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Abstract: The motion of a satellite about a rotating triaxial body will be investigated,
stressing on the case of slow rotation. The Hamiltonian of the problem will be formed
including the zonal harmonic J, and the leading tesseral harmonics C,; and S;;. The small
parameter of the problem is the spin rate (o) of the primary. The solution proceeds through
three canonical transformations to eliminate in succession; the short, intermediate and long-
period terms. Thus secular and periodic terms are to be retained up to orders four and two
respectively.

1. Introduction:

To understand the dynamics of a spacecraft or a natural particle around a celestial body (a
planet, an asteroid or even a comet) it’s convenient to take into account the spin rate (o) of the
primary, since it is important for several applications especially for geodetic satellites and
when dealing with communication satellites where there’s commensur-ability between the
satellite period and o, and a case of resonance arises (Harris, 1994; Hudson and ostro, 1994;
Pravec and Harris, 2000). Considering a slowly rotating earth like planet, the addition of
tesseral harmonics is necessary. Scheeres (1994, 1998) analyzed the orbital dynamics about
an asteroid and established that the major perturbations acting on the orbiter are due to the
leading harmonics of the geopotential. In a subsequent work (scheeres, 2001) he tacked the
problem of secular motion in a 2nd degree and order-gravity field with no rotation
qualitatively. In this respect the main problem of artificial satellite theory is very useful; the
major contributors to this subject were (Brower, 1959; Kozai, 1959; Brower and Clemence,
1961).

In this paper the gravitational force exerted by an earth like planet on an artificial satellite will
be considered, the Hamiltonian of the problem will be formed, in terms of the Delaunay
variables, with the earth’s spin rate ¢ taken as a small parameter of O(1).The planet’s
potential will be considered up to the leading zonal and leading tesseral harmonics, the paper
ends with an outline of the perturbation technique which will be used subsequently, which is
based on the Lie- Deprit - Kamel transform.
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2. The Geopotential

The earth’s gravitational potential is usually expressed by “ Vinti’s potential:

Vv :—gii($) P"(sins)c,, cosmA+s,, sinma) (1

n=0 m=0

where R: the equatorial radius of the earth. #=GM,is the product of the gravitational
constant and the mass of the earth, and known as the earth’s gravitational parameter, (r, A, 0)
are the geocentric coordinates with A being measured east of Greenwich, P"(sing) are the
associated legender polynomials, andc,, ands,, are harmonic coefficients. The terms with

m=0 correspond to zonal harmonics, those with O<m<n correspond to tesseral harmonics,
while m=n correspond to sectorial harmonics, J, measures the equatorial bulge of the earth

and C,, , S,,measure the elliptical shape of the earth's equator. The coefficients C; and S,

are vanishingly by small and since the origin is taken at the center of mass, the coefficients
Cio, Ci1 and Sy; will be zero; also both the tesseral and sectorial harmonics will be simply
referred to as tesseral harmonics. With the previous considerations, and writing the zonal and
tesseral harmonics separately, eqn. (1) will be:

VLI o 0 % 12 @

where Z) =4R"), ———F, J, =—C, 3)
P (sinJ)

T, =—uR"(C,, cosmiA+S,  sinmAl) — )]
r

Taking into account the orders considered only and using the associated legendre and the
legender polynomial formulas then:

P, =%[(382 —-2)-3S%cosF,,)] 5)

P/(sin&) =3cos’ & (6)

Setting if + jo= F;,C=cosl,S=sinl (7)
and substituting sino =SsinF, 8)

where I is the orbital inclination, F is the true anomaly and o is the argument of perigee, then
using the trigonometric formulae developed by Garfinkel (1965) the factors (cos™ &) can be
cancelled out. If Q is the longitude of the node measured east ward from the (rotating)
meridian of Greenwich, then from the Fig. 1.
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Equatorial
plane

Fig. 1

A=Q+W
i 9
cosW = 508 F, SinW = CsinF, )

coso cosd
Setting C,=cosF,,S, =CsinF (9%)

C,sinQ2+ S, cosQ
cosd
C,cosQ-S,sinQ
Coso

sinA =

(10)

cosA =

From (10) and using De Moivre’s theorem

cosmA+isinmA =(cos A +isinA)"

