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Abstract  
 

This paper introduces the Hyers-Ulam-Rassias stability for abstract first 

order linear dynamic equation on time scales of the form,  

 

  ( )   ( ) ( )   ( )       ,   -         

                                 (  )                                                                                    .  
 

and second order linear dynamic equation on time scales of the form, 

 

   ( )   ( )  ( )   ( ) ( )   ( )                          

where        ( )  the space of all bounded linear operators from a 
Banach space   into itself, and   is rd-continuous from a time scale   to 
 . Illustrative example is given to show the applicability of the theoretical 

results. 

 

 

Keywords: time scales; dynamic equations on time scales; Hyers–Ulam 

stability; Hyers–Ulam–Rassias stability 
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1. Introduction 

S. M. Ulam gave a wide-ranging talk before a Mathematical Colloquium 
in1940 at the University of Wisconsin in which he discussed a number 
of important unsolved problems. He posed the following problem 
concerning the stability of functional equations, and established 
conditions which guarantee a linear mapping near approximately linear 
mapping exist.   

D. H. Hyers [6] was the first mathematician who presented the result 
concerning the stability of functional equations. He answered the 
question of Ulam, and proved that Cauchy equation is stable in Banach 
spaces. This result of Hyers was stated in [15]. The results of Hyers 
were generalized by Rassias [17]. The  results of Hyers and Rassias can 
be stated in the following theorem. 

  Theorem1.1 [15 ]. Let           be a function between Banach  spaces 

such that 

‖ (    )   ( )    ( )‖                                                (   ) 

 

                                  . Then the limit 

    ( )     
   

     (    )                                                     (   ) 

 

exists for each      and            is a unique additive function such 

that 

‖ ( )    ( )‖      

for every         Moreover, if  (  ) is continuous in   for each  
 
fixed         , then the function   is linear 
 

Taking this famous result into consideration, the additive Cauchy equation 
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 (    )     ( )     ( )  if for every function            satisfying 

the inequality (1.1) for some     , is said to have the Hyers–Ulam 

stability on (     ) 

and for all           there exists a function            such that 

     is bounded on   . 

The method which was provided by Hyers is the most important and 

powerful tool to study the stability of various functional equations. 

         Ten years after the publication of Hyers’s theorem, D. G. Bourgin [5] 

extended the theorem of Hyers and stated it in his paper [5] without proof. 

Hamza and Yassen extended the work of Douglas, Gates and Heuer, and 

investigated Hyers-Ulam stability of abstract second order linear dynamic 

equations on time scales[3,4] Unfortunately, it seems that this result of  

Bourgin failed to receive attention from mathematicians at that time. No one 

has made use of this result for a long time. 

         In 1978, Th. M. Rassias [17] addressed the Hyers’s stability theorem 

to weaken the condition for the boundedness of the norm of Cauchy 

difference and proved a considerably generalized result of Hyers. 

Theorem 1.2 (Rassias) [15]. Let           be a function between 

Banach spaces. 

If   satisfies the functional inequality 

‖ (    )    ( )   ( )‖   (‖ ‖  ‖ ‖ )            (   ) 

 

                             and for all        , then there 

exists a unique 

function           such that 

‖  ( )   ( )‖   
  

    
 ‖ ‖                                          (   ) 

for each       .   
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       This exciting result of Rassias attracted a number of mathematicians 

who began to be stimulated to investigate the stability problems of 

functional equations. By regarding a large influence of S. M. Ulam, D. H. 

Hyers, and Th. M. Rassias on the study of stability problems of functional 

equations, the stability phenomenon proved by Th. M. Rassias is called the 

Hyers–Ulam–Rassias stability and the Hyers–Ulam stability will be 

regarded as a special case of the Hyers–Ulam–Rassias stability. 

      For the last thirty years many results concerning the Hyers–Ulam–

Rassias stability of various functional equations have been obtained, and a 

number of definitions of stability have been introduced. In [15 ] S.-M 

introduced the exact definition of the Hyers–Ulam–Rassias stability which 

is applicable to most functional equations. 

            Many papers were presented to discuss The Hyers-Ulam -

Rasssias stability in different cases, for example, in [18] Yang-Lee 

presented a generalization of the Hyers-Ulam-Rassias stability of 

Jensen’s Equation. In [7] Gwang Hui investigated a generalization of 

Hyers-Ulam-Rassias stability for a functional equations in n variables.  

