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Abstract

In this paper, we investigate the oscillatory behavior of solutions of a class of second order nonlinear neutral delay dynamic

[r(®©)(@*(©)*]* + q(O)xF (5(1) = 0,

where o > B are ratios of odd positive integers and z(t): = x(t) — p(t)x(z(t)). The obtained result not only new but also

equations with nonpositive coefficient

answered the question that introduced by Li [12].
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1. Introduction
Differential, difference equations, and dynamic
equations on time scales have an enormous potential for
applications in biology, engineering, economics, physics,
neural networks, social sciences, etc. Recently, significant
attention has been devoted to the oscillation theory of
various classes of equations; see, e.g., [1-19]. The aim of
this work is to study the oscillation of a class of second-
order nonlinear delay dynamic equations
[r(©) ()] + a(O)xF (5(1) =0, 1.1
where a > f are ratios of odd positive integers and
z(t): = x(t) — p(O)x(z(1)).
Under the following assumptions
(I1) 7 € Crq([to, %), (0, ).
(I2) p,q € Crq([to, @)1, R), 0 <p(t) <po <1,
q(t) = 0 and q(t) is not identically zero for large t.
(I3) 1,6 € Crq([ty, ), T),84 >0, 7(t) <t,
)<t and lim,,7(t) =lim;,,0(t) = oo.

(I4) h@®) =171(8(0).

By a solution of (1.1), we mean a function x €
CralTy, ), Ty € [to, )y wWhich has the property
r(z®)* € CY4[T,, ) and satisfies (1.1) on [Ty, ©)5. We
consider only those solutions x of (1.1) which satisfy
sup|x(t)|:t € [Ty, ) > 0 forall T € [T, ©).

A solution of (1.1) is called oscillatory if it is neither
eventually positive nor eventually negative; otherwise, it is
termed nonoscillatory.

In previous years, many papers studied the oscillatory
behavior for different classes of dynamic equations on time
scale. Note that if « = S then (1.1) called half-linear, and
called sub-half-linear when a > £.

many studies have been devoted to the oscillatory
behavior of solutions to different classes of equations with
nonnegative neutral coefficients; see, e.g [1, 2, 16, 17] and
the references cited therein. However, for equations with
nonpositive neutral coefficients, there are relatively fewer
results in the literature; see [3, 4, 11-15, 19]

For instance, Ming et al. [18] investigate oscillatory
behavior of solutions to a class of second-order nonlinear

neutral delay dynamic equations with nonpositive neutral
coefficients of the form

a-A
[r©(22®) | +a@f (x(6@)) =0, €ty
(1.2)
where « =1 is a ratio of odd integers and z(t) =
x(t) — p(t)x(z(t)). with f:: r_%(s)As = oo, and present
new oscillation criteria for
[r(®) (&' )] +q®)f (x(8()) =0, t =t
under the assumption
f r%(s)ds < oo,

0

for T = Z, in [?] Seghar et al. . discussed the difference
equation
A(anA(xn - pnxn—k)) + an(xn—l) =0, n=n,,
(1.3)
where 0 <p, <p<1,q, >0, and k,[ are positive
integers, and they obtained several oscillation criteria for

(1.4) assuming that 3.7, ai < oo. Grace et al. [9] present

some new oscillation criteria for second order nonlinear
difference equations with a nonlinear nonpositive neutral
term of the form

a
A (a(®) (A(x(®) - p@®x(t - K))) )
+q@®xF(t+1-m) =0,
(1.4)
where a, 8 are ratio of positive odd integers, also in [7]
Grace investigate the oscillation criteria of

a(a® ((x® - p(0x(o(®))))

+q(O)xF (z(t)) = 0,
(1.5)
where a, § are ratio of positive odd integers a = .

