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Abstract: The objective of this work is to introduce the design, simulation and control of a 

quad rotor, equipped with Inertial Sensors, as an example of unmanned aerial vehicle. To 

fulfill this objective a mathematical model of the quad rotor has been developed, using 

Newton-Euler Formulation. The simulation of the model and controller design is developed in 

MATLAB/Simulink environment. It is intended to make the model flexible and easily 

modified to be used with any similar model. In order to evaluate the real model mass and 

mass moment of inertia, a solid model had been built using Autodesk Inventor software 

package. To validate the proposed model output results, a comparison with published research 

has been carried out which showed a good agreement. Finally, a fuzzy controller is designed 

to control the quad rotor altitude and the three Euler angles of roll, pitch and yaw. The 

controller showed a good controllability within a certain range of the controlled parameter. 
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1. Introduction 
Unmanned aerial vehicles (UAV) are proven to be useful for many military and civil 

applications. The most important features are vertical take-off and landing (VTOL) and hover 

capability, so it is suited for missions such as video inspection of buildings for maintenance, 

road traffic supervision, victims localization after natural disasters, etc. Such vehicles have 

also received a growing interest from academic research institutes, since they can be used as 

low cost test beds for robotic studies[1],[2],[3]. 

 

To make autonomous flight of UAVs possible, control laws must be developed to replace the 

action of a human pilot. Linear control techniques such as PID or LQR have been applied to 

solve this problem[4]. Input–output linearization is one of the nonlinear control schemes that 

have been proposed for rotary wings UAVs. Since that method can only be applied to 

minimum phase systems, and since, generally, helicopters have unstable zero dynamics, an 

approximate input–output linearization has been proposed in [5]. Another solution consists in 

the application of back stepping techniques, by considering the model used for control design 

as a chain of integrators. Back stepping has been widely applied to different UAV vehicles 

such as conventional helicopters[6], [7], coaxial bi-rotor helicopters [8] or four-rotor vehicles 

[4]. 
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In order to understand and study the behavior of systems, mathematical models are needed. 

These models are equations which describe the relationship between the inputs and outputs of 

the system. They can be used to enable forecasts to be made of the behavior of the system 

under specific conditions and to simulate the system under study in order to examine the 

proposed controller. The introduced mathematical model is based on deriving the equation of 

motion for a rigid air craft. 

 

Linear models such as the one introduced in equations (1), (2) have been used extensively in 

the past and the control theory for linear systems is quite mature. 

 

  ̇          (1) 

            (2) 

where:  X … (n×1)  the state vector 

  U … (m×1)  the control vector 

  Y … (p×1)  the output vector 

  A, B, C, D  matrices of appropriate dimension. 

 

In our case, the system is a nonlinear one, where the equations of motion are expressed in the 

state-space form as [9]: 

 

  ̇         (3) 

where:  X … (n×1)  the state vector 

U … (m×1)  the control vector 

f ( ,  ,  , …)  vector valued nonlinear function of the individual states and 

  controls. 

 

The state of a system is defined as an indication of the stored energy in that system ( i.e., 

potential and kinetic energy) and its distribution which is completely defined by the state 

variables Xi. 

 

Also the output equation is required in the general form: 

 

          (4) 

where: 

Y … (p ×1)   the output vector 

g ( ,  ,  , …)…  a set of nonlinear equations similar to f. 

 

while the output variable Yi corresponds to the provided measured quantities from the 

onboard i
th

 sensor. 

 

The equations of motion of a rigid body can be decoupled into rotational equations and 

translational equations when taking the origin coordinate to be at the center of mass (center of 

gravity) of the rigid body[9],[10]. The state model derived later will be 6-Degrees Of 

Freedom model, three of which are the rotational motion of the rigid body about the 

coordinate axis which are fixed to the body center of gravity (yaw, pitch, and roll), and the 

other will be the three components of translation of the c  (Figure 1).  
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Fig. 1.   Body Fixed coordinate and Flat Earth coordinate 

 

The state vector X of the proposed model consists of 12 state variables. The first set is the 

three components of position which specify the potential energy. Translational kinetic energy 

is represented by the three components of velocity; however the rotational kinetic energy is 

introduced by the three components of angular velocity. The last set is the attitude state, 

which defines the orientation relative to the gravity vector. 

