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ABSTRACT 
This paper is a trial to establish global results for inverse simulation technique as 
applied to aircraft. This work builds on a previous result for rigid aircraft inverse 
simulation and adds a new level of complexity, that the aircraft is subjected to 
external sudden disturbances. The external sudden disturbance cannot be ignored 
even in the most basic flight conditions, thus the feed back will overcome this 
disturbances effects on aircraft dynamics and interprets that into modification of the 
control inputs. The technique was applied to some interesting two dimensional and 
three dimensional maneuvers.  
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NOMENCLATURE 
 
b = Wing span  u ,v ,w = Forward ,side, and downward 

velocities 
C = Mean aerodynamic chord  X, Y ,Z = Aircraft coordinate w.r.t inertial axes 
CL,CD,CY = Lift ,drag and side force 

coefficients 
 α = Angle of attack 

Cl ,Cm,Cn = Roll, pitch and yaw moment 
coefficients 

 β = Sideslip slip angle 

F = Applied force  δa ,δe, δr = Aileron ,elevator and rudder 
deflection 

G = Gravity acceleration  ψ, Ө , φ = Attitude angles (yaw ,pitch and roll) 
HB = Angular momentum  ω = Angular velocity vector of body axes  

I = Inertia matrix   
Superscript 

K1,k2,k3,k4 = Control gains 
 

 . = Time derivative 
M = Applied moment  T = Transpose of a matrix 
Q = Dynamic pressure  -1 = Inverse of a matrix 
p, q, r = Roll, pitch and yaw angular 

velocities  
  

Subscript 
S = Wing area  0 = Initial value 
T = Thrust force  T = Target  

V  Β
= Velocity vector      
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INTRODUCTION 
 
Inverse simulation is a technique used to determine the control inputs that enable a 
dynamic system, such as aircraft to produce desired output. Recently, inverse 
simulation technique has gained considerable popularity in application to highly 
maneuverable aircraft [1]. 
 

In virtue of this interest in some aspects of the inverse problem of aircraft control, a 
general and simple formulation of the problem was given by Abdel Rahman and Al 
Bahi [2] and was applied for the case of circular vertical loop and spatial maneuvers. 
Fisher [3] implements the control methodology of the aircraft attitude as an outer loop 
controller to an aircraft under nonlinear dynamic inversion control. Instead a control 
algorithm for both attitude and position was proposed here. Karlsson [4] cancels the 
non-linear dynamics and then the system can be controlled as a linear system while, 
for the present study nonlinear dynamics was considered. 
 
The present study represents the technique of inverse simulation, based on the 
calculation of required forces and moments to perform certain maneuver using feed 
back control “error minimizing technique [1-2]” as shown in Fig. (1), which makes the 
problem similar to control allocation problem. 
 

 
Fig.1. Feed Back Control Technique 

 
This study is different from previous studies in that , it includes the feed back control 
algorithm for both attitude and position which gives the techniques the ability to 
present the required control laws in case of sudden or even continuous disturbances 
and maintains the required trajectory. 
 
The paper is organized as follows. The first section shows the general formulation of 
the technique and describes the equations of motion for the aircraft followed by a 
definition of control algorithm which calculates the required control forces and 
moments in section two. Section three presents the mathematical model of the 
external forces and moments. Section four shows the calculation procedure with 
numerical application results for both two dimensional and three dimensional 
maneuvers, followed by concluding remarks. 
 



 

Proceeding of the 12-th ASAT Conference, 29-31 May 2007 CNT-04 3 
 

 

GENERAL FORMULATION 
 
Rigid aircraft motion is generally represented by the six components coordinate 
vector in addition to the six components quasi velocity vector [2]. 
Elements of both vectors can be gathered in the vector ζ  
 
                                                     ζ =[ V, ω , x , θ  ]      (1) 

 
Where   V= velocity, ω =angular velocity  
   x=position,  θ =attitude angles  
   Similarly the target  maneuver is given in the following form  
 

                                              ζ T=[ VT, ω T , xT , θ T ]     (2) 
 
The subscript T means target maneuver  
The total required forces and moments to perform the required maneuver is 
calculated based on the difference between the given maneuver parameters and the 
six degree of freedom model output [5]   
Which can be presented as : 
 

FC=K[ ζ T − ζ ]     (3) 
 
Where K=gain matrix which is chosen according to the required dynamic response. 
From which we see that the value of FC is increased when the difference between the 
required maneuver parameter and real aircraft state increases. 
 
