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INTRODUCTION 

A triple
1 2

( , , )X   , where X is nonempty set 
1
  and 

2
  are topologies 

on X, is called a bitopological space and Kelly [4] in 1963 initiated the 

systematic study of such spaces. After the work of Kelly various authors 

have contributed to the development of this theory. In 1981, Bose [2] 

introduced the notion of ij  semi open sets in bitopological spaces. In 

1987, Banerjee [1], introduced the notion of ij  open sets in such 

spaces. Further investigations of ij  open sets were found in [5,6]. In 

this paper we introduce and study ij semi closed and ij semi open 

sets in bitopological spaces and then we introduce and study the notions of 

ij
s    sets and 

ij
g s    sets in bitopological spaces by generalizing 

the results obtained in [3] to the bitopological setting. Also, we define a new 

closure operator ijs
Cl

  and associated topology ijs


 on the bitopological 

space
1 2

( , , )X   . 

Throughout this paper 
1 2

( , , )X    ( or briefly X ) always means a 

bitopological space on which no separation axioms are assumed unless 
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explicitly stated. Let A be a subset of  X, by ( )i Cl A  and ( )i Int A we 

denote the closure and the interior of A in the topological space ( , )
i

X  . By 

i-open (or 
i
  open) and i-closed (or 

i
  closed) we mean open and 

closed in the topological space ( , )
i

X  . \ cX A A  will denote the 

complement of A and I denote for an index set. Also , 1,2i j   and i j . 

Let A be a subset of a bitopological space ),,( 21 X  . A point x of X is 

called an ij cluster point of A [1] if  AUCljInti ))((  for 

every i -open set U containing x. The set of all ij cluster points of A is 

called the ij closure of A and is denoted by )(AClij    . A subset A is 

said to be ij closed if AAClij  )( . The complement of an 

ij closed set is called ij open. A subset A of X is called ij semi 

open [2] if ))(( AIntiCljA  . 

2. ij   semi open sets.  

Definition 2.1 A subset A of bitopological space ),,( 21 X   is called 

ij semi open if there exists ij open set U such 

that )(UCljAU  . The complement of an ij semi open set is 

called ij semi closed.  

A point x X is called an ij semi cluster point of A if 

A U    for every ij semi open set U of X containing x. The set of 

all ij semi cluster points of A is called the ij semi closure of A 

and is denoted by ( )ij sCl A . The collection of all ij semi open 

(resp. ij semi closed) sets of X will be denoted by ( )ij SO X  (resp. 

( )ij SC X ).  

A subset U of X is called ij  -semi neighborhood (briefly, ij  -

semi nbd) of a point x if there exists an ij  -semi open set V such that 

x V U  . 

Lemma 2.1. The union of arbitrary collection of ij semi open sets in 

),,( 21 X  is ij semi open. 

Proof: Since arbitrary union of ij open sets is ij open [ 4 Lemma 

2.2], the result follows directly. 

Lemma 2.2.  The intersection of arbitrary collection of ij semi closed 

sets in ),,( 21 X  is ij semi closed. 
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Proof: Follows directly by Lemma 2.1. 
Corollary 2.3. Let A X , ( ) { : ,ij sCl A F A F    ( )}F ij SC X  . 

Corollary 2.4. ( )ij sCl A  is ij semi closed, that is 

( ( ))ij sCl ij sCl A    ( )ij sCl A . 

Lemma 2.5. For subsets A, B and ( )
k

A k I  of a bitopological space ),,( 21 X , 

the following hold 

     (1) ( )A ij sCl A  . 

     (2) ( ) ( )A B ij sCl A ij sCl B      . 

     (3) { ( )}( )
k kk k

ij sClij sCl A A    . 

     (4) { ( )}( )
k kk k

ij sClij sCl A A     . 

     (5) A is ij semi closed if and only if ( )A ij sCl A   

3. 
ij

s    sets and 
ij

g s    sets. 

     Definition 3.1. For a subset B of a bitopological space 
1 2

( , , )X   , we 

define  

     { ( ): }ij
s

B O ij SO X B O 


     

     { ( ): }ij
s

B F ij SC X F B 


    . 

      Definition 3.2. A subset B of a bitopological space 
1 2

( , , )X    is called 

ij
s    set (resp. 

ij
s    set) if ij

s
B B


 (resp. ij

s
B B


 ). 

     Definition 3.3. A subset B of a bitopological space 
1 2

( , , )X    is called 

(1) generalized 
ij

s    set (briefly, 
ij

g s   -set ) if 
s

ijB F


  

whenever B F and ( )F ji SC X  . 

(2) generalized 
ij

s    set (briefly, 
ij

g s   -set ) if cB  is 

ij
g s   . 

     By 
s

ijG


( resp. 

s
ijG


) we will denote the family of all 

ij
g s   -sets 

(resp. 
ij

g s   -sets). 