 

 

2. Mathematical Model Formulation 
In the derivation of the UAV equations of motion starting from the Newton’s second law of 

motion, two coordinate systems are introduced.  The first is the inertial coordinate O attached 

to the Earth frame at earth’s mass center passing through north pole and stationary with 

respect to the fixed stars where Newton’s laws of motion are valid(within the Euclidean 

space). The second coordinate is placed at the center of gravity of the UAV while flying and it 

has a fixed alignment to some convenient reference line of the UAV. 

 

Assuming that the proposed system is flying near the earth surface and the air rotate with 

earth (the earth rotation effect is neglected), the inertial coordinate is replaced by Flat Earth 

coordinate E at the surface of the earth (i.e. the observer) as shown in Figure (2) with x-axis 

pointing to north and z-axis pointing downward. 

 
Fig. 2.   The inertial, flat earth, and body coordinate representation  

 

The model equations can be divided into two sets, the first set is the navigation equations 

derived from kinematics of rigid bodies[9], and the second set is the equations of motion 

derived from Newton’s laws[10]. 

 



Paper: ASAT-15-217-CT 

 

 

4 

2.1 Attitude Equation 
The rotation of the inertial frame to the body centered frame (aligned as x-forward, y-

starboard, and z-down in the UAV) which describes the instantaneous attitude of the UAV is 

performed in the following sequence of rotations [10]:  

i. Rotate about the z-axis, nose right (positive ψ  “yaw”) 

ii. Rotate about the new y-axis, nose up (positive  θ  “pitch”) 

iii. Rotate about the new x-axis, right arm down (positive φ “roll”) 

 

These angles are referred commonly as Euler angles, so the coordinate transformation is: 

 

[
 
 
 
]

 

        [
 
 
 
]

 

 

 

Let R denotes the complete transformation from the flat earth coordinate to the body 

coordinate frame as follow: 

 

           

 

where: 

   [

                     
                                                          
                                                        

] (5) 

 

The matrix R describes the attitude of the UAV as it changes with time. Its elements are 

functions of the Euler angles  , θ, and ψ. 

 

From the above analysis; the matrix R describes the transformation from the flat earth 

coordinate to the UAV body cg coordinate so: 

 

         
 

where: 

vB …   absolute velocity vector of the UAV cg expressed in body frame. 

 vB= [         ]  
vE …   absolute velocity vector of the UAV cg expressed in inertial frame. 

 

In the Flat earth coordinate, let the position vector of the UAV cg is denoted by p(t), it is 

convenient to write the following: 

 

  ̇       (6) 

 

where 

   …  the transpose matrix of R that rotates the vB into Flat earth coordinate 

 

The derivative of this equation with respect to the inertial frame is: 

 

 
 

   
        ̇ (7) 

 

On the other hand the derivation w.r.t. the body coordinate is:  
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       ̇   ̇     ̇  (8) 

 

From theorem of Coriolis [11]: 

 

 
 

   
       ̇         (9) 

 

the cross product, is replaced by the dot product of the skew-symmetric matrix form of     

[10] as: 

 

               (10) 

 

where: 

    [
    
    
    

] 

 

Comparing Eq. (8) with Eq. (9) and substitute of         : 

 

  ̇        (11) 

 

Using equation (5) in the evaluation of equation (11) [12], leads to the equation of Euler angle 

derivatives as: 

 

   ̇  
 

  
 [
 
 
 
]   [

                    
          

 
    

    

    

    

] [
 
 
 
] 

Or 
   ̇         (12) 

 

2.2 Translational Motion Equations 
From Newton’s second law of linear momentum one can write: 

 

 FB +Rmg = 
 

   
(mvB) (13) 

 

where : 

FB …  the sum vector of the acting forces on the UAV (thrust and aerodynamic 

 forces) expressed in the body coordinate. 
 

