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The metric of the anti Mach light cone is presented, the rotation coefficients are 

calculated and its behavior at the different singular points on the light cone are studied, 

the local differential invariants of the second order are determined and the relation 

between sky coordinates and the coordinates of the cone parametrs are derived. 

1- INTRODUCTION 

The most important features of any space-time is the existence of null 

curves, particularly null geodesic, null surfaces and null hypersurfaces which 

are characteristics for the Einstein field equations. The existence of these 

lightlike manifolds have physical origin, since null geodesic are trajectories 

of the photons. The null hypersurfaces in geometric optics can be considered 

as level surfaces (null surfaces). According to the general theory of relativity, 

the null geodesic constituting the light cone with vertex P  in space time 

manifold M  can be forced to reconverge by sufficiently strong gravitational 

field, e.g. quasar, galaxy or closter of galaxies. The phenomenon is known as 

lense effect, which is today one of the most growing areas in astrophysics 

([1]- [4]). This paper is organized as follow: The sturcture of the light cone 

equations and its singularities are given in §  2. The differential invariants 

and rotation coefficients are studied in §  3. In §  4 we gives the relation 

between sky coordinates and the coordinates of the cone parametrization.   

2- LIGHT CONE EQUATIONS 

During the investigation of the solutions of the Einstein’s field equation 

which allow a transitive group of motions. Ozsváth and Schu c king [5] found 

a vacuum solution of the field equations . 

 The line element for the anti-Mach metric is given by:   

.224= 22222 dtdztdzdydzdxtdxds   (2.1) 

This curious solution contradicts the known "Mach principle 3" which 

state that: "In the absence of matter, space-time should necessarily be 

Minkowsky" [6], since if we interpret the absence of matter as the absence of 

singularities in the solution of Einstein’s vacuum field equations for 

gravitational fields, then this "Mach-3"  principle is, as we see from the 

above metric, not valid. 
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The curvature tensor for the metric can be calculated and has the form  
3 4 3 4 3 1 3 1
[ ] [ ] [ ] [ ]= 4( ),i j k l i j k l i j k lR          (2.2) 

where the brackets around the indices indicate the skew symmetric part of an 

expression. Its easy to see that  

= = 0,
i k

i j k l j lg R R  (2.3) 

which emphasize that (2.1) is a solution of the Einstein’s field equations with 

the curvature tensor different from zero. 

The structure of the null geodesics (light rays) emitted from the vertex of the 

light cone are given by:  

,2sin2)2cos(122= wwwx   (2.4) 

),tan2(2)tan22(4sin
24

1
= 22 wwwwy 


  (2.5) 

,2= wz  (2.6) 

,2sin)2cos(12= wwt    (2.7) 

where w  is an affine parameter along the null geodesic,   and   are 

directional parameters which determine a unique null geodesic on the light 

cone and have the range )<,<(   . 

The light cone given by the equations (2.4) - (2.7) become singular where the 

matrix of the derivatives  
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Figure 1: Null geodesics emitted from the vertex with the z- coordinate is suppressed. The 

affine parameter w  ranges from 0 (vertex) to 2 , the directional parameter   

taken from 0 to 2 with constant separation 0.5 and the directional parameter   

ranged from -2 to 2 with constant separation 0.2. Keels line appear as parabols in the 

      plane. 
 

 

 

 

 

 



4             M. Abdel-Megied, Nassar H. Abdel-All and E. A. Hegazy 

Two an infinite number of w - values indicated from equation (2.8), namely  

0,1,2,...=,= kkw                  (2.9) 

and 

.
2

=tan
w

w  (2.10) 

The values of w  given by the equation (2.9) called points of the first kind, 

and the positive solutions of the equation (2.10) are points of the second kind.  

The values of   satisfies the equation (2.10) can be given by using the 

Mathematica program as the intersection points of the two curves wtan  and 

2

w
 and read as:  

.20.3223,..17.1628,13.9952,10.8127,7.59655,4.27478,0,=w  (2.11) 

 The structures of the light cone at the points given by (2.9) are read as:   

0),,2,2,2(=),,,( 2 kkktzyx  (2.12) 

that is  

)Constant(2=,22=2 kzykx   (2.13) 

The singularities at kw =  are called Keel points and the lines segments of 

these point are called Keel lines. From equation (2.13) the Keel lines of the 

Anti Mach light cone are set of the parabolas in the ),( yx  plane (fig.1.). Keel 

lines are space like curves with parameter   which are not geodesics, to see 

this. The components of tangential vector 




d

dx
 are  

,0)0,,22,2(= kk
d

dx






  (2.14) 

 The normal to the Keel is the timelike unit vector  

.0]0,1,,2[
21

1

2




 (2.15) 

 The curvature is given by  

.
)2(12

1
=

2


k
 (2.16) 

 At the points of the second kind, we get:  

)2(sin2= 2 wwx    (2.17) 

2)2(4sin
24

1
= wwy  

  (2.18) 

                wz 2=   (2.19) 

).2(2sin
2

1
= wwt       (2.20) 
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For every positive solution given by the equation (2.11) we get a surface with 

two directional parameters   and  . 