     Proposition 3.4. Let A, B and { :kB k I } be subsets of a bitopological 

space 
1 2

( , , )X   . The following properties hold: 
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(1) ijs
B B


 . (2) If A B , then ij ijs s

A B 

 
 . 

(3) ij ijs ij
s s

B B 

 
 
 

 
 .   (4)  k

k Ik I

ij
ij

s
s

B B 
 

 
 
 
 




 . 

(5) If ( )A ij SO X  , then 

ijs
A A


 .       

(6)   ij s ij
cs

cB B


 
  
 


. 

 

(7) ijs
B B


 .    

(8) If ( )B ij SC X  , then 

ijs
B B


 . 

 

(9)  k

k I

ij
i

k

s
s

j

k I

B B


 

 
 
 
 






 . (10)  k

k Ik I

ij
ij

s
s

B B 
 

 
 
 
 




 . 

Proof: (1) Clear by Definition 3.1. 

(2) Suppose ijs
x B


 . Then there exists an ij   semi open set U such 

that B U  and x U . Since A B , then ijs
x A


  and therefore 

ij ijs s
A B 

 
 . 

(3) Follows from (1) and Definition 3.2. 

(4) Let  
k

k I

ijs

Bx


 
 
 
 



 . Then there exists an ij   semi open set U such that 

k

k I

B U


  and x U . Thus for each k I  we have  k
ijs

x B



 . This 

implies that  k

k I

ijs
x B





 . 

Conversely, let  k

k I

ijs
x B





 . Then there exists an ij   semi open set 

kU  (for each k I ) such that kx U , k kB U . Let 
k

k I

U U


 . Then 

we have 
k

k I

x U U


  , 
k

k I

B U


  and U is ij   semi open. This 

implies that 
k

k I

ijs

Bx


 
 
 
 



 . This completes the proof of (4). 

(5) By definition and since A is an ij   semi open set, we have 

ijs
A A


 . By (1), we have 

ijs
A A


 . 

(6) { : , ( )}
s ij

c
c c c cB F F B F ij SO X




 
 
 

     =   ijscB



. 

(7) Clear by definition. 
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(8) If ( )B ij SC X  , then ( )cB ij SO X  . By (5) and (6) 

  ij s ij
csc cB B B



 
  
 


 . Hence ijs

B B


 . 

(9) Let  k

k I

i
s

jx B





 . Then there exists k I  such that  k

ijs
x B




 . 

Hence there exists ( )U ij SO X   such that 
kB U  and x U . Thus 

ij

k

s

k I

x B


 
 
 
 






. 

(10)
  k k k

k I k Ik I

ijij
ij

s ij

k

c css c ccs
c

k I

B B B B



 

 

                 








                 

 
  k

k I

ijs
B





 . 

Theorem 3.6. Let B be a subset of a bitopological space 
1 2

( , , )X   . Then 

(1)  and X are 
ij

s    sets and 
ij

s    sets. 

(2) Every union of 
ij

s    sets (resp. 
ij

s    sets) is 

ij
s    sets (resp. 

ij
s    sets). 

(3) Every intersection of 
ij

s    sets (resp. 
ij

s    sets) is 

ij
s    sets (resp. 

ij
s    sets). 

(4) B is a 
ij

s    set if and only if cB  is a 
ij

s    set. 

 Proof. (1) and (4) are obvious. 

(2) Let { : }kB k I be a family of 
ij

s    sets in
1 2

( , , )X   . Then by 

definition and Proposition 3.4 (4) we have  
k

k I

B



 

 k

j

k I

s
iB






 

k

j

k I

s
i

B



 
 
 

. 

(3) Let { : }kB k I  be a family of 
ij

s    sets in
1 2

( , , )X   . Then by 

definition and Proposition 3.4(9) we have  
k

j

k I

s
i

B



 
 
 


  k k

j

k I k I

s
iB B


 



 . 

Hence by Proposition 3.4(1), 
k k

j

k I k I

s
i

B B
 


 

  
 

. 

Remark 3.7. By Theorem 3.6, the family of all 
ij

s    sets (resp. 

ij
s    sets), denoted by 

s
ij




(resp. 
s

ij



)  in 
1 2

( , , )X    is a topology 

on X containing all ij   semi open (resp. ij   semi closed) sets. 

Clearly ( , )
s

ijX 


 and ( , )
s

ijX 


 are Alexandroff spaces, i.e., arbitrary 

intersection of open sets are open. 
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Proposition 3.8. Let 
1 2

( , , )X    be a bitopological space. Then 

(1) Every 
ij

s    set is a 
ij

g s    set. 

(2) Every 
ij

s    set is a 
ij

g s    set. 

(3) If 
kB  is a 

ij
g s    set for all k I , then 

k

k I

B


 is a 

ij
g s    set. 

