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Abstract

This paper introduces the Hyers-Ulam-Rassias stability for abstract first
order linear dynamic equation on time scales of the form,

x2@) —A)x(t) - f(t) =0, t € [a, bl t > t,
x(ty) =xo €X,

and second order linear dynamic equation on time scales of the form,

x4 + A)x2 () + R(D)x(t) = f(t), teT

where A, R: T — L(X), the space of all bounded linear operators from a
Banach space X into itself, and f is rd-continuous from a time scale T to
X. Hlustrative example is given to show the applicability of the theoretical
results.

Keywords: time scales; dynamic equations on time scales; Hyers—Ulam
stability; Hyers—Ulam—Rassias stability
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Hyers-Ulam-Rassias Stability of Abstract Dynamic equations On time scales
1. Introduction

S. M. Ulam gave a wide-ranging talk before a Mathematical Colloquium
in1940 at the University of Wisconsin in which he discussed a number
of important unsolved problems. He posed the following problem
concerning the stability of functional equations, and established
conditions which guarantee a linear mapping near approximately linear
mapping exist.

D. H. Hyers [6] was the first mathematician who presented the result
concerning the stability of functional equations. He answered the
question of Ulam, and proved that Cauchy equation is stable in Banach
spaces. This result of Hyers was stated in [15]. The results of Hyers
were generalized by Rassias [17]. The results of Hyers and Rassias can
be stated in the following theorem.

Theorem1.1 [15]. Let f: E; = E, be a function between Banach spaces
such that

IfCx + y) = f(x) = fI < & (1.1)

for some 6 > 0and forallx,y € E;. Then the limit
A(x) = lim 27" f(2™ x) (1.2)
n—-o0o

exists for each x € Eyand A : E; — E, is a unique additive function such
that

If(x) — Al < 6
for every x € E;. Moreover, if f(tx) is continuous in t for each

fixed x € Ej, then the function A is linear

Taking this famous result into consideration, the additive Cauchy equation
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fx+ y)= f(x)+ f(y), if for every function f : E; — E, satisfying
the inequality (1.1) for some 6 >0 , is said to have the Hyers—Ulam
stability on (E4, E,)

and for all x,y € Ej, there exists a function A : E; — E, such that

f — Aisbounded on E;.

The method which was provided by Hyers is the most important and
powerful tool to study the stability of various functional equations.

Ten years after the publication of Hyers’s theorem, D. G. Bourgin [5]
extended the theorem of Hyers and stated it in his paper [5] without proof.
Hamza and Yassen extended the work of Douglas, Gates and Heuer, and
investigated Hyers-Ulam stability of abstract second order linear dynamic
equations on time scales[3,4] Unfortunately, it seems that this result of
Bourgin failed to receive attention from mathematicians at that time. No one
has made use of this result for a long time.

In 1978, Th. M. Rassias [17] addressed the Hyers’s stability theorem
to weaken the condition for the boundedness of the norm of Cauchy
difference and proved a considerably generalized result of Hyers.

Theorem 1.2 (Rassias) [15]. Let f: E; - E, be a function between
Banach spaces.

If f satisfies the functional inequality

If(x+ y) = ) = FOIl < 6(llxI” + [lylI*) (1.3)

forsome 6 = 0,pwith0 <p < 1landforallx,y € E;, then there
exists a unique

function A : E; - E, such that

Il fQ) =A@l <

foreachx € Ej.

5 lIxlP (14)
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This exciting result of Rassias attracted a number of mathematicians
who began to be stimulated to investigate the stability problems of
functional equations. By regarding a large influence of S. M. Ulam, D. H.
Hyers, and Th. M. Rassias on the study of stability problems of functional
equations, the stability phenomenon proved by Th. M. Rassias is called the
Hyers—Ulam—Rassias stability and the Hyers—Ulam stability will be
regarded as a special case of the Hyers—Ulam—Rassias stability.