   [      ] 

                 [          ]
  

g …   the gravitational attraction vector (expressed in the inertial coordinate) due to 

 earth mass 

R …   the matrix that rotates the g vector into the body frame 

m …  mass of the UAV 

vB …  absolute velocity vector of the UAV cg expressed in body frame ( measured 

 with respect to the inertial frame). 
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From theorem of Coriolis (9), and substituting in (13), assuming that UAV mass does not 

change with time,  ̇ = 0, rearranging using (10) leads to: 

 

   ̇   
 

 
           (14) 

where : 

   [
 
 
  

] 

and           = 9.81 m/s
2
 

 

2.3 Angular Motion Equations 
The angular acceleration of the UAV can be determined by applying Newton’s second law to 

the rate of change of angular momentum of the UAV, i.e.: 

 

     
 

   
     (15) 

 

where: 

HB …  the angular momentum vector of the rigid vehicle 

TB …  the net torque acting about the air craft cg 

   [
 
 
 
] 

where: 

L …  rolling moment 

M   pitching moment 

N …  yawing moment 

 

The infinitesimal translational momentum of an element mass δm with position vector r will 

be: 

 δ (momentum) = (ωB × r) δm  

 

Then the angular momentum of this particle is: 

 

 δHB = (r × (ωB ×r)) δm (16)  

 

where: 

ωB   the absolute body coordinate angular velocity 

 ωB = pi + Qj + Rk 

Integrating equation (16) leads to: 

 HB = J ωB (17) 

where: 

        J …  the inertia matrix of the UAV rigid body  

 

Because of UAV symmetry only Ixx , Iyy , and Izz have values, ie: 

 

   [

     
     

     

]  

 

Using (15) and (17) after rearrangement using (10): 
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  ̇                        (18) 

where 

     

[
 
 
 
 

 

   
  

 
 

   
 

  
 

   ]
 
 
 
 

 

 

Now assymbling the equations (6), (12), (14), and (18) to get the state space represintation 
 

 
 

  
[

   

   

   

]  [

                  

                        

            
       

 
            

] (19 ) 

 

 
 

  
[

  

  

  

]  

[
 
 
 
 

        

  
 

       

  
 

 

  

 
        

  
 

       

  
 

 

  

        

  
 

       

  
 

 

  ]
 
 
 
 

 (20) 

And the noticed output is: 
 

 
 

  
 [
 
 
 
]  [

                         
             

 
    

    
  

    

    

] (21) 

 

 

  
 [

  
  
  

]  [

                                                                     

                                                                     

                                   

]  (22) 

 

 

3. Building the 3-D CAD Model 
In order to evaluate the mass and inertia of the UAV needed in the simulation, a 3-D model 

must be constructed. The model was built using Autodesk Inventor
®
 software. 

 

At first each element of the UAV was drawn separately, and then assembled to form the entire 

UAV, [13]. The assembled UAV is shown in Fig.3. 

 

 
 

Fig.3.   CAD model of the UAV 
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After that the model mass and mass moment of inertia are introduced in Table 1 

 

 

Table 1: UAV mass and mass moment of inertia 
 

Total mass 0.853 kg 

Mass moment of inertia 

Ixx 7141.407 kg mm
2
 

Iyy 7830.371 kg mm
2
 

Izz 13757.579 kg mm
2
 

 

 

4. Motor Propeller System Modeling 
The only affecting external force taken into account is the thrust delivered from the motor-

propeller unit in the UAV, assuming indoor flaying condition and traveling at low speed 

(neglect the wind effect, and aerodynamic drag).  Many investigations are made on this part 

concerned mainly on the evaluation of a relationship between the electric input power (in 

other words, motor shaft rotation speed, and torque) and the output thrust from the propeller 

fixed at the motor shaft [14]. In a matter of fact this assumptions indicate the fuzziness of the 

quad rotor system. 

