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Abstract: Aeroelastic phenomena including divergence and flutter are investigated for 

composite plate wing without sweep angle. Suitable derivations of aerodynamic loads have 

been developed for calculating both flutter speed (UF) and divergence speed (UD). Equivalent 

plate method is used for structural modeling of composite plate wing. Approximate solutions 

from the linearized formulation are obtained for studying steady and unsteady aerodynamic 

loadings on harmonically oscillating wing in subsonic flow. The wing is divided into element 

panels on which lift distributions are represented by concentrated lift forces. The pressure 

coefficient distribution is calculated at root chord using steady and unsteady aerodynamic 

modeling. The span wise distribution of lift coefficient is calculated from the pressure 

coefficient. The numerical results for both UF and UD show good agreement with previous 

works. Finally a parametric study of the effect of composite fiber’s orientation on both UF and 

UD is carried out.  
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1. Introduction 
Flutter and divergence phenomena are defined respectively as dynamic and static instability 

of an aeroelastic system, characterized by the interaction of elastic deformation and 

aerodynamic loads. They are aeronautically very important since the onset of 

flutter/divergence may quickly develop into catastrophic structural failure or undesirable 

limit-cycle oscillations. Employing composite materials in the manufacture of aircraft 

structures has been one of the avenues to enlarge the flutter/ divergence boundary of an 

aircraft. This is due to the prominent characteristics associated with composite materials, 

namely, the high strength/stiffness-to-weight ratio and the controllable material properties that 

usually are not possessed by conventional materials. There are many methods used for 

structural modeling to study the aeroelastic phenomena of aircraft wings. One of these 

methods is the equivalent plate method [1].  

 

Equivalent plate analysis has been used to replace the computationally expensive finite 

element analysis in initial design stages or in conceptual design of aircraft wing structures. In 

equivalent plate modeling, the model characteristics are represented with polynomials, which 

require only a small fraction of the input data that would be required by a corresponding finite 

element model. An equivalent plate analysis procedure based on Ritz method was proposed at 

NASA Langley Research Center as early as 1986. In the Ritz method-based equivalent plate 
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theory, the aircraft wing structure is modeled with several trapezoidal segments [2]. The plate 

wing is subjected to aerodynamic load; the values of steady and unsteady aerodynamic load 

can be calculated using steady and unsteady aerodynamic models. 

 

Aerodynamic calculations constitute the second half of aeroelasticity problems because it is 

essential to know how wing deformations affect aerodynamic loads. The central problem in 

steady state aeroelasticity is the effect of elastic deformation on the lift distribution over 

lifting surface such as airplane wings and tails. At lower speeds of flight, the effect of elastic 

deformation is small. But at higher speeds of flight, the effect of elastic deformation may 

become so serious as to cause a wing to be unstable, or to render a control surface ineffective, 

or even to reverse the sense of control [3]. Although aerodynamic loads calculations change 

with the flight speed, only the incompressible flight regime is considered in the present work.  

 

Divergence is a static aeroelastic effect that involves the interaction of aerodynamic and 

elastic forces. Wing torsional divergence is the most common divergence that occurs where 

the wing local angle of attack increases to the point where structural failure occurs. This 

happens when the lifting forces on a wing induce a torsional moment that twists the wing 

about its elastic axis. This twist results in an increase of the wing local angle of attack. This in 

turn produces more lift, which in turn induces further twist. Eventually, the aerodynamic 

forces and the elastic reactive forces will either reach equilibrium, or the reactive forces will 

be overcome. The local angle of attack will continue to increase, as will the aerodynamic 

forces, until structural failure occurs. Thus precisely at the divergence speed, the increase in 

aerodynamic torsional moment due to an increment in twist angle is equal to the 

corresponding increment in elastic restoring torque. If the aircraft exceeds this speed, the 

aerodynamic moment increase will be greater than the elastic restoring torque. Divergence 

speed is primarily affected by the coupling between the torsional and bending degrees of 

freedom. Thus, swept back wings are less susceptible to divergence than forward swept 

wings [4]. 

 

Flutter is generally observed on wings and control surfaces since these types of structures are 

subjected to large aerodynamic loads. Flutter is produced due to forces that are generated 

from the dynamic deflections of an elastic structure from the undeformed state. Flutter is 

defined by a critical speed UF and critical frequency ωF. UF is the lowest air speed and ωF is 

the corresponding critical frequency at which a given structure flying at a given atmospheric 

condition will undergo sustained, simple harmonic oscillations. The solution of flutter leads to 

a complex eigenvalue problem where two characteristic numbers determine the speed and 

frequency. 