The forces acting on the aircraft are: gravity, aerodynamic forces and thrust [6]. So 
the total forces and moments necessary to perform the required maneuver is a 
combination of the gravity, aerodynamic and thrust forces and moments  
Since the gravity forces is known and can be calculated in the body axes so  later we 
will call the combination of aerodynamic forces and thrust as FAC  
Since  FAC=aerodynamic force + thrust force  
And the aerodynamic forces and moments are functions of the flow angles and the 
control surface deflections 
 

FAC = f ( α , β , δe , δa , δr , T )    (4) 
 
As we have already calculated FC and gravity forces are known so we have six 
unknown for six equations which can be solved to get the matrix column δ = 
[ α ,β ,δe ,δa ,δr ,T ]. 
 
AIRCRAFT EQUATIONS OF MOTION 
 
The nonlinear aircraft six degree of freedom dynamic model depend on representing 
the dynamics of the system with usage of two sets of axes as shown in Fig. (2). 
-inertial axes system which is fixed to earth surface and we neglect the earth rotation 
about itself  
-body fixed axes which is fixed to aircraft body under all conditions 
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Fig. 2. Inertial and Body Fixed Axes 
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The equation of motion for the aircraft can be written down in accordance with the 
Newtonian laws of motion [6]  
 

)( BB VVmF ×+=
•

ω       (5) 

BB HHM ×+=
•

ω       (6) 
Where HB=Iω 
Rearrange the above two equations  

 

BB V
m
FV ×−=

•

ω       (7) 

)(][ 1 ωωω IMI ×−= −
•

    (8) 
 
This is equivalent to six equations in six unknowns. Equation (7) can be solved 
independent of equation (6) but equation (6) can't be solved independent of equation 
(7), which physically means that the aircraft attitude "or any rigid body" can be 
determined independent of aircraft position but aircraft position can't be determined 
without determination of aircraft attitude. 
 
Integrating the above equation using 4th order Runge Kutta method for given initial 
Condition of   ω & VB so we get   
 

ω =     , VB =    
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

r
q
p

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

w
v
u

 
To get the position & attitude of the aircraft relative to inertial axes we use kinematics 
relations which transfer the above values of velocities and angular velocities from 
body axes into inertial axes.  
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The Euler angles technique is used for transformation between the inertial and body 
axes,The kinematics relation is as follows [5]: 
 

θφφψ cos/)cossin( rq +=
•

        (9a) 

φφθ sincos rq −=
•

          (9b) 

prq ++=
•

θφφφ tan)cossin(          (9c) 

)sincoscossinsin(                           
)sinsincoscossin(coscos
θφψφψ

θφψφψθψ
+−+

+−+=
•

w
vuX         (9d) 

  

)sincoscossincos(                         
)sinsinsincoscos(cossin
θφψφψ

θφψφψθψ
+−+

+−+=
•

w
vuY         (9e)  

θφθφθψ coscoscossincossin wvuZ ++−=
•

       (9f) 
 
By solving "integrating" the above six equation using 4th order Runge Kutta-4 method 
together with equations(1) and (2) at given initial Conditions of ψ,Ө,φ,x,y,z so the 
position and attitude of the aircraft is completely defined.  
 