Also Zhang Wanxlong [20] introduced Hyers-Ulam- Rassias stability for 

a multivalued iterative equation.  Also, Takeshi Miura, Soon-Mo Jung 

[16] presented Hyers-Ulam–Rassias stability of the Banach space valued 

linear differential equations         

              In 2013 Li and Wang presented Hyers-Ulam-Rassias for 

semilinear differential equations. In [9] L.P. Castro presented a paper 

devoted to the study of Hyers, Ulam and Rassias types of stability for a 

class of nonlinear Volterra integral equations. In [19] Yasseen.N.A 

established the Hyers-Ulam-Rassias stability for the Volterra integral 

dynamic equation on time scales In [11]. By using a fixed point method, 

Mohamed Akkouchi presented the Hyers–Ulam stability and the Hyers–

Ulam–Rassias stability for a general class of nonlinear Volterra integral 

equations in Banach spaces .In [8] Hamza, A.E.; Alghamdi, M.A.; 

Alharbi, M.S. introduced  Hyers–Ulam and Hyers–Ulam–Rassias Stability 

of a Nonlinear Second-Order Dynamic.   
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2.Preliminaries [4,13] 
 

the following definitions and notations will be used in proving our main 

results in Section 3. 

Definition 2.1. A time scale   is an arbitrary nonempty closed subset of the 

real numbers    s.t  ( )      . 

Definition 2.2. The mappings          defined by  ( )  
   *       +      ( )     *       + are called the jump 

operators. 

Definition 2.3. A point     is said to be right–dense if  ( )     right-

scattered if  ( )     left-dense if  ( )     left-scattered if  ( )     
isolated if  ( )     ( )  and dense if   ( )     ( ). 

Definition 2.4. Let    . The graininess function 

    ,   ,  is defined as  ( )   ( )   . 

Definition 2.5. A function       is called rd-continuous provided that    

(i)   is continuous at every right –dense point; 

(ii)         ( ) exists (finite) at left-dense point      . 

The set of rd-continuous functions        will be denoted by    (   )  

Definition 2.6. (The Delta Derivative). A function       is called  -

differentiable at      if there exists an element   ( )    such that for 

any     there is      such that: 

‖[ ( ( ))   ( )]    ( ), ( )   -‖   | ( )   |    (       )  
 . 

In this case   ( ) is called the delta derivative of f at t, provided it exists 

and we have 

                     ( )   

    
   

 ( ( ))   ( )

 ( )   
                                                       (     ) 

If   ( ) exists for all     , we say that f is delta differentiable on   , 

where 
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   {
    ( (    )      -                        
                                                              

 

The set of all functions       that are differentiable and whose 

derivatives are rd-continuous is denoted by     
 (   )  

Definition 2.7. A function        is called regulated provided that its 

right-sided limits exist (finite) at all right-dense points in    and its left-

sided limits exist (finite) at all left-dense points in    

Definition  2.8. Let        be regulated function. Any function F which 

satisfies   ( )   ( ) for all        is called a pre-antiderivative of  . We 

define the indefinite integral of a regulated function f  by 

∫ ( )    ( )                                                                    (   ) 

where C is an arbitrary constant. We define the Cauchy integral of   by 

 ∫  ( )
 

 

    ( )   ( )                                 (   ) 

Definition 2.9. We say that a function       is regressive provided 

   ( ) ( )    ,        for all      

The set of all regressive functions       will be denoted by   
 (   )  

Definition 2.10 (The Generalized Exponential Function). 

If      then we define the exponential function   (   ) by 

                         (   )     (∫   ( )

 

 

( ( ))  )             

where 

  ( )( ( ))

 {

 

 ( )
   (|   ( ) ( )|       (   ( ) ( )))         ( )     

 ( )                                                                                          ( )          
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Definition 2.11 [12]. We say that the equation  

               ( )   (   )     
                                                                                      (      ) 

has  Hyers-Ulam stability if for every      and       
 (   ) satisfies 

‖  ( )   (   ( ))‖                   

and there exists a solution        
 (   ) of (   )            

‖ ( )   ( )‖                           where L is called a Hyers–

Ulam stability constant. 

3.Main results 

        In this paper we establish the Hyers-Ulam-Rassias stability for the 

first and second order abstract linear dynamic equations on time scales. 

First, we introduce the following definition. 

Definition 3.1: Let      (    ). We say that the    order dynamic 

equation 

   
( )   (       

       )                                      (      ) 

has  Hyers-Ulam-Rassias  stability of type     if for every             

    
 

(   ) which satisfies 

‖   
( )   (       

( )      ( )  )‖   ( )           (   ) 

there exists a solution        
 (   )of (   )            

‖ ( )   ( )‖    ( )                                              (   ) 

where L is called a Hyers–Ulam stability constant. 

  If   is the family of all positive constant functions, then Hyers-Ulam-
Rassias stability yields Hyers-Ulam stability. 