= lm (cosmQ+isinmQ)(C, +iS,)"
cos

= lm (cost+isian)i[TJ(i51)rClmr

cos" O =

Equating the real and imaginary parts,

C, sinmQ+S_ cosmQ
cos" 8
C,,cosmQ—S_sinmQ
cos" &

sinmA =

(1)

cosmA =

where

]

m m " .
oo tS [, Jisyc

120 \2]+1
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Then from (12):
C,=CC, -SS
2 11 1~1 (13)
S,=5C,-C5S,
The general relation, which can be generalized to the recursive relation so from (9%, 13):
S, S, .
CZ=7+(1—7)COSF22,52=CSIH F,, (14)

And the tesseral harmonics become in the form

—uR" P"(sin &)

n+l1
r

4 f—
Tnm -

s [(C,ncosmQ+S,  sinmQ)C +(S,, cosmQ-C  sinmQ)S ] (15)
cos

3. The Hamiltonian in terms of the Delaunay variables:
If the Delaunay set of canonical variables is considered

L, =+/1a , ly=M (Mean anomaly) (16)
G, =L,vl-¢* , g,=w (argument of periapsis) (17)
Hy, =CG, ,  hy =Q (Longitude of the node)

then the equations of motion become

ANT

. OH

Yo =M [5} . Yo =col(ly,...Hp) (18)
D

where M is the canonical matrix M :[ (;j , | is the identity matrix and H is expressed in
“n

terms of the above set of canonical variables.# depends explicitly on time due to the
measurement of h, from the rotating meridian of Greenwich. The autonomous form of the
equations is recovered by:

(i) Adjoining to the above set a new pair of conjugate variables (K ,K,) where
k, =ut +const., and augmenting the Hamiltonian such that:

o9, _ oy i
Ky~ ok (19)

-

Since # does not depend on K, so it can be taken as constant of integration. So that:
Hy =Ky +H (20)

4/10



Paper: ASAT-13-AS-02

The variable K, may be identified by means of the second of equations (19).

(i1) Performing a canonical transformation so that the new angular variables become:
I=l,,9=0,, h=hy—oat, k=k, (21)

where o is the angular speed of the earth. To find the new momenta and the new
Hamiltonian:

(Lpdl +Gpdg + Hydh, + Kydk ) —[Ldl +Gdg + H (dh, —odt) + Kdt]+ (7 — 7, )dt =dz
(22)

where dris the total differential of a function that is chosen to be zero. Equating the
coefficients of earth differential to zero yields:

L=L,,G=G,, H=H,, K=K, (23)
and H=Hy—0oH (24)

So in terms of this set of variables the equations of motion become:

2=M#, Where z=col(ly,....Kp) (25)
2 2 2 n
and H = 2/':2 —oH+Y 2+ 3T (26)

Considering o as the small parameter of the problem, the orders of magnitude of the involved
parameters are defined as:
c=o0(),J,=02),C,.S,, =04) (27)

The Hamiltonian can now be expressed as a power series of o
Lo
H=) —9H, (28)

where the component of (28) is retained up to 4™ order ino, i.e. up to J» in zonal harmonics
and up to Cy, Sy, in tesseral harmonics, so the components will be as follows:

—H
H, = 29
oo 29)
H, =— (30)
H, =%(p322 (31
H, =0 (32)

3
Ho=T5 T (33)
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where A, is a zero order constant, according to equations (26), (3) and (5) is given by:

4ip2
1R,
= 34
A 207 34
z, :(332—2)—332cos F, (35)
and T,=0 C,.S,,—>0 (36)
T, :y/zz[Sz +(2—Sz)cos F22]+2F22C sinF,, 37)
where 75, = Ay, cos2h+B,, sin2h (38)
I',, =B,,cos2h—A,, sin2h (39)
and the A, B, are zero order constants given by:
-364'R’
A, =5, (40)
o
—364'R’
B,, = — S (41)

4. The perturbation technique:

Now the perturbation technique will be outlined up to 4™ order in the secular, 3™ order in the
intermediate and 2™ order in the short periodic terms.