 

Motivated by the problem of aeroelasticity, the present work presents the aeroelastic 

calculations of composite plate wing. The equivalent laminate plate modeling is used to 

calculate the stiffness and mass matrices for plate wing. The aerodynamic matrices are 

calculated using the doublet point method for both steady and unsteady aerodynamic loadings 

in subsonic flow. Matlab programs were prepared to calculate divergence speed, flutter speed, 

and aerodynamic characteristics. The divergence speed UD and flutter speed UF are calculated 

for a rectangular composite plate wing for different cases of composite fiber orientations. The 

results of aeroelastic calculations are compared with other analysis and experiments. 
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2. Equivalent Plate Modeling of Wing 
Using the First Order Shear Deformation Plate Theory (FSDPT) [5], the wing displacements 

in the x, y and z directions respectively are approximated by:  

 

 (       )     (     )     (     )

 (       )     (     )     (     )

 (       )    (     )

  (1) 

 

These expressions includes five different unknown functions:   (     ),   (     ) , 
  (     ) ,   (     )  and   (     ) for the deformations field of the plate. 

 

The Ritz method is used to obtain an approximate solution for the generalized displacements 

that minimize the total energy of the wing box structure. The total energy Etot associated with 

the wing model is 

 

Etot= U+W-T  (2) 

 

where U is the potential energy stored in the structure through deformation, W is the work of 

the applied loads moving through the corresponding structural deflections, and T is the kinetic 

energy associated with the mass of the structure. All the equations used for calculating the 

stiffness and mass matrices of composite plate wing are presented in [5].  

 

3. Aerodynamic Modeling 
Unsteady aerodynamics is a branch of science which studies the motion of the profile or the 

wing in a free stream when it changes by time, and so do the acting aerodynamic coefficients.  

 

When the changes in the motion are fast enough, the aerodynamic response of the body will 

have a phase lag. For fast changes in the motion, the inertia of the displaced air will contribute 

as the apparent mass term. If the apparent mass term is negligible, this type of analysis is 

called quasi-unsteady aerodynamics [6]. An important problem for aeroelasticians is to 

evaluate the pressure distribution on a wing in oscillatory motion. Many methods have been 

developed for calculating the unsteady pressure distribution on a thin finite wing in subsonic 

flow, one of these methods is the doublet point method (DPM). 

 

The Doublet point method is based on a concept of concentrated lift forces. The wing is 

divided into element surface panels on which lift distributions are represented by single 

concentrated lift forces. Since the procedure does not include any quadratures, it can be 

applied easily to calculate the unsteady aerodynamic loadings on complex planform wings 

even when they have partial span control surfaces. Amplitudes of pressure distributions on 

oscillatory lifting surfaces and of their upwash velocity (v) are related by the following 

integral equation [7]:  

0 0

1
( , ) ( , ). ( , )

8
S

v x y P K x y d d   


    (3) 

where, 

S: denotes the region of the wing area  

P : a pressure coefficient  
' '

21/ 2

P P
P

U
 



 
   
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' ',P P  : disturbance pressure on upper and lower surfaces 

K : Kernel function 

 

The wing planform is divided into panel segments called element surfaces as shown in 

Fig.(1). The trapezoid of the element has the area Δi and width  2σi . The ( 1/4-3/4) chord rule 

is adopted for element surfaces as shown in Fig (2). The lift distribution on the surface is 

concentrated at the point (ξi, ηi) on the quarter chord at the midspan of the element. This is 

equivalent to putting a doublet source of strength ( , ).i i iP     . Thus the location (ξi, ηi) is 

the doublet point of the element surface. Similarly, the upwash of the three-quarter chord 

point (xi, yi) at midspan is taken as representative for the whole upwash distribution on an 

element surface. 