Throughout the rest of the paper, we denote by 

  {     (    ) ∫   
 

  

( )     ( )}  
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3.1 Hyers–Ulam-Rassias stability of abstract linear first 

order dynamic equations on time scales.  

In this section we study the Hyers-Ulam-Rassias  stability  for the first 

order abstract linear dynamic equation on time scales of the form : 

  ( )   ( ) ( )   ( )       ,   -         

                                 (  )                                                                                     

 

This section contains two parts. We begin the first part by assuming 

that      (   ( ))      (   ). In addition we assume that A 

satisfies the following conditions:  

(1)    ‖ ( )‖    

(2) A is regressive, that is, (   ( ) ( )) is invertible for every    , 

where I is the identity operator. 

which implies that the following abstract initial value problem (     )  

  ( )   ( ) ( )   ( )                  

                                           (  )                                      (     )   

has the unique solution 

 ( )    (    )   ∫   (   ( )) ( )                          (     )   
 

  

 

Theorem3.1.1 If the function   

 ( )  ∫ ‖  (   ( ))‖
 
      

 

  

                                 (     )  

is bounded, then equation (     ) has Hyers-Ulam-Rassias stability with 

type  , That is, whenever for every function               
 (   ) 

satisfies: 
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‖  ( )   ( ) ( )   ( )‖   ( ),            there exists a solution 

     
 (   )    (     ) such that: 

‖ ( )   ( )‖    ( )                  

for some constant    . 

Proof. Let      Suppose there exists      
 (   ) that satisfies 

.‖  ( )   ( ) ( )   ( )‖   ( )                   (     ) 

Set 

 ( )    ( )   ( ) ( )   ( )  (  )           (     ) 

By [1], g is given by 

 ( )     (    )    ∫   (   ( )), ( )   ( )-   

 

  

      (     ) 

The unique solution of the initial value problem  

              (  )                                                    (     )  

is given by 

 ( )    (    )   ∫  (   ( )) ( )        

 

  

        (     ) 

Since  ‖ ( )‖   ( ),       then 

‖ ( )  ( )‖  ‖∫   (   ( ))  ( )  

 

  

‖ 

     ∫‖   (   ( ))  ( )‖  

 

  

 

                            √{∫ ‖   (   ( )‖  

  
  } {∫ ‖ ( )‖  

  
  } 
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 √{∫ ‖   (   ( )‖ 
 

  

  }√{∫ ( ( )) 
 

  

  } 

                       √       ( )            ( )   

This completes the proof.  

As a direct consequence, in view of the boundedness of  ( )  

∫ ‖  (   ( ))‖       ,   - 
 

  
  we obtain  the following result 

Corollary 3.1.2. The equation  

  ( )   ( ) ( )   ( )    ,   -                     (     ) 

                   (  )       

has  Hyers-Ulam-Rassias  stability of type M. 

In a treatment parallel to that of the previous part, it is possible to 

investigate the Hyers-Ulam-Rassias stability of first order dynamic 

equations when the linear operator   is non-regressive and time 

invariant. In this case we assume that A is the generator of a C0–

semigroup * ( )+   . Here       is a time scale semigroup in the 

sense that,                               We refer the reader to 

[2] . The solution of the I.V.P 

  ( )    ( )   ( )                  

                                           (  )      ( )                       (      )   

is given by  

  ( )    (    )     ∫  (   ( )) ( )                  (      )
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Theorem3.1.3. Let A be the generator of a   –semigroup* ( )+      

   (   ) such that the function 

            ( )  ∫ ‖ (   ( ))‖
 
                          (      )    

 

  

 

is bounded. Then the I.V.P(      )  has Hyers-Ulam-Rassias-stability 

of type M. 

Proof. Let     Suppose there exists      
 (   ) that satisfies 

‖  ( )   ( ) ( )   ( )‖   ( )                          

Set   

   ( )      ( )     ( )   ( )      (   )      ( ) 

Since, the linear dynamic equation (      ) including a non-regressive 

operator A, and despite of the exponential function does not exist, the 

dynamic equation has a solution given in terms of the semi-group 

generating A. see [2]. So,  ( ), according to relation  (      ), is given 

by, 

 ( )    (    )     ∫ (   ( )), ( )   ( )-             (      )

 

  

 

The unique solution of the initial value problem  

                     (  )                                           (      )  

is given by  

 ( )   (    )    ∫ (   ( )) ( )  

 

  

                  (      )  

We conclude that 
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      ‖ ( )  ( )‖  ‖∫ (   ( )) ( )  

 

  

‖ 

         ∫‖ (   ( )) ( )‖  

 

  

           

 ∫ ‖ (   ( ))‖ ( )  
 

  

 

By Cauchy –Schwarz  Inequality [10], we have  

           ‖ ( )  ( )‖  √{∫ ‖ (   ( ))‖
  

  
  } {∫ ( ( ))  

  
  } 

                                     √       ( )  ( )   

This completes the proof.  