For the last thirty years many results concerning the Hyers—Ulam—
Rassias stability of various functional equations have been obtained, and a
number of definitions of stability have been introduced. In [15 ] S.-M
introduced the exact definition of the Hyers—Ulam—Rassias stability which
Is applicable to most functional equations.

Many papers were presented to discuss The Hyers-Ulam -
Rasssias stability in different cases, for example, in [18] Yang-Lee
presented a generalization of the Hyers-Ulam-Rassias stability of
Jensen’s Equation. In [7] Gwang Hui investigated a generalization of
Hyers-Ulam-Rassias stability for a functional equations in n variables.
Also Zhang Wanxlong [20] introduced Hyers-Ulam- Rassias stability for
a multivalued iterative equation. Also, Takeshi Miura, Soon-Mo Jung
[16] presented Hyers-Ulam—Rassias stability of the Banach space valued
linear differential equations y' = Ay

In 2013 Li and Wang presented Hyers-Ulam-Rassias for
semilinear differential equations. In [9] L.P. Castro presented a paper
devoted to the study of Hyers, Ulam and Rassias types of stability for a
class of nonlinear Volterra integral equations. In [19] Yasseen.N.A
established the Hyers-Ulam-Rassias stability for the Volterra integral
dynamic equation on time scales In [11]. By using a fixed point method,
Mohamed Akkouchi presented the Hyers-Ulam stability and the Hyers-
Ulam-Rassias stability for a general class of nonlinear Volterra integral
equations in Banach spaces .In [8] Hamza, A.E.; Alghamdi, M.A,
Alharbi, M.S. introduced Hyers—Ulam and Hyers—Ulam—Rassias Stability
of a Nonlinear Second-Order Dynamic.
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2.Preliminaries [4,13]

the following definitions and notations will be used in proving our main
results in Section 3.

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the
real numbers R s.to(t) —s > 0.

Definition 2.2.  The mappingsao,p: T — Tdefined byo(t) =
inf{s € T:s > t}, and p(t) = sup{s € T:s <t} are called the jump
operators.

Definition 2.3. A point t € T is said to be right-dense if o(t) = t, right-
scattered if a(t) >t, left-dense if p(t) =t, left-scattered if p(t) <t,
isolated if p(t) <t < a(t),and dense if p(t) =t = a(t).

Definition 2.4. Lett € T. The graininess function

u: T — [0,00[ is defined as u(t) = a(t) —t.

Definition 2.5. A function f: T — Xis called rd-continuous provided that
(i) fis continuous at every right —dense point;

(ii) limg_,;- f(s) exists (finite) at left-dense points in T.

The set of rd-continuous functions f: T — R will be denoted by C,;(T, R).

Definition 2.6. (The Delta Derivative). A function f: T — X is called A-
differentiable at t € T* if there exists an element f2(t) € X such that for
any € > 0 thereis § > 0 such that:

I[f(c@®) = F&] = FADOIa(®) = s]|| < elo(t) —s|, s€(t—=8,t+8) N
T.

In this case f2(t) is called the delta derivative of f at t, provided it exists
and we have

A (o)
. fle@®)—f(s)
- ngg olt)—s (2.1)

If £2(t) exists for all t € T*, we say that f is delta differentiable on T*,
where
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T* :{ T\(p(sup T), sup T] if supT < oo
T if supT = oo.

The set of all functions f:T — X that are differentiable and whose
derivatives are rd-continuous is denoted by C};(T,X).

Definition 2.7. A function f: T — R is called regulated provided that its
right-sided limits exist (finite) at all right-dense points in T and its left-
sided limits exist (finite) at all left-dense points in T.

Definition 2.8. Let f: T — X be regulated function. Any function F which

satisfies FA(t) = f(¢t) for all t € T*, is called a pre-antiderivative of f. We
define the indefinite integral of a regulated function f by

j fOAt =F() +C, (2.2)

where C is an arbitrary constant. We define the Cauchy integral of f by

]Sf(t) At = F(s)—F(r), r,€T. (2.3)

Definition 2.9. We say that a function p: T — R is regressive provided
14+ u®)p() #0, forall t € T.