CALCULATIONS OF NECESSARY FORCES AND MOMENTS TO PERFORM THE 
TARGET MANEUVER 
 
the calculations of necessary forces and moments to perform certain maneuver is 
simply depends on the criteria that we need only force to change the position and 
only moment to change the attitude. By  application of PD control “proportional 
differential controller” [5] which is not only reduce the error in the required state but 
also in its derivative the elements of control forces and moments vector will be as 
follows : 
 

Fcx   = k1(xT-x)+k2(uT-u)     (10a) 
Fcy   = k1(yT-y)+k2(vT-v)     (10b) 
Fcz   = k1(zT-z)+k2(wT-w)     (10c) 
Mcx = k3(φT- φ)+k4(pT-p)     (10d) 
Mcy = k3(ӨT- Ө)+k4(qT-q)     (10e) 
Mcz = k3(ψT- ψ)+k4(rT-r)     (10f) 

 
So  FC=[Fcx,Fcy,Fcz,Mcx,Mcy,Mcz] 
 
which calculated or designed based on required transient response characteristics 
such as settling time, damping ratio, percentage overshoot and natural frequency 
As mentioned before subscript T means the target maneuver, and x,y,z subscripts 
refers to the direction of the force or the moment.  
 
MATHEMATICAL MODEL OF EXTERNAL FORCES AND MOMENTS 
 
The external forces and moments acting on the aircraft during flight is divided into 
three categories first is the aerodynamic forces and moments; second is the gravity 
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forces and finally the thrust force "in some cases the thrust also causes some 
moments such as if the thrust line is deviated from the center of gravity".  
 
i-Aerodynamic Forces and Moments 
The aerodynamic forces and moments are assumed to be linear and they are 
represented in the stability body axes system. Stability axes system is defined as 
follows: 
the X axis is in the direction of flight "the direction of velocity vector" so it differs with 
the variation of angle of attack α or sideslip angle β, while Z axis is in downward 
direction perpendicular to X axis in the aircraft plane of symmetry, and finally Y axis is 
normal to XZ plane following the right hand rule "in the right wing direction" [5]. 
 
Aerodynamic forces are divided into 3 forces and 3 moments they are (drag "D", lift 
"L", side force "Y", rolling moment " l ", pitching moment "m" and yawing moment "n") 
respectively [7].  
 

FXs = -D = -Qs (CD0+CDα α + CDδe δe+ CDq
V

qc
2

)              (11a) 

FYs =Y=Qs(Cyββ+Cyδaδa+Cyδrδr+
V
pbC

py 2
+

V
rbC

ry 2
)        (11b) 

FZs = -L = - Qs (CL٠+CLδe δe + CLαα+ )              (11c) 
V

qcC qL 2
MXs= l =Qsb               (11d) )

22
(

V
pbC

V
rbCrCCaC lplrra ++++ δβδ δβδ lll

MYs= m = Qsc(Cm0+Cmαα+Cmδe δe+ )              (11e) 
V

qcC qm 2
MZs=n=Qsb(Cnδaδa+Cnδrδr+Cnββ+ + )              (11f) 

V
rbCnr 2 V

nbCnp 2
 
ii-Gravity Forces  
The gravity forces in the three directions X, Y, Z respectively are as follows [6]: 
 

Gravity force      (12) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

φθ
φθ

θ

coscos
sinmgcos

mgsin-

mg
 
iii- Thrust Forces and Moments 
Finally the thrust force and moment are varying depending on location of the thrust 
line of each aircraft, but in most cases it is aligned to the body fixed X axis and 
bathing through the center of gravity or very near to it, so the moment produced is 
very small and can be neglected. 
 
CALCULATION PROCEDURE 
 
First of all we should split the motion into longitudinal and lateral motion  
The longitudinal motion include the normal force, axial force and pitching moment 
while the lateral motion include the side force ,rolling moment and yawing moment  
The forces and moments in the longitudinal motion  
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 can be presented in matrix form as follows: 
 

( )
0

* flongLongflongLongAC AASQF += δ      (13) 
 
Where 
 

 

2
qc

2
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2
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,
0
0**
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0

0

0
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⎥
⎥
⎥
⎥
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+
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=

⎥
⎥
⎥
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⎢

⎣
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=

⎥
⎥
⎥

⎦

⎤
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⎢

⎣
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LqL
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DqD
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Long

eLL
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flong δ
α

δ

δα

δα

δα

 