More exactly existing literature does not provide any
criteria which ensure oscillation of all solutions of (1.1). In
view of the above motivation. Our aim here is to present
sufficient conditions which ensure that all solutions of (1.1)
are oscillatory and unify the study that presented in [7, 9].
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with a nonpositive neutral term on time scales

We consider the following

1
R(v,u) = fu Taghs  vzuzt

and assume that
R(t, ty) > © as t— oo, (1.6)
The following improper integral plays an important role
in our study

I a(s)as. (17)
In the convergent case we define
Q) =, q(®)bs, t=t,. (1.8)

2. Auxiliary results
Theorem 2.1. Assume that v: T — R is strictly increasing
and T: = v(T) is a time scale. Let w: T - R. If v4(t) and
wa(v(t)) exist for t € T¥, then

(wov)A = (wWhov)vAh,
Where A denotes to the derivative on T. [5].

Lemma 2.1 Let x be a positive solution of (1.1). Then we
have the following two cases:

(D z(t)>0, z41t) >0, (r®)(Z4(t)H*<0,

(n z(t) <0, z21t) >0, (r®)E2()D2 <0,

for t € [t;, 00)g, Where t; € [t,, )7, is sufficiently large.

3. Main Results
For simplicity, we consider that

M, a=p,

K(t) = { B-a forsome M > 0.
MR« (t,t;), a>p,

Theorem 3.1 Assume that (1.6) holds and §4(t) > 0. If

limsup [¢(0)Q() + f;, (a(5)p(s) -

a%p=¢ r(8()) (P2 (s)*Ht _
(arnyart (6A(s))aw“(s)K“(S(a(sm)AS] = (9

and

i ) [ RML), h(s)) -2
1rtnsup ra (h(t)) fh(t) R(h(t), h(s)) ) As| > 1,
(3.2)

for some M > 0, then (1.1) oscillatory.

Proof. Assume that x is a nonoscillatory solution of (1.1)
such that x(t) > 0, x(z(t)) > 0 and x(6(t)) > 0, for t €
[t1, @)

From lemma 2.1 we have that z(t) satisfies either (I) or
(1) for t € [ty, ).

Case 1. First we suppose that z(t) satisfies (I). From
definition of z(t),

x(t) = z(t) + p(O)x(z(1)) = 2(¢), (3.3)
also, from (1.1) we can write

[r(®) (@ ()" < —q(®)2zF (5(1)). 3.4)
Defining the Riccati Transformation

HOICR O

o) =M= 550, G5

Itis clear that w(t) > 0 and

w?(t) = [r(O)(z2()*]A zﬁqzz(st()t)) *

A
r@O)E O () - (36)
Applying the Potzsche chain rule and Theorem 2.1, we get
1

(P 5@))" = B f [z(6(t)
0

+ hﬂ[2(5(t))]A]ﬁ'1dh} z8(8(1)8%(1)

y f [(1 - W)z(5()

+ huz(«?"(t))]ﬁ‘ldh} z2(8(1)84(t)
> BzF71(67 ()2 (6(1) 52 ().

This with (3.6) and taking into account the conditions
z2(t) > 0, 52(t) = 0, leads to

P2 (t)
w?(t) < q()e) + ——= ED) w(a(®)
neA RGO CRCIONERCIO))
B heewy eweoy 7
From definition of a)(t) we get that

wt(®) < —q(®)e) + (()) w(o@®)

en 0®ZAGO)
BS%(O) Seoenzory @@ (E)- (38)

From definition of w(t) and since [r(t)(z*)%] non-
increasing, we get that

B
a 1
£@E0) 2 TP —w(o(t).  (39)
ra(§(0)pa(a(t)
From (3.8) and (3.9), we conclude that

WA(6) < —q(Dp(t) + g‘(’ 8) w(o(®)

B-a
a (§ a+1
—BEA (D) () e CD % (0 (1)),
@ @ (a®)ra(s(t))
(3.10)

Since [r(t)(z”(t))*] Non-increasing, so there exist
C > 0 such that r(t)(z2(t))* < C for some t > t,, which
leads to

