8. Let 1( , , )X E a  and 2( , , )Y E b  be two fuzzy soft 

pretopological spaces of type I . If 1( , , )X E a  is soft 1 locally compact 

(resp. soft 2 locally compact) and 1 2: ( , , ) ( , , )upf X E a Y E b  a fuzzy 

soft bijective precontinuous preopen function, then 2( , , )Y E b  is soft 

1 locally compact (resp. soft 2 locally compact). 

Proof. (1) Let ey   be a fuzzy soft point in 2( , )Y E   and 1( )up ef y   its inverse image in 

1( , )X E . Let 2( , )CH FSS Y E  such that ( )e b Cy i H  . Assume that 

1( )A up CF f H . Since upf  is fuzzy soft precontinuous, then 

1 1( ( )) ( ( ))a up C up b Ci f H f i H  . Since ( )e b Cy i H  , then 

1 1 1( ) ( ( )) ( ( )) ( )up e up b C a up C a Af y f i H i f H i F     . Therefore, 1( ) ( )up e a Af y i F   

which implies that there exists B AG F  such that 1( ) ( ) ( )up e a B a Af y i G i F    and 

BG  is soft 1 compact because 1( , , )X E a  is soft 1 locally compact. Since 

B AG F , then 1( )B up CG f H . Therefore, 1( ) ( ( ))up B up up C Cf G f f H H   

because upf  is fuzzy soft surjective. Thus ( )up B Cf G H . Since upf  is fuzzy soft 

preopen, then ( ( )) ( ( ))up a B b up Bf i G i f G . Since 1( ) ( )up e a Bf y i G  , then 

1( ( )) ( ( ))up up e up a Bf f y f i G  . But upf  is fuzzy soft surjective, then 

( ( ))e up a By f i G  . 

Therefore, ( ( )) ( ( )) ( )e up a B b up B b Cy f i G i f G i H    . Since upf  is fuzzy soft 

bijective precontinuous and BG  is soft 1 compact subset of a fuzzy soft 

pretopological space of type I , then from Proposition 3.4 we have ( )up Bf G  is soft 

1 compact. Thus ( ( )) ( )e b up B b Cy i f G i H    and ( )up Bf G  is soft 1 compact 

which proves that 2( , , )Y E b  is soft 1 locally compact. 

(2) The case of soft 2 locally compact is similar. 



66                                     F. H. Khedr, M. Azab. AbdAllah, E. A. Abdelgaber 

 
 

Definition 3.9. Let 
1( , , )X E a  and 

2( , , )Y E b  be two fuzzy soft pretopological spaces. 

A function 1 2: ( , , ) ( , , )upf X E a Y E b  is said to be a fuzzy soft 

prehomeomorphism if upf  is fuzzy soft bijective, fuzzy soft precontinuous and 

fuzzy soft preopen. 

     A property which is preserved under fuzzy soft prehomeomorphism is said to be a 

fuzzy soft pretopological property. 

Corollary 

Soft 1 compactness, soft 2compactness, soft 1 locally compactness and soft 2

locally compactness are fuzzy soft pretopological properties. 

 

4. SOFT LINDELÖF AND SOFT COUNTABLE COMPACTNESS 

Definition 4.1. A fuzzy soft pretopological space ( , , )X E a  of type I  is called soft 

1 lindelöf (resp. soft 2 lindelöf) if for every family  ( ) :A jF j J  of fuzzy soft 

subsets of ( , )X E  with ( )A j
j J

F





  (resp. ( ( ) )A j
j J

F


 


 ), for every 

countable family J  of J , we have ( )A j
j J

a F 


  (resp. ( ( ) )A j
j J

a F 


 ). 

Theorem 4.1. A fuzzy soft pretopological space ( , , )X E a  of type I  is:- 

(1)Soft 1 lindelöf if and only if for every soft a cover  ( ) :A jF j J  of ( , )X E , 

there exists a countable family J  of J  such that  ( ) :A jF j J  covers ( , )X E . 

(2) Soft 2 lindelöf if and only if for every family  ( ) :A jF j J  of fuzzy 

soft subsets of ( , )X E  such that ( ( ) )a A j
j J

i F


  , we can find a 

countable family J  of J such that ( ( ) )A j
j J

F





  . 

Proof. (1) Similar to the proof of Theorem 3.1. 

