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INTRODUCTION
A triple (X T Ty) where X is nonempty set 2] and T, are topologies

on X, is called a bitopological space and Kelly [4] in 1963 initiated the
systematic study of such spaces. After the work of Kelly various authors
have contributed to the development of this theory. In 1981, Bose [2]
introduced the notion of ij —semi open sets in bitopological spaces. In

1987, Banerjee [1], introduced the notion of ij —&5—open sets in such
spaces. Further investigations of ij —5—open sets were found in [5,6]. In
this paper we introduce and study ij —o —semi closed and ij —& —semi open

sets in bitopological spaces and then we introduce and study the notions of
55 A —sets and g5-s A _sets in bitopological spaces by generalizing

the results obtained in [3] to the bitopological setting. Also, we define a new
closure operator C| gAii and associated topology 75 on the bitopological

space (X ,z,,z,)-

Throughout this paper (X ,z;,z,) ( or briefly X ) always means a
bitopological space on which no separation axioms are assumed unless
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explicitly stated. Let A be a subset of X, by i —CI(A) and i —Int(A)we
denote the closure and the interior of A in the topological space (X ,z,). By

i-open (or T —open) and i-closed (or T —closed) we mean open and
closed in the topological space (X,r;). X \A =A°® will denote the
complement of A and | denote for an index set. Also j, j=12and I # J .

Let A be a subset of a bitopological space (X,z;,7,) . A point x of X is
called an ij—oJ—cluster point of A [1] if i—Int(j—CIU))nA=¢ for
every z,-open set U containing x. The set of all ij —& —cluster points of A is
called the ij —o —closure of A and is denoted by ij —Cl ;(A) . A subset A is
said to be ij—o—closed if ij—Cly(A)=A. The complement of an
ij —o —closed set is called ij —& —open. A subset A of X is called ij —semi
open [2] if Ac j—CI(i—Int(A)).

2. 1] —O —semi open sets.
Definition 2.1 A subset A of bitopological space (X,z;,z,) is called
ij—o—semi open if there exists ij—o—open set U such
thatU —c Ac j—CI(U). The complement of an ij—o&—semi open set is
called ij —& —semi closed.

A point X €eX is called an ij—o&—semi cluster point of A if
A NU #¢ for every ij —5 —semi open set U of X containing x. The set of
all ij —o —semi cluster points of A is called the ij —& —semi closure of A
and is denoted by ij —6sCI(A). The collection of all ij —&—semi open
(resp. ij —o —semi closed) sets of X will be denoted by ij —5SO (X ) (resp.
ij —5SC (X))

A subset U of X is called ij —o -semi neighborhood (briefly, 1j —O -
semi nbd) of a point x if there exists an 1j —& -semi open set V such that
XxeV cU.

Lemma 2.1. The union of arbitrary collection of ij —& —semi open sets in
(X,7,,7,) IS ij —6 —semi open.
Proof: Since arbitrary union of ij —& —open sets is ij —o —open [ 4 Lemma

2.2], the result follows directly.
Lemma 2.2. The intersection of arbitrary collection of ij —&—semi closed

setsin (X,z,,7,) is ij —d —semi closed.
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Proof: Follows directly by Lemma 2.1.
Corollary 2.3. Let Ac X , ij —6sCI(A)={F:AcF, F €ij —6SC(X)}.

Corollary 2.4. i —0SCI(A) is ij—&5—semi closed, that is
ij —55Cl (ij —55CI (A)) = ij —5sCl (A).

Lemma 2.5. For subsets A, Band A, (k 1) of a bitopological space (X,7;,7,),
the following hold

(1) A cij —35CI (A).
(2) AcB =ij —56sCI(A)cij —5sCl(B).
(3) 1j —osCl (@Ak )< Q{ij —55CI(A )}
(4) ij —osCl (}{Ak ) = Aij - 5Cl (A}
(5) Ais ij —& —semi closed if and only if A =ij —&sCl(A)
3.0-S Ajj —sets and go-s Ajj —sets.
Definition 3.1. For a subset B of a bitopological space (X ,7;,7,), we
define
B, i =0 ij —550(X ):B <O}
B, = fF eij —65C (X ):F cB}.
Definition 3.2. A subset B of a bitopological space (X ,7;,7,) is called
5—S A —set(resp. 5—S vy —set) if B = B;A” (resp. B = B;V” ).
Definition 3.3. A subset B of a bitopological space (X ,rl,rz) is called
(1) generalized 0 —S Ajj —set (briefly, go—s Ay -set ) if B;AU cF
whenever B € F and F e ji —85C (X ).
(2) generalized  5-s v, —set (briefly, g5-sv, -set ) if B¢ is
go-s Ajj -