(4) If 
kB  is a 

ij
g s    set for all k I , then 

k

k I

B


 is a 

ij
g s    set. 

Proof. (1) Follows directly by definition. 

(2) Let B be a 
ij

s    subset of X. Then ijs
B B


 . By Proposition 

3.4(6)   ij s ij
cs ccB B B



 
  
 


 . Therefore, by (1) and definition, B is a 

ij
g s    set. 

(3) Let kB  is a 
ij

g s    subset of  X  for all k I . Then by Proposition 

3.4(4)   k k

k Ik I

ij
ij

s
s

B B


 

 
 
 
 




 . Hence, by hypothesis and definition, 
k

k I

B


 is 

a 
ij

g s    set. 

(4) Follows from (3) and definition. 

Proposition 3.9. A subset B of a bitopological space 
1 2

( , , )X   is a 

ij
g s    set if and only if ijs

U B


 , whenever U B  and U is an 

ij   semi open subset of X. 

Proof. Let U be an ij   semi open subset of X such that  U B . 

Then, since cU  is ij   semi closed and c cB U , we have 

  ijsc cB U



  by definition. Hence by Proposition 3.4(6)  ij

cs cB U


 . 

Thus 
ijs

U B


 . On the other hand, let F be an ij   semi closed 

subset of X such that cB F . Since cF  is ij   semi open and 

cF B , by assumption we have 
ijscF B


 . Then    ij ij

cs s
cF B B 

 
 . 

Thus cB  is a 
ij

g s    set, i.e., B is a 
ij

g s    set. 
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4. 
s

ij Cl  


  closure operator and associated 
ijs




. 

     In this section, we define a closure operator ijs
Cl


 and the associated 

topology 
ijs




 on the bitopological space 
1 2

( , , )X    using the family of 

ij
g s    sets. 

Definition 4.1. For any subset B of a bitopological space 
1 2

( , , )X   , 

define ( ) { : , }ij ijs s
Cl B U B U U G 

 
    and  

( ) { : , }ij ijs scInt B F B F F G 

 
   . 

Proposition 4.2. Let A, B and { : }B I   be subsets of a bitopological 

space 
1 2

( , , )X   . Then the following properties are hold: 

(1) ( )ijs
B Cl B


 .   (2)  ( ) ( )ij ij

cs sc IntCl B B 

 
 . 

(3) ( )ijs
Cl  


 . (4) ( ) ( )k

k I

ij ij
k

k I

s s
Cl B Cl B 

 

 
 . 

 

(5) ( ) ( )ij ijs ij
s s

Cl Cl B Cl B 
 

 
 

 
 .  

 

(6) If A B , then 

( ) ( )ij ijs s
Cl A Cl B 

 
  

(7) If B is s 
ij

g s    set, then 

( )ijs
Cl B B


 . 

(8) If B is s 
ij

g s    set, then 

( )ijs
Int B B


 . 

 

Proof: (1), (2), (3) and (6) are clear. 

(4) Let ( )ij
k

k I

s
x Cl B




 . Then, there exists ij

s
U G


  such that 

k
k I

B U


  and x U . Thus for each k I  we have ( )k

ijs
Bx Cl


 . 

This implies that ( )k

ij

k I

s
Bx Cl




 . Conversely, let ( )k

ij

k I

s
Bx Cl




 . 

Then there exist subsets k

ij
s

U G


  for all k I  such that kx U  and 

k kB U . Let k
k I

UU


 . Then x U , 
k

k I

B U


 and ij
s

U G


 . 

Thus ( )k

ij

k I

s
Bx Cl




 . 
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(5) Suppose that ( )ijs
x Cl B


 . Then there exists a subset ij

s
U G


  such 

that x U  and B U . Since ij
s

U G


  we have ( )ijs

BCl U


 . Thus we 

have ( ( ))ij ijs s
x Cl Cl B 

 
 . Therefore ( ) ( )ij ijs ij

s s
Cl Cl B Cl B 

 
 
 

 
 . 

But by (1) ( ) ( )ij ij s ij
s s

Cl B Cl Cl B 
 

 
 

 
 . Then the result follows. 

(7) Follows directly by (1) and definition. 

(8) Follows directly by (7) and (2) and definition. 

     Then we have the following 

Theorem 4.3. ijs
Cl


 is a Kuratowski closure operator on X. 

Definition 4.4. Let ijs




 be the topology on X generated by ijs
Cl


 in the 

usual manner, i.e., { : ( ) }ij ijs s c cB X Cl B B  
 

  . 

We define a family ijs




 by { : ( ) }ij ijs s
B X Cl B B  

 
  , equivalently 

{ : }ij ijs scB X B  
 

 . 

Proposition 4.5. Let 
1 2

( , , )X    be a bitopological space. Then 

(1) { : ( ) }ij ijs s
B X Int B B  

 
  . 