 
 

Figure 3: Null surface according to the parametrization given by the equations (2.17)- (2.20) 

at 14581284.27478227=w . Plotted are the coordinates ),( x , 

),( y  and ),( t , z coordinates is suppressed. The two directional 

parameters   and   are arranged from -2 to 2. 
 

2.1 THE INNER METRIC 

The intrinsic three- dimensional metric of the light cone can be formed from 

the relation  

,=
k
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where ),,(= wyl . Since 
w

x i



  is the tangential vector to the cone, the 

component of the cone metric reduced to a two dimensional metric:  

32,1,=0,=1 AA  (2.22) 
22

22 )2cos(12)2sin(4= www   (2.23) 

)22sin()2cos(12=23 www   (2.24) 

.sin)2cos(12= 22

33 ww   (2.25) 

The determinant of the inner metric   is given by:  

.)2(16=)(= 222

233322 wsinwsinwcosw    (2.26) 

The set of singular points given by the two equations (2.9) and (2.10) can be 

also determined by putting 0= .   

 

3- ROTATION COEFFICIENTS AND DIFFERENTIAL 

INVARIANTS 
  

The local differential geometry of null hypersurfaces are studied in some 

detail described in   [ 7], [8], [9], [10], [11] and [12] . In the triad formalism 

the light cone metric can be represented as:  

= ,i k i k i kt t t t   (3.1) 

 where it  is a complex covariant vector intrinsic to the cone. 

The rotation coefficients : divergence  , shear   and torsion   are given 

in terms of the triad  and its derivatives by:  

).(= ,, ikki

ki ttti    (3.2) 

).(= ,, ikki

ki ttt   (3.3) 

).(= ,, ikki

ki tttt   (3.4) 

where i  is the generator of light cone and satisfies 0=k

ik   and can be 

chosen as. 

.= 1

ii   

Comparing equation (3.1) with equations (2.22) - (2.25) we get:  

1 = 0t  (3.5) 

)2(1)2(2=2 wcosiwwsint   (3.6) 

,2
2

)2(1=3 wsin
i

wcost   (3.7) 

 The contravariant component 
i

t  are calculated from k

iki tt = , then:  
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0=1t  (3.8) 

,
48

22
=2

wcotw

wcoti
t



  (3.9) 

.
48

)22221(
=

2
3

wcotw

wsiniwcoswiwcsc
t



  (3.10) 

 The non vanishing rotation coefficient can be found from:  

.= 3,1

3

2,1

2 tttti    (3.11) 

.= 3,1

3

2,1

2 tttt   (3.12) 

 From equations (3.11), (3.12) and  (3.5) - (3.10) we get: 

42

)(3
=





wcotw

wcotwwcotw
  (3.13) 

      2=                              (3.14) 

)2)22(12)22(2(2
84

=
2

wsinwiwcoswii
wcotw

wcsc



   (3.15) 

wcscwwwcscw
wcotw

222

2

2 (4(7
)2(4

1
==|| 


  

))).(62)(4 22 wcscwcotwcsc                  (3.16) 

The behavior of || and,   at the vertex of the light cone and at different 

singular points can introduced by using Mathematica program with help of 

the two equations (2.9) and (2.11) (Also can be indicated from the figures 

below) as follows:   tends to   at the vertex 0=w  and at kw = , 

2
tan=

w
w . 

  and  2||  tend to zero at the vertex and tend to infinity at the points of 

first and second kind. 

 
 

Figure 3     
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The values of   and 
2

  evaluated in the two equations (3.13) and (3.16) 

can be checked  by using the two equations  

.
4

)(det 

=||,
4

1
= 22







 dw

d

dw

d
ik

       (3.17) 

There exists in general one first order invariant of a null hypersurface, i.e. an 

invariant function formed from the rotation coefficient alone, without 

derivative. This is the quantity 
||

=



j . The complex invariant j  has the 

dimension (length) 1 , is nonlinear in the second order derivatives of the inner 

metric and involves additionally transversal derivatives. j  describes 

changes of the nullsurface geometry in transversal directions [8]. 