The set of all regressive functions f:T — R will be denoted by R =
R(T,R).

Definition 2.10 (The Generalized Exponential Function).

If p € R, then we define the exponential function e, (¢, s) by

ep(t, S) = exp (J:E“(t) (p(r))Ar), fors,t €T,
where
£uis) (P(5))
L10‘9(|1 +u)p(s)] +iArg(1 + u(s)p(s))), foru(s) >0

= u(s)
p(s) u(s) =0
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Definition 2.11 [12]. We say that the equation

x2(t) = F(t,x), t
eT. (24)

has Hyers-Ulam stability if for every e > 0 and u € C};(T,X) satisfies
|ut@®) — Ftu(®)| <e  teT,
and there exists a solution x € C};(T,X) of (2.4) such that:

lu(t) —x(t)|| < Le,t € T forsomelL > 0. where L is called a Hyers—
Ulam stability constant.

3.Main results

In this paper we establish the Hyers-Ulam-Rassias stability for the
first and second order abstract linear dynamic equations on time scales.

First, we introduce the following definition.
Definition 3.1: Let K € C,4(T, R*). We say that the n**order dynamic
equation
At = F(t,xAn_l,..xA, x), t€T. ( 3.1)

has Hyers-Ulam-Rassias stability of type K if forevery ¢ € K and u €
Cr4(T,X) which satisfies
" () = F(t,u® " (@©),.., ub (), w)|| < o(t), t€T (3.2)
there exists a solution x € C},;(T,X)of (3.1) such that:
lu(®) — x(®)|l < Lo(t), t€T forsomel > 0. (3.3)
where L is called a Hyers—Ulam stability constant.

If K is the family of all positive constant functions, then Hyers-Ulam-
Rassias stability yields Hyers-Ulam stability.

Throughout the rest of the paper, we denote by

M= {(p € Crq(T,R™): ttpz (s)As < (pz(t)}.

to
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3.1 Hyers-Ulam-Rassias stability of abstract linear first

order dynamic equations on time scales.
In this section we study the Hyers-Ulam-Rassias stability for the first
order abstract linear dynamic equation on time scales of the form :
x2(t) —A@®x() —f(t) =0, t € [a, bl t >t
x(ty) =xo €X,

This section contains two parts. We begin the first part by assuming
that A € Crd(']I‘, L(X)),f € Cr4(T,X). In addition we assume that A
satisfies the following conditions:

(Dsup A < o0

(2) A is regressive, that is, (I + u(t)A(t)) is invertible for every t € T,

where [ is the identity operator.

which implies that the following abstract initial value problem (I. V. P):
x2@) —Ax(®) - f() =0, teT, t>to

has the unique solution
x(t) = e (t, to)xy + fteA(t,a(s))f(s)As. (3.1.2)
to
Theorem3.1.1 If the function
F(t) = t||eA(t,a(s))||ZAs, to €T (3.1.3)
to

is bounded, then equation (3.1.1) has Hyers-Ulam-Rassias stability with
type M, That is, whenever for every function ¢ € M and g € C},(T,X)

satisfies:
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|g2@® —A®g®) — FO| < @), t €T, t > ty, there exists a solution
v € C;(T,X) of (5.2.1) such that:

lg(®) — vl <L), teT,t=t,

for some constant L > 0.

Proof. Let ¢ € M. Suppose there exists g € C};(T,X) that satisfies

lg’®) —Ag®) —fBD|| <o), teT.t>t, (3.1.4)

Set
h(@®):=g*(t) —A®g®) — f®),  g(to) =go €X. (3.15)
By [1], g is given by

t

g(t) = ey (t, tg)go + jeA(t,a(s))[f(s) + h(s)]As. (3.1.6)

to
The unique solution of the initial value problem
vi—Av—f =0, v(ty) = g, (3.1.7)

is given by
t

v(t) = ey(t, ty)go + j eA(t,a(s))f(s)As ,t € T. (3.1.8)

to
Since [[h(t)]| < @(b), t = ¢, then

t

J ey (t,0(s)) h(s)As

to

lg@®)-v©®OIl =

< f lea (¢, 5(s)) h(s)llAs

< ({les oI asH o)1 5)
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Sj{ llea (t,G(S)IIZAS}j{ (w(S))ZAS}

S VsupeerF (D) @ (o).