 
Fig(1) Element surfaces 

 

 

 

Fig(2) The ith element surface 

 

The upwash wi of the ith element can be calculated in a discrete system by 

1

1
( , ). . ( , ); 1,2,...,

8

N

i j j j i j i j

j

v P K x y i N   
 

       (4) 

 

By introducing the following relations: 

 

  ( , )
8

j

ij i j i j
dD K x y 




        (5) 
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     ( , )j j jP PP      (6) 

 

     ( , )i i iv v v x y    (7) 

 

Then the following algebraic equation is obtained 

 

        . v D P   (8) 

 

where: [D] aerodynamic matrix 

 

The upwash vector W is calculated from the given oscillatory mode shape h(x,y) by 

 

( , ) ( , )i i i i iv h x y ikh x y
x


 


  (9) 

 

where: 

. i th h e  The vertical translation in z direction 

k  Reduced frequency 

ω  The oscillation frequency 

 

The complex lift coefficient is defined for every element surfaces Cl  as: 

( )

Nx

i i
i

il Nx

i
i

P

C y

 








  (10) 

The doublet point method was applied for a rectangular wing with low aspect ratio (AR=2), 

and the number of elements in x , y directions are Nx, Ny respectively. Spanwise lift 

distribution for plate was calculated. The obtained results show good agreement with Morino 

results presented in [8] as shown in Fig (3). 

 

Figure (4) shows good agreement of calculated chordwise pressure distribution at plate root 

compared with Morino results presented in [8]. 

 
Figure (5) shows the 3-D chordwise and spanwise pressure distribution (real and imaginary 

parts)  

 

4. Aeroelastic Analysis  
The structural model of the composite plate wing is obtained using equivalent laminate plate 

method. 

 

4.1 Flutter analysis 
The governing equation of harmonic motion of the wing takes the form 

 

       K q M q F    (11) 

where: 

[K] Stiffness matrix 

[M] Mass matrix 
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 q Displacement vector function of time (t) 

 F Aerodynamic force vector 

In harmonic motion: i tq qe   

So the governing equation can be obtained by assembling the elements as: 

        2. q qK M F    (12) 

 

 

 

 

Fig (3) Spanwise lift distribution (AR=2, k=1, M=0, Nx=6,Ny=4) 

 

 

The concentrated forces at doublet points are given by: 

     21
.

2
UF P    (13) 
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 P is the pressure coefficient distribution vector which can be calculated using the doublet 

point method as given by Eq. (8)  : 

     1
vP D


   (14) 

 

where: 

[Δ] area matrix 

 v upwash vector (normal wash vector) 

 

 

 
Fig(4) Chordwise Pressure coefficient distribution 

 (AR=2, k=1, M=0, Nx=6,Ny=5) 
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Fig (5) Chordwise and Spanwise Pressure distribution 

 (AR=2, k=1, M=0, Nx=6,Ny=5) 
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To get the upwash vector as a function of the unknown Ritz coefficients [1], the 

nondimensionalized upwash velocity in pitching oscillation motion about middle chord line 

W is given by:  

( , ) ( , )i i i i i

k
v h x y i h x y

x c


 


  (15) 

( , )i ih x y is the deformation at the upwash point ( , )i ix y
 

c  is semichord 

For a cantilever plate fixed along one side we take the following polynomial in the z direction 

which satisfied boundary conditions (y=0        h=0): 

  2 2 3 2 2 3 4 3 2 2 3 4 5

3 [ ]
T

y xy y x y xy y x y x y xy ya   (16) 

 

From Ritz approximate function:  

   3 3( , ) ( , ) .
T

i i i ih x y a x y q   (17) 

where: q3 is displacement vector in z direction 

 

The upwash vector in matrix form is:  

        3.R Ii qv vv     (18)

 

 

According to Eq. (13), the concentrated force vector using equivalent plate model will be: 

       12

3

1

2
F U qvD 

    (19) 

where: 

U: free stream velocity 

Since the reduced frequency 

c
k

U


   (20) 

Then  

c
U

k


   (21) 

Finally 

   2 *
3. . qQF       (22) 

where 

     
2

1*

2
. . .