  
The forces and moments in the lateral motion can be presented in matrix form as 
follows: 

 
( )

0
* fLateralLateralfLateralLateralAC AASQF += δ     (14) 

 
where 
 

 

2
*

2
*

22

2
*

2
*

  ,
***

***

0
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⎥
⎥
⎥

⎦
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⎢
⎢
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⎢

⎣

⎡

+

+

+

=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

V
pbCb

V
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V
pbC

V
rbC

V
pbCb

V
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A

r
a

CbCbCb
CCC

CbCbCb
A
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ypyr
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ryayy

rlall
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δ
δ
β

δ
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Note that p , q , r “body angular velocities” have been already determined from 6 
degrees of freedom model. 
The above formulas of aerodynamic forces are calculated in the stability axes so they 
should be transformed into the body axes. The next step after determination of 
aerodynamic forces and moments in the stability axes is to transform them into the 
body fixed axes in terms of sideslip angle and angle of attack. 
The transformation matrix from stability axes to body fixed axes is as follows: 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−−
+−+

−−
=

αφφβφαβφββφα
αφφβφαβφββφα

αβαβα

coscossincoscossinsinsinsincoscossin
cossincoscossinsinsincossincossinsin

sinsincoscoscos
B

ST    (15) 
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Now from above the system of equations will be: 
 

.
*

][

    

)(**

0
11

0

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

+=

−−
flong

LongACB
SflongLong

Long

flongLongflong
B

SLongAC

A
SQ

F
TA

rearrangeandforsolving

AATSQF

δ

δ

δ

      (16) 

 
And for lateral motion will be as follows 
 

( )

( ) .
*

*

rearrange and    

*

0

11

0

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

+=

−−
fLateral

LateralACB
SfLateralLateral

Lateral

fLateralLateralfLateralLateralAC

A
SQ

F
TA

forsolving

AASQF

δ

δ

δ

      (17) 

 
Now we have which is calculated as a function of α and β while α and β are outputs 
from

B
ST

Longδ and Lateralδ , to overcome This problem iteration technique has been 
developed which based on initially calculating α and β [6] and solve equations (15) 
and (16) for new values of α and β until the values of α and β are fixed. 
 

(
( )φββφα

φββφα )
βα

sinsincoscossin
cossincossinsin

coscos

0

0

0

−=
+=

=

Uw
Uv
Uu

       (18) 

 
where U0= 222 wvu ++   
Rearrange and solve for α and β  
 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
= −

0

1 sincossin
U

wv φφβ          (19) 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= −

)(cos
cos

0

1

β
α

U
u

         (20) 

 
Note that the formulas show that both angle of attack and sideslip angle depend on 
the velocity values in the body fixed axes and rolling angle which were determined 
from the solution of aircraft six degree of freedom model. 
 
NUMERICAL APPLICATIONS  
 
In order to demonstrate the applicability of the inverse simulation technique with 
application of feed back control two cases of maneuvers were considered, first case 
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is simple longitudinal (x,z) plane motion while the second case is three dimensional 
maneuver which include both longitudinal and lateral motion. 
Advanced trainer aircraft similar to German (alpha jet) was considered in the 
application [8].  
 
Two Dimensional Application (Straight Line Vertical Loop Straight Line With 
Constant Speed). 
 
The maneuver was performed with constant speed V=200 m/s. The maneuver shape 
and trajectory with time are shown in Figs (3,4,5). 
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Fig.3. Straight-Vertical Loop-Straight 

Maneuver 
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Fig.4. Vertical Distance  
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Fig.5. Horizontal Distance  

 
 
Although the motion is in the 
longitudinal plane but we apply lateral 
disturbances and investigate the 
variation all over the motion. The 
disturbance shape with time is as 
shown in Fig.(6) and it has the 
amplitude and direction in the following 
sequence 
 
No dist= free of disturbance 
Fx dist = 1000 N in the x direction 
Fy dist= 1000 N in the y direction 
Fz dist= 1000 N in the z direction 
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Fig.6. Disturbance Shape With Time 