This completes the proof.

As a direct consequence, in view of the boundedness of F(t) =
ftt; llea(t, a(s))||?As on [a, b]t, we obtain the following result
Corollary 3.1.2. The equation

xX2) = A®x(@) + f(©), t€[ablpt>t,, (3.1.9)

x(to) = xo

has Hyers-Ulam-Rassias stability of type M.

In a treatment parallel to that of the previous part, it is possible to

investigate the Hyers-Ulam-Rassias stability of first order dynamic

equations when the linear operator A is non-regressive and time

invariant. In this case we assume that A is the generator of a Cp-

semigroup {T(t)};er. Here T € R*? is a time scale semigroup in the

sense that, a — b € T,forall a,b € T with a > b. We refer the reader to

[2] . The solution of the I.V.P
x2(t) —Ax(t) - f(t) =0, teT, t>to

x(ty) = xo € D(4), (3.1.10)
is given by
x(t) =T (t — tg) Xo + ft‘o T(t — o(s))f(£)bs. (3.1.11)
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Theorem3.1.3. Let A be the generator of a Co—semigroup{T (t)};eT, f €
C,4(T,X) such that the function

F(t) =f IT(t - a())|’As, to€T (3.1.12)

is bounded. Then the I.V.P(3.1.10) has Hyers-Ulam-Rassias-stability
of type M.
Proof. Letg € M. Suppose there exists g € C1,(T, X) that satisfies

lg’(®) —Ag®) - f(D|| <o), teT.t>t,.

Set

h(t): =g*®)—Ag®) —f(t), t€T, g(ty) = go € D(A)

Since, the linear dynamic equation (3.1.10) including a non-regressive
operator 4, and despite of the exponential function does not exist, the
dynamic equation has a solution given in terms of the semi-group
generating A. see [2]. So, g(t), according to relation (3.1.11), is given

by,

t

gt) =T (t—ty) go + fT(t - o(s))[f(s) + h(s)]As (3.1.13)

to

The unique solution of the initial value problem

v —Av—f =0, v(ty) = 9o (3.1.14)
is given by
v(t) =T(t—ty)go + fT(t — a(s))f(s)As. (3.1.15)

to

We conclude that
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t

lg(©- vl = f T(t — o(s))h(s)As

to

< f I7(t = () h(s)||As
to

< (e = o)) [ o(s)as
By Cauchy -Schwarz Inequoality [10], we have
lo®-v@l < [{fI7(e ~ o) asH; ots22 as)
< VsuperF (1) 9 (®).

This completes the proof.

As a direct consequence, in view of the boundedness of
t
F(t) = fIIT (t —a(s)|I?As on[a, b]y, (3.1.16)
to

we obtain the following result
Corollary 3.1.4. The equation
x2@) —Ax(®) - f() =0, t € [a,bly, t >t
x(ty) = X, (3.1.17)
has Hyers-Ulam-Rassias stability of type M.
3.2 The Hyers-Ulam-Rassias stability of the abstract

linear second order dynamic equations

This section is devoted to investigating the Hyers-Ulam-Rassias stability
of the abstract dynamic equation of the form

x22() + A)x2() + RM)x(t) = f(t), teT (3.2.1)
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where A, R: T — L(X), the space of all bounded linear operators from a
Banach space X into itself, and f is rd-continuous from a time scale T to
X. An example is provided to demonstrate the applicability of the main
findings.
Theorem3.2.1 Assume there is a particular solution z: T — L(X) of the
corresponding Recatti equation
22@®) + (A(t) —z°(t))z(t) =R(t), tE€T, (3.2.2)
such thatD = z° — A, —z are regressive and D € C,4(T, L(X)).

