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 This paper discusses constant stress partially accelerated life tests for unified 

hybrid censoring data from Burr type XII distribution with a tampered random 

variable. Both maximum likelihood and Bayesian methods are used to estimate the 

unknown population parameters and accelerated factor. In order to compute the 

asymptotic confidence intervals for the maximum likelihood estimators, we first 

calculate the Fisher information matrix related to the underlying model. On the other 

hand, Markov Chain Monte Carlo method under squared error loss function is used for 

obtaining the corresponding Bayesian estimators. In addition, a simulation study is 

carried out to compare the performances of the resulting estimators. 
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1 Introduction 
 

 The technological development in all aspects of life, especially 

reliability tests, led to the rapid desire to know the reliability of the product, 

unit or system in order to improve quality, reduce costs and try to satisfy 

customers. The most popular way to do this, is to adopt accelerated life tests 

(ALTs) and partially accelerated life tests (PALTs). These tests can be carried 

out with different stress loading such as constant stress (CS), step stress and 

others. As for the observed data, it may be complete data or censoring data. 

Censored data such as, Type I, Type II, progressive, hybrid, unified hybrid, 

etc. To know more about life tests, types of stress loading and data types, see 

Nelson’s book [9]. 

In this study, we will adopt CS-PALTs, where the test units exposed to 
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both normal and accelerated conditions. In CS, the units are divided into two 

groups, one of them is being accelerated and the other under normal 

conditions. Here, following DeGroot et al. [6], we use data come from a 

tampered random variable (TRV) model, where the acceleration factor is the 

ratio of mean lifetime at use conditions to that at accelerated conditions. There 

are many studies for CS-PALTs, among them, Abdel-Hamid [1], Cheng et al. 

[5] and Ahmad et al. [2]. Also, we will adopt unified hybrid censoring scheme 

(U-HCS) which proposed by Balakrishnan et al. [3], U-HCS is a mixture of 

generalized hybrid Type-I and generalized hybrid Type-II. Suppose   

identical units are put on life test. In U-HCS, one fixes                 and 

            such that       and      . If     failures occurs 

before    the test terminate at                     , if  
   failures occurs 

between    and    the test terminate at              and if     failures 

occurs after    the test terminate at     . 

 

Based on such a U-HCS, the experiment will be completed at time   

with   ordered observations. Here,                    , which is the 

terminated time of the experiment and               is the number of 

failure units until the time   with         , is the number of failure until 

the time   . Therefor, under the U-HCS, described above, we have six cases as 

shown in Table 1 We can summarize the U-HCS six cases according to Table 

1. U-HCS is discussed by many authors, for example, Habibi Rad et al. [7], [8] 

and Panahi et al. [10], [11].   

 

Table 1: Summary of cases in which an experiment under U-HCS will be 

completed.   

Case  Terminated time   Number of failure units   

I                          

II                           

III                          

IV                           

V                          

VI                           
 

In this article, Burr type XII,          , is a two-parameter 

distribution that was introduced by Burr [4]. It can be applied in many areas as 

a life time model for fitting data that comes from various practical fields, e. g., 

biological, clinical, or many experimental data. The following section presents 

a brief description for the underlying model. 
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2 Model Description 
 

 In this article, we assumed that the lifetimes of units under the test, 

which come from a TRV model, are independent random variables follow 

         . The   units which constitute the complete sample from the 

underlying population is divided into two groups with sizes    and   . The 

test begins at time zero, and U-HCS is observed for each group, where the first 

group has been treated under the normal or usual condition, which is called use 

conditions. While the second group has been treated under stress conditions. 

We can write this as Group 1 where         units chosen randomly in 

normal use conditions (  is the proportion of sample units allocated to 

accelerated conditions), and Group 2 where       units remain in 

accelerated conditions. 

 

Let the lifetime   of an item tested for Group 1 at use conditions 

follows           with CDF and PDF are given by  

                                        (1) 

                                 (2) 

 and let the lifetime   of an item tested for Group 2 at accelerated conditions 

with CDF and PDF are given by  

                                 (3) 

                                         (4) 

 

 Let                      are the lifetimes for the tested items allocated 

from Burr type XII, where                is the lifetime in use condition 

and                is the lifetime in accelerated condition. Then we can 

apply U-HCS for Group  ,       as shown in Table 2. 

  

Table 2: Cases of Group  ,      , in which an experiment under U-HCS 

will be completed. 

Case  Terminated time    Number of failure units    

   I       
     

                 

   II       
         

         
    

   III       
             

         

   IV           
     

         
    

   V           
         

         

   VI               
     

     
    

 

3  Maximum Likelihood Estimation 
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The likelihood function (LF) based on a given U-HCS can be written 

as 

       
  

      
∏   

                       (5) 

 

 where   is a vector of parameters. By applying CS-PALT for observed 

lifetimes taken from Burr type XII under U-HCS we get LF for Group 1 and 

Group 2 as:  
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  Then, the LF for CS-PALT under U-HCS is given by  
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3.1  Point estimation 
 

 By taking the first partial derivatives of the natural logarithm     of 

(8) with respect to     and  , we obtain:  
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Equating (9), (10) and (11) to zero, we obtain the maximum likelihood 

estimators (MLEs) for the population parameters     and acceleration factor 

 . Clearly the solution of these equations cannot be obtained in a simple 

closed-form. However, some numerical techniques, e. g. Newton–Raphson 

method, can be used for this propose. We have used for this method the 

computer program “Wolfram Mathematica 10.0”. 