 
The following Figs show the motion 
parameters and the control laws during 
the maneuver with and without 
application of external disturbances. 
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Fig.7. Angle Of Attack 
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Fig.8. Normalized Thrust 
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Fig.9. Elevator Deflection 
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Fig.10. Pitch Angle 
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Fig.11. Velocity In X Body Axis 
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Fig.12. Velocity In Y Body Axis Fig.14. Side Slip Angle 
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Fig.13. Velocity In Z Body Axis Fig.15. Rudder Deflection 
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Fig.16. Aileron Deflection 
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As shown in the above figures there is sudden change in motion parameters and 
control laws when the aircraft approaches the vertical loop and when gets out of it. 
These sudden changes is due to the big difference between the aircraft state and the 
required trajectory parameters at that points which requires bigger values of forces 
and moments to overcome this differences and the algorithm interprets them into 
elevator deflections and thrust values which subsequently change the angle of attack. 
Although the motion is completely in the longitudinal plane, but when there is any 
lateral disturbance the algorithm activate the rudder and the aileron to overcome this 
disturbance as shown in Figs (15,16) 
 
Three Dimensional Application (Straight Line-Horizontal Loop-Straight Line 
with constant speed) 
 
The maneuver was performed with constant speed V=200 m/s. the motion is 
combined longitudinal and lateral motion so the control is done by the four control 
elevator, rudder aileron and thrust and the lateral velocities and forces are taken into 
consideration. 
the maneuver shape in (x,y) plane and trajectory with time are as shown in Figs 
(17,18,19)
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Fig.17. Straight Horizontal Loop 

Straight Maneuver 
 

0 10 20 30 40 50 60 70 80 90 100
0

1000

2000

3000

4000

5000

6000

time(sec)

X(
m

et
re

)

 
Fig.18. Distance In X Direction 
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Fig.19. Distance In Y Direction 

 
 
The disturbance shape with time is as 
shown in Fig.(20) and it has the  
 
amplitude and direction in the following 
sequence 
No dist= free of disturbance 
Fx,Mz dist = 1000 N.in x directions with 
2000 N.m around z axis 
Fy,Mx dist = 1000 N.in y directions with 
2000 N.m around x axis 
Fz,My dist = 1000 N.in z directions with 
2000 N.m around y axis 
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Fig.20. Disturbance Shape With Time 

 
The following Figs show the motion 
parameters and the control laws during 
the maneuver with and without 
application of external disturbances. 
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Fig.21. Angle Of Attack 
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Fig.22. Normalized Thrust 
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Fig.23. Elevator Deflection 
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Fig.24. Roll Angle 
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Fig.25. Pitch Angle 
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Fig.26. Velocity In X Body Axis Fig.29. Side Slip Angle 
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Fig.27. Velocity In Y Body Axis Fig.30. Rudder Deflection 
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Fig.28. Velocity In Z Body Axis Fig.31. Aileron Deflection 
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In the above figures it is clear that all the lateral motion parameters and controls are 
changing abruptly when approaching the horizontal loop especially the side slip angle 
and rudder deflection. 
 
Note that the transient between the aircraft state and the required state can have 
better characteristics when the gain matrix of the error minimizing technique has 
another values [6] which can be designed based on different response characteristics 
or even have another control algorithm such as PID or optimal [8] control algorithm. 
 
CONCLUSION 
 
The proposed technique was successfully applied for two dimensional and three 
dimensional maneuvers . the following main conclusions can be drawn. 
 
1- The technique gives valuable information on the nature of predetermined motion 
and the required control. 
 
2- the technique has successfully shown the required action to overcome sudden 
disturbances 
 
3- The technique doesn’t need higher order derivatives of the predetermined 
trajectory unlike other inverse simulation techniques. 
 
4- The technique is robust because in case of adding any external disturbance the 
algorithm performs the target maneuver and taking the required action to overcome 
this disturbance in consideration. 
 
5- The technique is maneuver independent which means is applicable for any type of 
maneuvers no changes required in the algorithm for the change of the maneuver 
shape. 
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