By G;A‘j ( resp. G;Vij ) we will denote the family of all g&—s A;; -sets
(resp. §O—S Vij -sets).

Proposition 3.4. Let A, Band { B, :k €1 } be subsets of a bitopological
space (X ,7;,7,). The following properties hold:
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(1) BB V. (2)1f A B then A =BV
SAI _ S/\i- SAij S Aji
@3) (B [ JL =B, 4) LU.B‘L :g(Bk)‘S i .
(5) If A\Sflj -0S0 (x ), then (6) (BC)Sé.Aij :(B;Vij jC .
A=A
8 If Beij—-sSC(X), then
(7) B B. B=B,"
®[ne "eneit. @9 (us) Toue
kel 5 kel ket J§ kel

Proof: (1) Clear by Definition 3.1.
(2) Suppose X ¢ B;A” . Then there exists an 1] —d& —semi open set U such
that BcU and X ¢U . Since AcB, then x gAgA” and therefore

S Aji SA
AN 1
5 c 85

(3) Follows from (1) and Definition 3.2.
(4) Let g{UBk]SA” . Then there exists an ij —&—semi open set U such that
)

kel
s, cU and x ¢U . Thus for each k el we have x é(Bk)‘;A” This
kel

implies that x gU(B
kel
Conversely, let y z|J(B . Then there exists an ij —5—semi open set

kel

U, (foreach k el )such that X ¢U,, B, cU,. Letu = Ju, . Then

kel
we have x ¢U =(JU,, |JB,cU and U is 1] —O —semi open. This
kel kel
implies that ﬁ[UBk]SA” . This completes the proof of (4).
kel S

(5) By definition and since A is an ij —O—semi open set, we have

A;A‘J —A . By (1), we have A;A” =A.

S A

6) (B | =~{F° :F° 5B°,F® eij ~8S0 (X )} = (B¢),V.
(7) Clear by definition.
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(8) If Beij—oSC(X), then B€eij—0SO(X). By (5) and (6)
BC =(BC)55Aij :[Bgvii )c. Hence B :B;VJ

(9) Let x gﬂ(Bk);\ij . Then there exists K el such that x (B, ) "

kel

Hence there exists U eij —5SO(X ) such that B, cU and X ¢U . Thus
o]
kel S

AR (TN R LIS i
Theorem 3.6. Let B be ; subset of a bitopological space (X ,71,72) . Then
(1) gand X are 6 —S Ajj —Ssets and 0 —S Vijj —sets.

(2) Every wunion of O-S Ajj —sets  (resp. 0—S Vij —sets) s
o0-S Ajj —Sets (resp. 0 —S Vi —sets).

(3) Every intersection of o —$S Nij
0-S Ajj —Sets (resp. 0 —S Vi —sets).

—sets (resp. O—S Vi

ij ~ sets) is

(4)Bisa 6—s A; —setifand only if BCisa o-s Vij —set.

Proof. (1) and (4) are obvious.
(2) Let {B, :k 1}be a family of 6—s Ajj —sets in(X,7;,7,). Then by

definition and Proposition 3.4 (4) we have Us.- U, i [UB ) LE

(3) Let {B, :k €1} be a family of -5 Ajj —sets m(X ,rl,rz). Then by

kel kel

definition and Proposition 3.4(9) we have [ j c NG ., Hol-
kel 5

Hence by Proposition 3.4(1),

Nj .

Remark 3.7. By Theorem 3.6, the family of all o—S Nij —sets (resp.
5—s v;; —sets), denoted by ﬂ;AU’ (resp. /1?”) in (X ,z,7,) is a topology
on X containing all ij —& —semi open (resp. 1j —& —semi closed) sets.