2

b
Q vD

k

 
      (23)

 

 

 

Substituting into Eq. (12) we get the equation of motion: 
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      2 *
3 0qQK M      

  (24)

 

 

Solving the eigenvalue problem 

    2 * 0QK M        (25) 

gives 

2 2 2Re ( ) Im ( )      (26) 

2Re( )       Flutter frequency or natural frequency according to the value of k (27) 

2

2

Im ( )

Re ( )
g




         Damping  (28) 

 

4.2. Divergence analysis  
The aerodynamic force due to steady aerodynamic pressure is: 

 

       12

3

1

2
F U qvA 

    (29) 

 

[A] is steady aerodynamic matrix 

   2 *
3. .U qQF       (30) 

where 

 

     1*
1

. . . .
2

vQ A 
      (31)

 Then 

 

     2 *
3. U qq QK        (32) 

   *
32

1
0qQK

U

 
     

   (33) 

2

1

U
   (34) 

   *
3 0qQK        (35) 

 

The largest positive eigenvalue λ gives the lowest speed (divergence speed) 

max

1
DU


   (36) 

 

5. Numerical Investigation and Results 
Divergence and flutter speeds of a composite rectangular plate wing are presented. The plate 

has semispan “b” of 0.3 m, chord “a” of 0.1 m and thickness of 1.5×10
-3

 m as shown in  

Fig (5). The plate is made of three layers of  HMS/DX 210 composite material of  the 

properties: 
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E1=1.727*10
11

        [N/m
2
] 

E2=7.2*10
9       

         [N/m
2
] 

G12=3.76*10
9             

[N/m
2
] 

G23=2.35*10
9             

[N/m
2
] 

G31=G12                  [N/m
2
] 

ν=0.3 

tply=0.5*10
-3

        [m] 

ρ =1550     [Kg/m
3
]  

 

 

 

 

 

 

 

Fig (5) Plate wing and stacking sequence   

 

The divergence and flutter speeds are calculated for the composite plate where its layers have 

the symmetric stacking sequence [θ/0/θ]. Fig (6) shows variation of the divergence speed vs. 

ply angle θ as compared with the result given in ref [9]. There is no divergence at the positive 

angles between 20 up to 70, while at negative angles; the divergence speed is nearly 

constant up to -10. The divergence speed increases rabidly as the angle increases above zero. 

 

 
Fig (6) Variation of divergence speed with ply angle for 

 a [θ/0/θ] rectangle wing plate 
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Figure (7) shows variation of the flutter speed vs. ply angle as compared with the results 

given in ref [10]. ±45 give highest values of the flutter speed.  

 

 
Fig (7) Variation of flutter speed with ply angle  

for a [θ2/0]s rectangle wing plate 

 

Figure (8) illustrates variation of the flutter and divergence speeds using antisymmetric 

stacking sequence of layers [θ/0/-θ]. We can notice improvement of the flutter speed at all ply 

angles, especially at angle (45), in addition to an increase in the divergence speed at negative 

angels (angles more than 90). At positive angles [20 up to 60] there is complete 

suppression of divergence. 

 

 
Fig (8) Variation of flutter and divergence speeds 

 with ply angle for [θ/0/-θ] rectangular plate wing 

 

The relation between the natural frequencies and ply angle are shown in Fig (9) for symmetric 

and antisymmetric stacking sequences of layers. The natural frequencies for antisymmetric 

layers are lower than these for symmetric layers, except the second mode for angles between 

10 and 40. 
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Fig (9) Variation of natural frequencies with ply angle 

for [θ/0/-θ] rectangular plate wing 

 

 

On the other hand, the flutter frequency for antisymmetric layup has greater values than for 

symmetric layup as shown in Fig (10).  

 

 
Fig (10) Variation of flutter frequency with ply angles 

for symmetric and antisymmetric wing 
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6. Conclusions 
Aeroelastic phenomena including divergence and flutter are investigated for unswept plate 

wing. Equivalent plate modeling for composite plate wing using Ritz function has been 

implemented. Steady and unsteady aerodynamic models have been used to calculate lift force 

and pressure distributions on the wing using the Doublet Point Method. 

In harmonically oscillating motion, numerical calculations of spanwise lift distribution for 

rectangular plate and chordwise pressure distribution at plate root are made. The obtained 

results show good agreement with Morino results. 

A suitable derivation for unsteady aerodynamic loads has been developed. Aeroelastic 

characteristics including divergence and flutter have been investigated for symmetric and 

antisymmetric stacking sequences of layers. The symmetric stacking sequence of layers is 

good for divergence at positive angles and bad for negative once. The flutter speed is higher 

for negative angles than for positive angles. In case of antisymmetric stacking sequence, both 

flutter and divergence speeds improve at all angles. 

The flutter frequency for antisymmetric layup has higher values than for symmetric layup. 

The natural frequencies for antisymmetric stacking sequence are lower than for symmetric 

sequence, except for the second mode for angles between 10
0 

and 40
0
.     
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