Ifthe following functions:

F.(t) = tIIeD(t,a(s))Iles, to €T (3.2.3)

to

and

F,(t) = J lle_, (t, a(s)l|%As, to €T (3.24)

are bounded, then Equation (3.2.1 ) has Hyers-Ulam-Rassias stability of type M.
Proof: To show that equation (3.2.1) has Hyers-Ulam -Rassias stability,

let ¢(t) be a positive function of type M and y € CZ;(T, X) that satisfies

Iy*4(@®) + AOY ) + ROY(®) - fFOI < @(8), teT. (3.2.5)
Our aim is to find a solution u: T — X of (3.2.1) such that

lly — ull < C ¢(t) on T for some constant C > 0.
Assume that z is a particular solution of Equation (3.2.2) that satisfies
the hypothesis of the Theorem.
Set g = y* + zy. Then g2 = y** + z9y2 + z%y. Consequently, we have
lg* - Dg - fll =
= [ly2 +27y% + 2% () - (2° = A +2y) ~ f||
= ||y** + Ay* + Ry — f|| < ¢(©)on T, from (3.2.5).
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Since F,is bounded, then by Theorem 2.1.1the Equation
x2@) —D()x(t) = f(t), t€T (3.2.6)
x(to) = %o
has Hyers-Ulam-Rassias stability of type M, and there is a solution
v € C4(T,X) of equation (3.2.6) such that
lg(t) —v(t)|| < Le(t), teT , forsomelL > 0.]Itfollows that
|y2(©) + z(£)y () — v(©)|| < Lo(t), . Again, in view of the boundedness
of F,, there is a solution u € C},;(T,X) of the equation
x2() +z(Ox(@) —v(@) =0, teT, (3.2.7)
x(to) = Xo
such that||y(t) — u(t)|| < ko(t), t € T, for some k > 0.
Now, we can cheek that u is a solution of equation (3.2.1). Indeed, we
have
ubb + Aut + Ru— f = (v2—zu® — z%u + Au® + Ru — f)
=MDv+f)-D+ADuP+R—zu+Aul - f
=Dv—ut—zu) =0
Therefore, u is a solution of (3.2.1).

As a direct consequence, in view of the boundedness of F; (t) =

£ llep(t, a(s))l12s , and

Fy(t) = f le_,(t,a(s))II?As onla,bly

to
we obtain the following result, which depends on theorem 3.1 of [4].
Corollary 3.2.2. The equation
x84 (t) + A[)x2() + R(Ox(t) = f(t), t €[a, bly, (3.2.8)
has Hyers-Ulam-Rassias stability of type M.
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4. An Illustrative Numerical Example

In this section we give an illustrative example to show the effectiveness
of the theoretical results.
Example.4.1

The linear dynamic equation
x2(t) = A()x(b), teT, t >t, (4.1)
x(0) = x, € R?

has Hyres-Ulam- Rassias stability on T = R*? of type M where A(t) is
the 2x2 matrix defined by

=t 0
A(t)—[o _t],tE’I[‘
We have for T = RO,

eA(t, a(s)) = e,(t,s)
t t Y1
=1+ [ A0Day,+ [ 400 [ A0Ay,Av + -

; f At f ") - f T ADAY; By + -

t t N oY Y
=1- jyldyll +jy1 jyzdy2 dyl I +..+ (-1 jyl jy2 jyidyi ...dyll +...
s s s s s s

2 3 i
2 2 2 2 2 2 (2 2 And
B |+1[t =S J |—1(t =S J |+...+(—1)'i{t —S ]|+...

2 20 2 2 2
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—(t?=s%)

lea(t,a(s))|| = e 2

—(t3-s%)
=e 2z ]

And

~(t2=s?)

lea(t,o())l = e 2

Then, ||eA(t,a(s))||2 = g~ (t*=s%)

Since F(t) = fote‘(tz‘sz) ds is bounded, then Equation (4.1) has

=0

Hyres-Ulam-Rassias stability on T = R=" of type M.

It is clear that Equation (4.1) has also Hyer-Ulam stability.
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