(2) Similar to the proof of Theorem 3.2.  
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Definition 4.2. A fuzzy soft pretopological space ( , , )X E a  of type I  is 

called soft countable 1 compact (resp. soft countable 2 compact) if for 

every countable family  ( ) :A jF j J  of fuzzy soft subsets of ( , )X E  

with ( )A j
j

F 


  (resp. ( ( ) )A j
j

F 


 ), for every finite subset   of 

J , we have ( )A j
j J

a F





  (resp. ( ( ) )A j
j J

a F


 


 ). 

Remark 4.1. ( )i Every soft 1 compact is soft countable 1 compact and 

soft 1 lindelöf. 

 ( )ii Every soft 2 compact is soft countable 2 compact and soft 2

lindelöf. 

Theorem 4.2. A fuzzy soft pretopological space ( , , )X E a  of type I  is:- 

(1) Soft countable 1 compact if and only if for every soft countable a cover 

 ( ) :A jF j J  of ( , ),X E  there exists a finite subset   of J  such that 

 ( ) :A jF j   covers ( , )X E . 

 (2) Soft countable 2compact if and only if for every countable family 

{( ) : }A jF j J  of fuzzy soft subsets of ( , )X E  such that ( ( ) )a A j
j J

i F





  , we 

can find a finite subset   of J  such that ( ( ) )A j
j

F


  . 

 

Proof. (1) Similar to the proof of Theorem 3.1. 

(2) Similar to the proof of Theorem 3.2. 

Proposition 4.1. Every fuzzy soft preclosed subset of a soft 1 lindelöf (resp. soft 

2 lindelöf) fuzzy soft pretopological space is soft 1 lindelöf (resp. soft 2
lindelöf).  

Proof. Similar to the proof of Proposition 3.1 (resp. Proposition 3.2). 
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  Proposition 4.2. Let 1 2: ( , , ) ( , , )upf X E a Y E b  be a fuzzy soft surjective pre

continuous function. If 1( , , )X E a  is a soft 1 lindelöf (resp. soft 2 lindelöf) 

fuzzy soft pretopological space, then so is 2( , , )Y E b .  

Proof. Similar to the proof of Proposition 3.6 (resp. Proposition 3.7). 

Theorem 4.3. A fuzzy soft pretopological space ( , , )X E a  of type I S  is:- 

(1) Soft 1 compact if and only if ( , , )X E a  is soft 1 lindelöf and soft countable 1

compact. 

 (2) Soft 2 compact if and only if ( , , )X E a  is soft 2 lindelöf and soft countable 

2 compact.  

Proof. (1) The proof is obvious. 

(2) Suppose that ( , , )X E a  is soft 2compact, then ( , , )X E a  is soft countable 2

compact and soft 2 lindelöf from Remark 4.1. Conversely, let ( , , )X E a  be soft 

countable 2compact and soft 2 lindelöf and {( ) : }A jF j J  be a countable 

family of fuzzy soft subsets of ( , )X E  with ( ( ) )A j
j

F 


 , for every finite 

subset   of J . Since ( , , )X E a  is soft countable 2compact, then 

( (( ) ))A j
j J

a F


 


 . Since ( , , )X E a  is soft 2 lindelöf, then 

( ( ( ) ))A j
j J

a a F 


 . But ( , , )X E a  is of type S  which implies that 

( ( ) ) ( )A j A ja a F a F . Therefore, ( (( ) ))A j
j J

a F 


 . Thus ( , , )X E a  is soft 2

compact. 
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 قبل التوبولوجية الفازية الناعمة ضاءاتالإحكام الناعم في الف
 

فتحي هشام خضر
(1)

محمد عسب عبد الله، 
(2)

رابو إيمان أبو الجود عبد الج 
(3) 

 جايعة أسيوط -كهية انعهوو  -( قسى انسياضيات 2(،)1)

 جايعة انًنيا -كهية انعهوو  -(    قسى انسياضيات 3)

 

في هرا انبحث تى تقديى ودزاسة يفاهيى الإحكاو انناعى ين اننوع الأول والإحكاو انناعى ين      

اننوع انثاني في انفضاءات قبم انتوبونوجية انفاشية انناعًة. كرنك تى تقديى ودزاسة بعض 

اعى الأنواع انضعيفة ين الإحكاو انناعى يثم الإحكاو انًوضعي انناعى والإحكاو قابم نهعد انن

 وخاصية نيندنوف انناعى وذنك في هره انفضاءات.

 