 

A test rig has been prepared as shown in Fig. 4. 

 

 
 

Fig. 4.   PWM-Thrust relationship measurement test rig 

 

The motor is controlled using PIC microcontroller by which the motor speed can be 

decremented up or down by means of Pulse Width Modulation (PWM) signal, where the 

motor input PWM signal is considered as the control input. At certain motor speed the thrust 

is measured using a force transducer. The force transducer measured signal is amplified and 

acquired to a PC. 

 

At each measurement the propeller speed is evaluated using laser tachometer, while the input 

PWM signal to the motor Electronic Speed Controller (ESC) is recorded throw the data 

acquisition card. Using Lab View environment, the acquired date are recorded and analyzed. 
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Fig. 5 shows measurements of the PWM value vs. thrust of motor (1) (motor order in Fig. 6). 

 

 
 

Fig.5.   PWM signal vs. motor (1) thrust 

 

 

 

Fig. 6.   Motors order as in the simulated model 
 

 

 

5. Building the Matlab/SIMULINK® Model 
The model shown in Fig. 7 consists mainly from Thrust block which calculate the motor 

thrust as a function of the input signal for each motor. The block output is the control vector 

u, in other word, the all over system thrust and moments. 

System mass and inertia are fed to the model as constant blocks, while the initial condition are 

assumed to be zeros (X0 = 0 at time t=0). 

 
From the dynamic model of the quad rotor we see some special properties as listed below:  

 Rotations are not affected by translations  

 System is under actuated  

 System has coupling effects  

 System is unstable  

Force = 0.073*PWM - 8.6818 
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Fig. 7   The quad rotor Simulink model 

 

 

6. Fuzzy Controller Design 
Natural language uncertainty and the approximate reasoning mechanism of the human brain 

can be modeled through the use of fuzzy logic. The knowledge base of a fuzzy system is 

described by a set of rules as in an expert system. However, the rule computation is performed 

numerically as in a neural network. This double view (symbolic description and analytic 

processing) means that fuzzy logic is useful for modeling those systems in which it is difficult 

to achieve an accurate mathematical behavior [15]. 

 

It is worthy to mention that for the purpose of testing the controller behavior, there are some 

assumption that are already declared in mathematical model formulation part, there is an 

important assumption that the thrust produced from all the motor-propeller systems is 

identical, and then when  a good controller behavior is reached, the motor’s thrust variations, 

dynamic drag, and the nonlinear relation of control signal (PWM signal ) and thrust force are 

introduced to the simulation model, so the controller performance is tested prior  applying the 

control methods on the test rig. 

 

6.1 FUZZY PID Like Controller 
It is well known that conventional proportional-integral-derivative controllers are still one of 

the most widely adopted methods in industry for various control applications. PID controllers 

have a number of distinctive advantages such as their simple structure, ease of design, and 

low cost of implementation in comparison to many other control methods. However, PID 

controllers might not perform satisfactorily or as desired if the system to be controlled is 

highly nonlinear or uncertain, or if the control performance specification is very demanding. 

On the other hand, fuzzy control has long been known for its ability to handle nonlinearities 

and uncertainties through the use of fuzzy set theory. It is thus believed that a better control 

system to take advantage of PID control and fuzzy control can be achieved by adequately 

integrating these two techniques. Considerable effort has been devoted to the course of this 

development and many significant results have been obtained. The resulting controllers are 

usually called fuzzy PID controllers [16]. 

 

Figure 8 shows the block diagrams of the quad rotor with controllers. 
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Fig. 8.   Quad rotor with altitude, pitch, roll, and yaw controllers 

 

Z Controller is responsible of bringing the quad rotor to the desired height; notice that in our 

proposed Flat Earth coordinate the quad rotor flies towards the negative Z axis (Fig. 2). 

Roll, pitch, and yaw are controlled by corresponding block in Fig. 8. 