Clearly (x,2.1) and (x,A, 1) are Alexandroff spaces, i.e., arbitrary
intersection of open sets are open.
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Proposition 3.8. Let (X ,7,,7,) be a bitopological space. Then
(1) Every 5-—s Ay —Set isa go—s Ajj —set.
(2) Every 5—s vij —set isa go—s Vi —set.

) If B, is a g —s Ay —set for all k el, then B, is a

kel

go-s Ajj —set.
(4) If B, is a go—s vy —set for all k el , then nB, is a

kel

go-s Vi —set.

Proof. (1) Follows directly by definition.

(2) Let B be a §—Sv;; —subset of X. Then B —B,"i. By Proposition
3.4(6) (Bc)?ii =(B;Vij ]CZBC. Therefore, by (1) and definition, B is a
go—Sv; —set.

(3) Let B, isa g5-s ~ _subset of X forall k el . Then by Proposition

o
) kel kel

3.4(4) [UBk]SA” —J(B, )5 - Hence, by hypothesis and definition, | JB, is

ago-—s Ajj —set.

(4) Follows from (3) and definition.

Proposition 3.9. A subset B of a bitopological space (X,z,7,)is a
go-s Vi —set if and only if U gBEV” , whenever U cB and U is an
1] —O& —semi open subset of X.

Proof. Let U be an ij —& —semi open subset of X such that U < B.
Then, since U® is ij —d—semi closed and B®cUC®, we have

(B©);" cU*® by definition. Hence by Proposition 3.4(6) (Bzv” )C cu®

Thus U QBEV” . On the other hand, let F be an ij —&—semi closed
subset of X such that B¢ < F . Since F® is ij —&—semi open and

F¢ =B, by assumption we have F¢ B;v” .Then g Q(B;vij )° (Bef

C - . .
Thus B* isa g5-s A, _set, l.e,Blisa g5—s Vi _set.
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Generalized O —S Aj

. S A
4. ij —CI1°" _ closure operator and associated Ts v

In this section, we define a closure operator CI;Aij and the associated
S A
topology T5A” on the bitopological space (X ,7;,7,) using the family of
go-s Ajj — sets.
Definition 4.1. For any subset B of a hitopological space (X ,z'l,rz),
define C1;" (B)={U :B cU U G, "} and
It} (B)={F :B oF ,F¢ G}
Proposition 4.2. Let A, B and {B,: A<} be subsets of a bitopological
space (X ,7;,7,). Then the following properties are hold:

SAji A A C
(1) B <Cl,;" (B). (2) c13 (BC)=(|nt§ i (B)) .

(3) CI3"i (g) = 9. 4) | Jc1. W (8,)=CI." (U By)-

(5) C1} (C13 (B))=Cl; (). (B)IF ACB , then
CI3" (A)C1 W (B)

(7) If B is s g5 -s Ay —Set, then (8)IfBiss Qo —S Vijj —set, then

ClI; i (B)=B . Int;" (B)=B .

Proof: (1), (2), (3) and (6) are clear.

(4) Let x CI"i(u B,). Then, there exists U G such that
kel

U By cU and x €U . Thus for each k €l we have x ¢ClI " (B,).

kel

This implies that x eUCI;A” (B,). Conversely, let x gUC|2AU’ (B,).
kel kel

S A
Then there exist subsets U, eGgA” for all k €l such that x ¢U, and

B, cU,. Let U= uUUy. Then xgU, JB, cUand U eG;A”.

kel kel

Thus x ¢C|;Aij (U Bk)'

kel
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(5) Suppose that x ¢CI ;" (B). Then there exists a subset U G such
that X ¢U and B cU . Since U G we have CI;Aij (B)cU . Thus we
have x ¢Cl;" (CI;" (B)). Therefore CI;" [c| S (B)jgu 2 (B).
But by (1) C|§Aij (B) gC;I;A‘i (CIEAU' (B)j. Then the result follows.

(7) Follows directly by (1) and definition.
(8) Follows directly by (7) and (2) and definition.
Then we have the following

Theorem 4.3. C|§Aii Is a Kuratowski closure operator on X.