 

3.2  Approximate confidence intervals 
 

 The observed Fisher information matrix for the MLEs of the 

unknown parameters     and   is given by   
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  where the elements of Fisher information matrix are given by  



130 Ayman M. Abd-Elrahman, Abd EL-Baset A. Ahmad and Marwa A. Younis 

 

 
   

   
 

     

  
 ∑ 

 

   

{
           

      
 [          ]

 

              
 

 

 ∑ 

  

   

              
 [           ]

 

               
} 

 
   

     
 ∑ 

 

   

{
         

      
           

          
 

 ∑ 

  

   

         
            

           
 

}  

 

 
   

     
  

  

 
 

 

 
{
                 

         
  

           

 ∑ 

  

   

              
          

  

            
}  

 
   

   
 

     

  
  

 
   

     
 

 

 
{
            

 

       
 

 ∑ 

  

   

      
 

        
 
}  

  

 
   

   
 

   

  
 

 

  
{
             

           
  

           

 ∑ 

  

   

           
            

  

            
}  

 

Then, the asymptotic            confidence interval for     and   are, 

respectively, given by  

( ̂       √     ̂ ),( ̂       √     ̂ ) and ( ̂       √     ̂ ).  

 

3 Bayesian Estimation 
 

 In this section, the Bayesian estimates of           and accelerated 

factor   have been obtained based on U-HCS. We use Gamma prior density 

for          , and we use the non-informative prior for  . Therefor, the 

joint prior for     and   is given by  
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                                                  (12) 

 where  

                            
                            

                                                      
 These priors are communally used in similar situations. See e.g. Soliman et 

al. [12] and Ahmed et al. [2]. Combining (8) and (12), the joint posterior 

density function of     and   is given by  

                                                       

 ∏ 
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 Under SEL function, the Bayesian estimate of any function of     and  , 

say            is given by  

 ̂           ∫  
 

 ∫  
 

 ∫  
 
                         (14) 

 Equation (14) cannot be obtained in a simple closed form. So, we consider 

Markov Chain Monte Carlo (MCMC) method to obtain Bayesian estimates for 

    and   based on the Metropolis-Hasting (MH) technique.  

 

4.1  MCMC method 
 

From (13), the conditional posterior distributions of     and   are 

given respectively by 
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 Now, to obtain the Bayesian estimates and the corresponding credible 

intervals, we consider the following algorithm with normal proposal 

distribution, to generate random numbers for parameters     and   from the 
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posterior density function. 

 

Algorithm 
 

1. Start with initial points           and      for     and   respectively.  

2. Set    .  

3. Generate           and      from Eqs. (15), (16) and (17) with  

           
  ,            

   and            
   as proposal distribution, 

where   
    

  and   
  are the variance of     and   obtained using 

variance-covariance matrix.  

4. Calculate                       . 

5. Set      . 

6. Repeat Steps 3–5   times. 

7. Obtain the Bayesian estimates of the function  , under SEL as the 

following 

           ̂           
 

   
∑   

                           (18) 

 where   is the burn-in period.  

 8. The           credible intervals         
 

       
  

 
 

  for  , can 

be obtained by ordering     ,             as            , where   

stands for     or  . This interval is then given by 

(       
 

 
                

 

 
  ).  

  

4 Simulation Study 
 

 In this section, in order to access the performance of the MLEs of the 

unknown parameters and the accelerated factor and compare it with its 

corresponding Bayesian estimates, we carry out a simulation study using 

different level of stress and different choices of           values and fixed 

    value. In computing the estimates, first we generate   and   from 

Gamma         and Gamma         prior density, respectively. We chose 

               and     , these generated values are 

                       in Table 3. Also we chose 

                  and     , these generated values are    
                   in Table 4. Second, we generate      samples 

from the Burr type XII distribution with                          
     and                           . For MCMC technique , we 

set         and       , when we apply the previous algorithm. The 

average estimate of    and the associated mean squared error (MSEs) are 

computed, respectively, as:  
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where   
  stands for an estimator (ML or Bayes) of  ,   and  , at the     

iteration; and   stands for           ,            ,         and 

          ,           ,        . The computational results are 

displayed in Tables 3–7, where average estimates of the parameters and their 

associated MSEs, are reported in Tables 3 and 4. Also     confidence 

intervals are computed and reported in Tables 5 and 7. 

 

6  Concluding Remarks 
 

(1) In this article, the MLE and Bayesian estimates of the parameters and 

the accelerated factor of the Burr type XII distribution using tampered 

random variable based on a given U-HCS under CS-PALT are 

obtained. 

(2) Bayesian estimates have been obtained under SEL. Bayesian 

estimates cannot be obtained in a simple closed form. Therefor, 

MCMC method has been used to obtain it. 

(3) We have also constructed approximate credible intervals for the 

parameters and accelerated factor. 

(4) It has been noticed from Tables 3–7, that 

 

i) The MSEs and confidence intervals length of all estimates (ML or 

Bayes) decrease as    equal   . 

ii) In most cases, Bayes estimates for  ,   and   better than MLEs. 

iii) In most cases, credible intervals length for the parameters is smaller 

than approximate intervals length. 

iv) In Tables 3–7, we could not confirm which better if     was 

changed and     was fixed. But in general increasing of     is the 

best in some cases and for some parameters. 
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Table 3: Average estimates of the parameters and their associated MSEs at 

 (                           ) and (                 ). 

 

 
     



136 Ayman M. Abd-Elrahman, Abd EL-Baset A. Ahmad and Marwa A. Younis 

 

 
Table 4: Average estimates of the parameters and their associated MSEs at 

 (                          ) and (                 ). 
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