Let € be the small parameter of the problem and let the considered system of differential
equations be:

U=#, , U=w] (42)

where (U,U) is the six-vector of adopted canonical variables, the Hamiltonian is assumed
expandable as:

H =, + Z%ﬂn (43)

and the system with # = % is assumed integrable with #, = #,(U,)

What is required is to construct three canonical transformation(u,U;g)— (u',U"),
u,U%e)—>@"U" and (U U"e)—>@U",U") analytic in ¢ at £=0 to eliminate in
succession the short, intermediate and long period terms from the Hamiltonian such that
U " reduce to constants and u” become linear functions of time, where the short period terms
are those periodic in the mean anomaly, U, =1, the intermediate terms are those periodic in

the longitude of the node, u, =h, and the long period terms are those periodic in the
argument of perigee, U, =(0. The transformated Hamiltonians and the corresponding
generators will be assumed expandable as:
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(LU 5) =9 (U])+ 500 (- ui0')
n=1 .

() ) (U1 3 Sty (i) ()
n=l1 .

W*(—,u;',U”;g)zzg—w* (= u5,U") (45)

| n+l

W) =T ()

oy n ' n+l

The following equations will be used during the process of elimination.

27—

]—-1

Gj = I—j _Z( m ijHGjml (46)
m=0
Hy = H, (47)

« n-l n_l n_l *

Hy =9+ L H+ Y i1 L, + j G#H, ;| ., nxl (48)

j=1

5. Elimination of short period terms:
The basic identities are:

Hy =9,
7-[:::77["+ Hys W,
(90, -
~ lfn-1 n-1 .
o=+ 34 (A swy)+| (G
=R J "
Let U] be the fast variable in %/, choose % to be the average of H_ overu; i.e.
Hy = ()
o (50)
Pn:}[n_}[n:(wn;j_[o)
o3, )
W, =| =2 P du; 51
: (au;j [Py (51)

where the previous equations are applied up to %, ,W,.
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6. Elements of the short period transformation and its inverse:
These are obtained from the equations for the vector transformation, namely:

n

u=u +23:g—u

n=1 n'
(52)
u=u’ +Z?U'(”
n=1
where
n-1
_ Wy D n>1
- ou’ =
P (53)
{ _ jGjU'(”'”,nM
i\ )
And for the inverse transformation:
3 gn
u’:u+Z—‘u(”)(u,U)
o N!
s o (54)
U'=U+>-U"(uU)
= N
where
M _ S prtn-d)
u" =—u +Z[ jGju
g =1 (55)

7. The intermediate transformation:
The procedure is essentially similar to that at the short period transformation with the
averages taken over U, , so:

iy =,
n- _ — >1

R I R g e S B
i (\J~

Since #, and #,are independent of U}, W, may be chosen also independent of U/, then the
last term vanishes and the last equation reduces to

H =91 +Z{(n_lj(7{:j;w})+£n;1]G}“}[;‘*J} (57)

J_
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The equations involved may be outlined as before with the change # - H", # - H",
wow,u,U —u",U”

Order (1)
H, :}[1+(}[0;W1):}[1 (58)

where it is noted that #(,, .y = #, (U") and w'is independent at u;’so (7—[ W ) =0

Order (2)
GI=LT
e e e (9
}[2 2_7.[2+(}[1; 1)—{—(}[1 ;Wl)=}[2+2(?[l;wl) ( )
Choosing,
H, =(4,),
) * ug** o (60)
Py =5 — 9, =2(w ;)
Let
P = ZC:]‘ cos(iu;'+ ju;'+a;") (61)
ij

where ¢, are functions of U, and «, are numerical constants to account for the phase then

" _lzcizj sin(iu§+ ju;’+a;j)
o2& o Vi OH, (62)
ou, ouy

Similarly order (3), may be found elements of the intermediate transformation are obtained by
the same equations used for the short period transformation and the use of the interchanges
used previously. The long period transformation and its elements are found in a similar
manner.

8. Conclusion:

The present work aims at formulating the problem of the motion of an artificial satellite
around a slowly rotating planet, this problem has many applications particularly for missions
launched to study the potential harmonics of the earth(or any other planet),and for
communication satellites .The formulation is developed in a simple canonical form expressed
in terms of a set of Delaunay elements modified to allow for the appearance of the
independent variable in the Hamiltonian ,this enables using very powerful tools for solving
for the motion using canonical perturbation approaches such as the methods of Von Ziepel's
and those based on a Lie series and transform ,which will be effected in a subsequent work.
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