 

6.1.1 Altitude controller 
As mentioned before, it is Fuzzy PID like type; actually it consists of two separate fuzzy logic 

controllers: PD like and PI like fuzzy controllers. All of the controllers are designed as 

mamdani type with max-min composition and with bisector deffuzification method. Fig. 9and 

10 shows the input and output membership functions (MF) PD like and PI like fuzzy 

controllers (error, error derivative and the output controller signal). Also the control surface is 

presented. 

 

6.1.2 Roll, pitch and yaw controllers 
As in the altitude controller, each one consists of two fuzzy logic controllers PD and PI like. 

All of them have the same MF’s and rule base as shown in Fig.11 and 12. 

 

For all the cases it was apparent that the PI like controller assist the PD like controller 

depending on the history of the quad rotor tending to stay above or under the set point. 

 

 

7. Results 
First, all the angles kept at zero set point and the desired altitude was fed as step input value 

of 1 meter. The simulation results of the altitude are shown in Fig.13 (other state variables 

were zeros). 

 

Then series of desired attitude are introduced to the system, Fig. 14 shows simulation results.  

 

The system output for a series of step inputs is shown in Fig.15 (Euler angles are kept zeros). 

Secondly, after settling at one meter height, Euler angles are set to different set points; 

selected results are shown in Fig. 15, 16 and 17. 
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Fig. 9.   Fuzzy PD like controller MF and the control surface representation 

 

 

 

 
Fig. 10.   Fuzzy PI like controller MF and the control surface representation 
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Fig. 11.   Fuzzy PD like controller MF and the control surface representation 
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Fig. 12.   Fuzzy PI like controller MF and the control surface representation 

 

 

 

 
 

Fig.13.   Model output at set point 1 meter height and 0 degree Euler angles 

 

 

Position 

Reference 

Position  

The rise time = 1.55 sec 

 Maximum over shot = 5% 

 Settling time = 2.3 sec 

Steady state error < 1% 

Time sec. 
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Fig.14.   Model output for a series of different inputs and 0 degree Euler angles 

 

 

 
 

Fig.15   System simulated Euler angles for 5 deg. pitch input signal. 

 

 

 
 

Fig.16.   System simulated Euler angles for -5 deg. roll input signal. 

Pitch 

Reference Pitch 

 

Position 

Reference 

Position  

The rise time = 0.4 sec 

 Maximum over shot = 5% 

 Settling time = 0.6 sec 

Steady state error < 1% 

Roll 

Reference Roll 

 

The rise time = 0.4 sec 

 Maximum over shot = 5% 

 Settling time = 0.6 sec 

Steady state error < 1% 

Time sec. 

Time sec. 

Time sec. 
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Fig.17.   System simulated Euler angles for 10 deg. roll input signal. 

 

 

8. Discussion 
Results showed that the controllers can effectively manipulate the input variation over the 

Euler angles and altitude in suitable response time. The altitude control was reached with 

small over shoot, while the angular control response time was shorter than altitude control and 

with small over shoot. It was noticed the existence of steady state error that did not exceed 

 ± 3%. 

 

 

9. Conclusion 
Flexibility and ability to control nonlinear systems had made fuzzy controllers accepted and 

employed in many fields and applications. Fuzzy PID like controllers were applied to control 

the altitude and the Euler angles of a quad rotor UAV. In fact controlling Euler angles is 

indirectly control the remaining two outputs (x and y positions). First of all the system outputs 

were decoupled and fed to each appropriate controller. The overall performance was good 

enough to be able to perform multiple tasks applied in sequence. With a minimum steady state 

error, reasonable response time and small over shoot when applying step input, it was noticed 

the system reaches instability when the altitude set point exceeds 5 meter height. It is 

recommended to introduce a stabilizer to handle the system stability when the disturbance in 

one state variable exceeds the existing controllable rang. Also the air drag, wind gust, and any 

other disturbance should be introduced to the model to examine that the controller could 

handle the situation. 
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