Definition 4.4. Let 7 * be the topology on X generated by C|5 in the
usual manner, i.e., 7, _{B X :C1;" (B®)=BC}.

. . S A . . :

We define a family p5/\” by p3 -{B =X :CI}" (B)=B}, equivalently
P {B X :B®ez; i},
Proposition 4.5. Let (X ,7;,7,) be a bitopological space. Then
(1) 7 {B =X :Int} i (B) =B}

.. S A SAji
(2) ij —6SO(X )G " cps V.
(3) ij —6SC (X ) =G, <7V
(4) If jj_ssc(x )=z, then every g5—s A _set of X is Ij —0—semi
open.

(5) If every go—S Ajj —set of X is 1j —o—semi open (ie., if

G, cij —550(X ), then 5% _{B =X :B =B} 1}

(6) If every go—s Ay —Set of X is ij—O0—semi closed (i.e., if
G5 cij —55C (X ), then ij —8SO (X ) =730 .

Proof. (1) By Definition 4.1 and Proposition 4.2(2), we have: If A X ,
then Aez';/\” if and only if CI;A” (A®)=A° if and only if
(,m;vij (A))CzAc if and only if Int)i(A)=A. Thus,

7 {B =X :Int}"i (B)=B}.
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(2) Let B €i] —6SO(X ). By Proposition 3.4(5) B is a 0 —S Ajj —set.
By Proposition 3.8 (1), Bisa & —s Ay —set, ie, B eG;A” . Let now, B

any element of G;A”. By Proposition 3.4(7) B :CI;Aij (B), ie,
B e :02/\” . Therefore ij —oSO (X )gG;A” - p;/\” :
(3) Let B €ij —oSC (X ). By Proposition 3.4(8) B =B;Vii . Thus B is a
0-S Vi —set By Proposition 3.8(2), B is a go—S Vij —set. Hence
BeG, . Now, if BeG, ", then by (1) and Proposition 3.4(8),
Ber, i
50
. S A SA::
(4) Let B be any go—S Ajj —set, e, BeG;".By(2, Bep;".
Thus, B¢ ET;/\” . From assumption, we have B¢ eij —6SC (X ). Hence
B eij —550(X ).
(5) Let AcX and A erz/\” . Then by Definitions 4.1 and 4.4,
AC =CI" (A®)={U :U DAU €G; "}
=U :U A% U €ij —6SO(X )} :(AC);AU.
Using  Proposition  3.4(6), we have A :szij e,
Ae{BcX :B :B;v”}. Conversely, if Ae{BcX :B :B;V”},

then by Proposition 3.8(2), A is a go—S Vii —set. Thus AEG;VU_ By

using (3), A ergA” .
C

6 Let AcXand Aer,i.  Then A =(C|§Aii (AC)) -

(U A U U eegA‘i})c =fU°:U° eij —6SO(X )} €ij —650(X ).
Conversely, if Aeij—6SO(X), then by Proposition 3.4(5) and
Proposition 3.8(1), A G . By assumption A ij —&SC (X ). Using (3),

S A
A 1
62'5 .
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Lemma 4.6. Let (X ,7;,7,) be a bitopological space.

(1) For each x eX , {x} is an ij —&d—semi open set or {x}° is a
go-s Aj —set of X.

(2) For each X eX , {X} is an ij —0—semi open set or {x} is a
go-s Vjj —setof X.

Proof. (1) Suppose that {X} is not ij —& —semi open. Then the only
ij —& —semi closed set F containing {X}° is X. Thus ({x¥ )ZA” cF=X
and {X}" isa go—s Ajj —setof X,

(2) Follows from (1) and Definition 3.3.

Proposition 3.7. If jj —§SO(X)=12A”, then every singleton {x} is
7,/ _open.

Proof. Suppose that {x } is not ij —& —semi open. Then by Lemma 4.6,
{x¥ isa go-s A —Set Thus {x}e T;“ii by Definition 4.4. Suppose that

{x} is 1] —0—semi open. Then {x}eij —5SO (X ):T;/\ij . Therefore,

. _SA
every singleton {X } is z; ¥ -open.
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