As a direct consequence, in view of the boundedness of 

 ( )  ∫‖  (   ( ))‖        ,   - 

 

  

                    (      )    

 we obtain  the following result 

Corollary 3.1.4. The equation  

  ( )   ( ) ( )   ( )       ,   -         

                                 (  )                                                                  (      ) 

has Hyers-Ulam-Rassias  stability of type M. 

3.2 The Hyers-Ulam-Rassias stability of the abstract 

linear second order dynamic equations  

This section is devoted to investigating the Hyers-Ulam-Rassias stability 

of the abstract dynamic equation of the form 

   ( )   ( )  ( )   ( ) ( )   ( )                         (     ) 
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where        ( )  the space of all bounded linear operators from a 

Banach space   into itself, and   is rd-continuous from a time scale   to 

 . An example is provided to demonstrate the applicability of the main 

findings.  

Theorem3.2.1 Assume there is a particular solution      ( ) of the 

corresponding Recatti equation  

  ( )  ( ( )    ( )) ( )   ( )                   (     ) 

such that              are regressive and      (   ( )). 

 If the following functions: 

         ( )  ∫ ‖  (   ( ))‖       
 

  

                                (     )  

and 

    ( )  ∫ ‖   (   ( ))‖
       

 

  

                                        (     ) 

are bounded, then Equation (3.2.1 ) has Hyers-Ulam-Rassias  stability of type M. 

Proof: To show that equation (3.2.1) has Hyers-Ulam –Rassias stability, 

let  ( ) be a positive function of type M and      
 (   ) that satisfies 

‖   ( )   ( )  ( )   ( ) ( )   ( )‖   ( )                (     )  

Our aim is to find a solution        of (     ) such that 

‖   ‖     ( ) on   for some constant    . 

Assume that   is a particular solution of Equation (     ) that satisfies 

the hypothesis of the Theorem. 

           . Then                 . Consequently, we have  

‖       ‖   

                  ‖            ( )  (    )(     )   ‖   

                  ‖            ‖   ( )    , from (     ). 
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Since   is bounded, then by Theorem 2.1.1the Equation 

                  ( )   ( ) ( )   ( )                     (     ) 

                                            (  )     

has Hyers-Ulam-Rassias stability of type M, and there is a solution 

     
 (   ) of equation (     ) such that  

‖ ( )   ( )‖    ( )               for some     . It follows that 

‖  ( )   ( ) ( )   ( )‖    ( )   . Again, in view of the boundedness 

of    , there is a solution       
 (   ) of the equation 

        ( )   ( ) ( )   ( )                                        (     ) 

 (  )                                

such that‖ ( )   ( )‖    ( )        for some    . 

Now, we can cheek that   is a solution of equation (     )  Indeed, we 

have 

              (                    ) 

                          (    )  (   )   (    )        

                           (       )    

Therefore,   is a solution of (3.2.1). 

As a direct consequence, in view of the boundedness of   ( )  

∫ ‖  (   ( ))‖    
 

  
  and 

  ( )  ∫‖   (   ( ))‖        ,   - 

 

  

 

 we obtain  the following result, which depends on theorem 3.1 of [4]. 

Corollary 3.2.2. The equation  

    ( )   ( )  ( )   ( ) ( )   ( )      ,   -       (     ) 

has  Hyers-Ulam-Rassias  stability of type M. 
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4.  An Illustrative Numerical Example 

In this section we give an illustrative example to show the effectiveness 

of the theoretical results. 

Example.4.1   

The linear dynamic equation 

   ( )   ( ) ( )                                                             (    ) 

         ( )               

has Hyres-Ulam- Rassias  stability on        of type M where  ( ) is 

the     matrix defined by  

                                        ( )  [
      
     

] ,      

We have for      ,  

  (   ( ))    (   )   

   ∫  (  

 

 

)    ∫  (  

 

 

)∫  (  

  

 

)                          

 ∫  (  

 

 

)∫  (  

  

 

) ∫  (  

    

 

)          
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             ‖  (   ( ))‖   
 (     )

  

                     

                          
 (     )

   

And 

             ‖  (   ( ))‖   
 (     )

  

 

Then, ‖  (   ( ))‖    (     ) 

Since   ( )  ∫   (     ) 

 
    is bounded, then  Equation (   ) has 

Hyres-Ulam-Rassias stability on       of type M. 

It is clear that Equation (   ) has also Hyer-Ulam stability.  
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