 
Figure 4 

It is important to consider 
2

1

j
 which measure the anisotropic behavior of the 

generators around a given one:  

22

242222

2 )3(

)(62)4(147
=

1

wwcotwcotw

wcscwcotwwcscwwcscww

j 

        (3.18) 

At the vertex ( 0=w ) 
2

1

j
 tend to zero, and at the points of the first and 

second kind 
2

1

j
 tends to 1. 

Another invariant can be obtained in the inner geometry by taking a certain 

linear combination of these affine invariants [8]. If we define  
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short calculations give:  

,
sin2cos

)sincos(22
=|| 1

3

www

www
I




         (3.20) 

,
)2sin32cos(2)cot2(16

)4844(csc
=||

2

21

24

2

3

wwwww

MMww
I






 (3.21) 

where  

     
2 2

1 = (63 48 )cos2 4( 5 4 )cos4 cos6 ,M w w w w w      

3
2 = 48 sin 2 32 sin 2 32 sin 4 .M w w w w w w   

1I  is a measure for the rotation of the shear directions (i.e. directions where 

the distance change to neighbouring rays is a maximum or minimum) relative 

to the generator congruence . /=2 jDI  describes the change of the 

first-order quantity j  along the rays. The behavior at the vertex and at the 

different singularity points for the invariant 1I  and 2I  can be given from 

mathematica program or from the figure 5 as follows: 1I  and 2I  tend to   

infinity at the vertex and to zero at the other points of singularities. 

  
Figure 5 

 

4- OBSERVER SKY AND CONE PARAMETRIZATION 

In sky coordinate   and   any cone metric can be expanded in powers of 

an affine parameter *w  near the vertex as [2]. 
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In an anti Mach light cone from equations (2.23) - (2.25) we have:  

)(4= 42

22 wOw   (4.4) 

)(= 5

23 wO  (4.5) 

.)(4= 42

33 wOw   (4.6) 

The coordinate ),,( w  are related to ),,( *w  and this coordinate 

transformation should take approximately the form ),(=   , 

),(=   and 
),(

=*

m

w
w  near the vertex. i.e for small w  we have  

.= *

jiij
x

x

x

x







 

  (4.7) 

From equations (4.1)- (4.3) and (4.4) - (4.6) with equation (4.7) we get:  

2222 8=sin)()( m
















 (4.8) 

0=sin
2

































 (4.9) 

.8=sin)()( 2222 m
















 (4.10) 

For solving equations (4.8) - (4.10) let us considers:  

).(=),(=   (4.11) 

Equation (4.9) is satisfied automatically and the two equations (4.8) and 

(4.10) reduces to  

222 8=sin)( m







 (4.12) 

.8=)( 22 m







 (4.13) 

Equation (4.13) indicated that, the function m  is depended on   only (i.e 

)(= mm ).  Also equation (4.12) can be written as:  

,=
sin

8
=)( 2

12

2
2 K

m








 (4.14) 

where 1K  is a constant. From equation (4.14) we get:  

21= KK   (4.15) 

where 2K  is a constant of integration and 1=  . 

From equation (4.13) we have  

,=
sin

1 



dK

d
 (4.16) 
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by integration we get:  

,=
2

tan 1
3

 K
eK  (4.17) 

where 
3K  is a constant of integration.  

The function )(m  can be determined from two equations (4.14) and (4.17) 

and take the form:  

,
122

=)(
122

3

1
3

1







K

K

eK

eK
Km  (4.18) 

from equation (4.15) we can choose the constants such that  = , also 

equation (4.17) to be agree with the boundary of   i.e )<<(   take 

the form:  




e=
2

tan  (4.19) 

  

The two equations (4.17) and (4.19) are determine the relation between the 

sky coordinate ),(   and the cone coordinate parametrization ),(    . 
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لا يحقق مبذأ ماخزمكاني  فضاءمخروط الضوء في   
 

السيذ علي حجازي محمود* -نصار حسن عبذالعال** –محمذ عبذ المجيذ علي*   
 

جاهعة الونيا  –كلية العلٌم  –*قسن الشياضيات   
جاهعة اسيٌط –كلية العلٌم  –*قسن الشياضيات  * 

 

 رلك عنذًخ اه قق هبذأحصهكانَ لا ي فضاءهخشًط الضٌء في  ىنذسة دساسةجن 

هحغيشات الحفاضليو هن النٌع الاًل لاثن حٌسبث العلي سطح الوخشًط  الوفشده  نقاطال

 ً يواثيات الكٌنذحالإ. أًجذنا العلاقو بين  النقاط الوفشده حٌل دساسة سلٌكيا  ًالثاني ً

هبذأ الضهكاني الزٍ لا يحقق  فضاءالهخشًط الضٌء في   و علَالباساهحشي الإحذاثيات

 .خها

 