(2) ( ) ij ijs s
ij SO X G  

 
  . 

(3) ( ) ij ijs s
ij SC X G  

 
  . 

(4) If ( ) ijs
ij SC X  


  , then every 

ij
g s    set of X is ij   semi 

open. 

(5) If every 
ij

g s    set of X is ij   semi open (i.e., if 

( )ijs
G ij SO X 


  ), then { : }ij ijs s

B X B B  
 

  . 

(6) If every 
ij

g s    set of X is ij   semi closed (i.e., if 

( )ijs
G ij SC X 


  ), then ( ) ijs

ij SO X  


  . 

Proof. (1) By Definition 4.1 and Proposition 4.2(2), we have: If A X , 

then 
ijs

A 


  if and only if ( )ijs c cCl A A


  if and only if 

 ( )ij
cs cInt A A


  if and only if ( )ijs

Int A A


 . Thus, 

{ : ( ) }ij ijs s
B X Int B B  

 
  . 
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(2) Let ( )B ij SO X  . By Proposition 3.4(5) B is a 
ij

s    set. 

By Proposition 3.8 (1), B is a 
ij

g s    set, i.e., ijs
B G


 . Let now, B 

any element of ijs
G


. By Proposition 3.4(7) ( )ijs

B Cl B


 , i.e., 

ijs
B 


 . Therefore ( ) ij ijs s

ij SO X G  
 

  . 

(3) Let ( )B ij SC X  . By Proposition 3.4(8) ijs
B B


 . Thus B is a 

ij
s    set. By Proposition 3.8(2), B is a 

ij
g s    set. Hence 

ijs
B G


 . Now, if ijs

B G


 , then by (1) and Proposition 3.4(8), 

ijs
B 


 . 

(4) Let B be any 
ij

g s    set, i.e., ijs
B G


 . By (2), ijs

B 


 . 

Thus, ijscB 


 . From assumption, we have ( )cB ij SC X  . Hence 

( )B ij SO X  . 

(5) Let A X and ijs
A 


 . Then by Definitions 4.1 and 4.4, 

( )ijsc cA Cl A


  { : , }ijs

U U A U G


     

      { : , ( )}cU U A U ij SO X       ijscA



 . 

Using Proposition 3.4(6), we have ijs
A A


 , i.e., 

{ : }ijs
A B X B B


   . Conversely, if { : }ijs

A B X B B


   , 

then by Proposition 3.8(2), A is a 
ij

g s    set. Thus ijs
A G


 . By 

using (3), ijs
A 


 . 

(6) Let A X and ijs
A 


 . Then  ( )ij

cs cA Cl A


   

 { : , }ij
cscU A U U G


   { : ( )}c cU U ij SO X   ( )ij SO X  . 

     Conversely, if ( )A ij SO X  , then by Proposition 3.4(5) and 

Proposition 3.8(1), ijs
A G


 . By assumption ( )A ij SC X  . Using (3),  

ijs
A 


 . 
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Lemma 4.6. Let  
1 2

( , , )X    be a bitopological space. 

(1) For each x X , { }x  is an ij   semi open set or { }cx  is a 

ij
g s    set of X. 

(2) For each x X , { }x  is an ij   semi open set or { }x  is a 

ij
g s    set of X. 

Proof. (1) Suppose that { }x  is not ij   semi open. Then the only 

ij   semi closed set F containing  { }cx  is X. Thus  { } ijscx F X



   

and { }cx  is a 
ij

g s    set of X. 

(2) Follows from (1) and Definition 3.3. 

Proposition 3.7. If ( ) ijs
ij SO X  


  , then every singleton { }x  is 

ijs

 


open. 

Proof. Suppose that { }x  is not ij   semi open. Then by Lemma 4.6, 

{ }cx  is a 
ij

g s    set. Thus { } ijs
x 


  by Definition 4.4. Suppose that 

{ }x  is ij   semi open. Then { } ( ) ijs
x ij SO X  


   . Therefore, 

every singleton { }x  is ijs

 


open. 
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ijالمجموعات المعممة من النوع 
s    

 في الفضاءات ثنائية التوبولوجي

 

 فتحي هشام خضز
 جاهعة أسيىط –كلية العلىم  –قسن الزياضيات 

 

في هذا البحث نقىم بتقدين ودراسة الوجوىعات شبه الوغلقة هن النىع دلتا و        

في الفضاءات ثنائية التىبىلىجي وهن ثن نقدم  الوجوىعات شبه الوفتىحة هن النىع دلتا

هفهىم الوجوىعات هن النىع 
ij

s     و
ij

g s    أيضا نعزف هؤثز .

ijsإغلاق جديد 
Cl

   والتىبىلىجي الوصاحبijs




ائي التىبىلىجي نعلى الفضاء ث 

1 2
( , , )X  . 