25(8) < Cara (¢). (3.11)
By Integrating (3.11) from ¢ to t,, we get
1
z(t) < CaR(t,t,). (3.12)

B-a
This leads to, z « (6(o(t))) = 1for § = a.
Also for 8 < «

ia (5(a(t))) > MR¥(6(a(t)), t2),

forsome M > 0. (3.13)
Combining (3.10) and (3.13), we get

A
WA (1) < —q(Oe(t) + "E Et;) 0)

—BMBA () (1) a:(‘g(“(t” )5 (),

@« (a(®)re(5(t))
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A
wA(t) < —q(O(t) + Q‘E ())w( ()
Iy a+1
B8Ot e QOO 2y,
@Qa (G(t))r“((s(f))
(3.14)
Employing the inequality
Bw — Aa)‘z:t1 a® B

(a+1)att ga’

W|thB — Y (t) A= ‘Bé‘A(t)(p(t) a+1K(8(J(t)))
9e®)’ ¢ & @OIEBED)

we get that

A _ a®Bm®  r(E@) (@A)t
@) < —qOe(©) + (a+1)FH1T (82 () %9 (K F(S(a (1))’

(3.15)
By integrating (3.15) from t, to t
t
w(t) Sw(t) — | (@)
__atpe r(S(®)) (@t )« )As
(a+ D (2D *e*(OK*(6(a(0))”
(3.16)

On the other hand, we can get from (3.14)

0?0 < —(Oe® + L L 0G@),  (317)
which equivalent to

w2
(%) < —q(t). (3.18)
By integrating (3.18) from t to u, we get
ou(u) w(t)
o = o0 f q(t)As. (3.19)
By letting u — oo, we get
w(t) = w(t)Q(t)- (3.20)

From (3.16) and (3.20)
t
00 + [ @©e©

__ap” r(6(O) (@A)
(@ + D1 (84D (DK *(8(a(t)))

)AS = w(tz);

(3.21)
which contradiction with (3.1).
Case 2. Now, we suppose that z(t) satisfies (I1). If we
put y = —z, which with (1.1) leads to

[r(OGA )] = q(O)x" (§(1)). (3.22)
By using y(t) < p(t)x(z(t)), we get
y(h(®) < p(h(£))x(5(1)). (3.23)
This with (3.22) leads to
Pt
[F(OOA ) = e, (3.24)

Alsofort, <u < v, We can write
YW = y@) = [ =7 TW(S) (TG NNV s, (3.25)

yW) = R(v,w)(-r() (> @) (3.26)

Setting u = h(s) and v = h(t), we get
y(h(s)) =2 R(h(t), h(S))(—r(h(t))(yA(h(t)))“)l(; “-27)
By Integrating (3.24) from h(t) to t in view of (3.l27),
we get

A. A. Soliman, A. M. Hassan and S. E. Affan

—r(h(®))y*(h(®))

= 4 (R(0)Y (R(®)) fy e sty RO, R())As,
(3.28)

which leads to
1-a
127a (h() [y, - ;(S()S))R(h(t), h(s))As, (3.29)
which contradiction with (3.2). Note that y2(t) — 0 as
t — oo isused when a > §.

Theorem 3.2. Assume that (1.6) holds and §4(t) > 0. If

L[ 58 (s)ra (5(s)
RT(5(g(s)), £,)Q @ (a(s))As.

Z BMar D@D
and (3.2) for some M > 0, then (1.1) oscillatory.

Liminf Q“)

t—oo

(3.30)

Proof. Let x be a nonoscillatory solution of (1.1) such that
x(t) > 0, x(t(t)) > 0and x(5(t)) > 0, for t € [ty, ).

From lemma 2.1 we have that z(t) satisfies either (I) or
(I1) for t € [tq, ).

Case 1. First we suppose that z(t) satisfies (I). From
definition of z(t),

x(t) =z(@) + p(®)x(z(t)) = z(t), (3.31)

also, from (1.1) we can write

[r(®)(@*(©)*]* < —q(O)2F (6(1)). (3.32)

Defining the Riccati Transformation
v(t) = r()EA )

G0 (3.33)
Itis clear that v(t) > 0 and
_roEe)* " 1 4
VA0 = g O W ()
(3.34)

Applying the Potzsche chain rule and Theorem 2.1, we
get

1
(#61))" = ] [2(5(t))
0
+ hu[z(s(t))]A]B-ldh} )55

=p{[ 10 -mzew)
0

+ hyz(d”(t))]ﬁ‘ldh} Z2(8 ()82 (t)
> BzP71(87()2° (8()F4(L).
This with (3.34), leads to

Z2(8(D)
VA < —q) = B8R0 (o)

(3.35)
From definition of v(t) and since [r(t)(z2)%] non-
increasing, we get that

1
z2(5(1)) > va(a(t))
B =1 .

za(§(o(t)))  ra(s(t))

(3.36)
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with a nonpositive neutral term on time scales

From (3.35) and (3.36), we conclude that

vA(t) < —q(®)
Apon =L B-a at1
—B&2(Ora(6(t)z « (8(a(®)))v « (a(t)).
(3.37)

Since [r(t)(z%(t))%] Non-increasing, so there exist
C > 0,such that r(t)(z2(t))* < C for some t > t,, which
leads to

2A(8) < Cara (¢). (3.38)
By Integrating (3.38) from t to t,, we get
1
z(t) < CaR(t,t,). (3.39)

B-a
This leads to, z « (6(o(t))) = 1for § = a.
Also for 8 < a

7@ (5(0®)) > MR & (5(o®). 1),

forsome M > 0. (3.40)
Combining (3.37) and (3.40), we get

vA(t) < —q(t)

—BMEA(t)r T (B(E)R & (B(a (), ta)v e (a(2)).

(3.41)
By integrating (3.41) from t to u, we get that

u

v(u) —v(t) < —f q(s)As

t

—pM [ 8()re (SR @ (B(a(s)), t2)v'e (o(s)As.

(3.42)
Letting u — oo, we obtain
vozew )
+B8M ftw SA(S)r'e(8(s)R « (8(a(s)), t2)v « (9(s))As.
(3.43)

Which yields to

2O o [ s o)
22 MG ) ()ra(8())R @ (8(a(s)),t,)

ati v(a(s)\ a
Qe (o) (FoD) “ as. (344)
Let 1 = infte[tl,oo)(w)- Then it is easy to see that

Q)
A>1and A>1+ A@+D/a Then by the

- x

(a+1)(a+1)/a

simple calculation we get
a

BM(a + D@HD/a

S b f T 58y e (B(sNR T (6(0()), £)0 % (6(s)A
200 ), (s)r S (a(s), t, o(s))As,

which contradiction with the possible value of 1 and a.

Case 2. Now, we consider that z(t) satisfies (11). We
can get a contradiction to (3.2), the proof is similar to the
proof of Theorem3.2. The proof is complete.

Example 3.1 Assume T = R. Consider the second order
neutral delay differential equation

(x@-2x(c-2))+8rc-m=0, 21 (345)
Where a=8=1, p(t) = % =8 () =t-1
§(t) =t —mand h(t) = t — . Choose M = 1 > 0. Then,
condition (3.1) becomes

| t 1(¢'(s))?
llrgsotlp [‘P(t)Q(t) + . (Bo(s) — 4 o(s)

and condition (3.2) becomes
limsup [4 ftt_g (t— s)ds] = %2 > 1.
t—oo 2
So it is Clearly that (3.45) satisfied all conditions of
Theorem 3.1, then equation (3.45) is oscillatory.

)dS] = o,

Remark 3.1 Theorem 3.1. of [18] can be applied to (3.45)
which yields that every solution of equation (3.45) is almost
oscillatory. However Theorem 3.1 implies that every
solution of (3.45) is oscillatory.
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