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ABSTRACT 
 
The random response and thermal buckling of a traditional composite plate 
impregnated with pre-strained shape memory alloy (SMA) fibers subjected to 
combined thermal and acoustic loads are investigated using a finite element model 
based on the first order shear deformable plate theory and von Karman strain-
displacement relations to account for moderately large deflection. The thermal load is 
assumed to be steady state constant temperature distribution, and the acoustic 
excitation is considered to be a stationary Gaussian pressure with zero mean and 
uniform magnitude over the plate surface. The governing nonlinear equations are 
obtained using the principal of virtual work adopting an approach based on the 
thermal strain being an integral quantity of the thermal expansion coefficient with 
respect to temperature to account for temperature dependent material properties. 
The static nonlinear equations are solved by Newton-Raphson numerical technique 
to get the thermal post-buckling deflection. The dynamic nonlinear equations of 
motion are transferred to modal coordinates to reduce the computational efforts. The 
Newmark implicit integration scheme is employed to solve the second order ordinary 
differential equations of motion. Finally, the buckling temperature, post-buckling 
deflection and the random response of a SMA hybrid composite plate panel are 
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presented, illustrating the effect of SMA volume fraction, pre-strain, sound pressure 
level and temperature rise on the panel response.  
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1. INTRODUCTION 
 
The external skin of high speed flight vehicles experiences high temperature rise due 
to aerodynamic heating, which can induce thermal buckling and dynamic instability. 
In general, thermal buckling does not indicate structural failure. However, thermal 
large deflection of the skin panels can change its aerodynamic shape causing 
reduction in the flight performance. A comprehensive literature review on thermally 
induced flexure, buckling, and vibration of plates and shells was presented by 
Tauchart  [1] and Thornton  [2]. Gray and Mei  [3] investigated the thermal post-
buckling behavior and free vibration of thermally buckled composite plates using the 
finite element method. Shi and Mei  [4] solved the problem of thermal post-buckling of 
composite plates with initial imperfections using the finite element modal method.  
Jones and Mazumdar  [5] investigated the linear and non-linear dynamic behavior of 
plates at elevated temperatures. They presented analytical solutions for the thermal 
buckling and post-buckling behavior of a plate strip. A general formula is also 
presented which links the fundamental frequency of vibration to the critical buckling 
temperature and the corresponding frequency of the unheated plate. Shi et al.  [6] 
investigated the thermal post-buckling behavior of thin symmetrically laminated and 
anti-symmetric angle-ply plates, and the deflection of asymmetrically laminated 
composite plates under mechanical and thermal loads.  
 
The Surface Panels of advanced high speed aircraft and spacecraft exhibit large 
random vibration under high acoustic loads, and possibly experience both of random 
vibration and thermal buckling at elevated temperatures. Both of these effects are 
nonlinear in nature, and make prediction of fatigue life extremely difficult. 
Experiments were performed to study thermally loaded panels under random 
excitation by Istenes et al. [7], Ng and Clevenson  [8] and Murphy et al.  [9]. Snap-
through phenomenon and frequency shifting due to nonlinear large amplitude 
vibration were observed. There are five major analysis methods for the prediction of 
nonlinear random response of panels: (a) perturbation, (b) Fokker-Plank-Kolmogorov 
(FPK equation), (c) Monte Carlo, (d) equivalent linearization (EL), and (e) finite 
element (FE) numerical integration. Perturbation method has been limited to very 
weak geometrically nonlinear problems, thus not suitable for the implementation of 
large nonlinear random vibration. FPK method can lead to exact solution only for 
single degree of freedom (DOF) systems. EL method has been widely used because 
of its high accuracy while maintaining a relatively low computational burden. The 
application of EL method depends on the assumption of Gaussian distribution of the 
response, thus it can not predict the occurrence of snap-through, since snap-through 
phenomenon has non-Gaussian distribution in nature. The finite element numerical 
integration approach actually combines the finite element and Monte Carlo simulation 
method. One disadvantage is the computational cost, because the finite element 
model often includes huge number of structural nodal DOF, and the nonlinear terms 
are updated and assembled at each time step and at each iteration cycle if an implicit 
numerical integration scheme is adopted. Locke  [10] investigated the large deflection 
random vibration of a thermally buckled thin isotropic plate, using the method of 
equivalent linearization, while assuming a temperature-independent material 
properties.  Abdel-Motagaly et al.  [11] used finite element numerical integration to 
study nonlinear panel response under combined aerodynamic and acoustic loads. 
Dhainaut et al.  [12] and  [13] presented a finite element formulation for the prediction 
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Shape memory alloys (SMAs) have a unique ability to completely recover large pre-
strains (up to 10%) when heated above certain characteristic temperature called the 
austenite finish temperature. The austenite start temperature for Nitinol can be any 
where between -50 ºC and 170 ºC by varying the nickel content. During the shape 
recovery process, a large tensile recovery stress occurs if the SMA is restrained. 
Cross et al.  [15] measured the recovery stress of Nitinol at various pre-strain values 
and Young's modulus versus temperatures. Both the recovery stresses and Young's 
modules of SMA exhibit nonlinear temperature-dependent properties. The variation 
of the modulus of elasticity and recovery stress of a trained Nitinol is presented in 
Figs. 1 and 2  [15]. 
 
Birman  [16] presented a  comprehensive review on the literature concerning SMA up 
to 1997. Jia and Rogers  [17] formulated a mechanical model for composites with 
embedded shape memory alloy fibers using the micromechanical behavior of the 
highly nonlinear shape memory alloy, and adopting the classical lamination plate 
theory. Park et al.  [18] investigated the nonlinear vibration behavior of thermally 
buckled composite plates embedded with shape memory alloy fibers using the first 
order shear deformable plate theory and the von Karman strain-displacement 
relationships for large deflections. An incremental method was adopted to account for 
the temperature dependent material properties. Guo  [19] offered an efficient finite 
element method for predicting the buckling temperature, post buckling deflection, and 
vibration characteristics of SMA hybrid composites. Tawfik et al.  [20] proposed a 
novel concept in enhancing the thermal buckling and aeroelastic behavior of plates 
through embedding SMA fibers in it. Duan et al.  [21] presented a finite element 
formulation and solution procedure for the vibration behavior of thin SMA hybrid 
arbitrary laminated composite plates. Gou et al.  [22] developed a finite element 
procedure to predict large amplitude nonlinear random response of thin shape 
memory alloy hybrid composite plates subject to combined thermal load and acoustic 
excitation.  
 
This paper is an extension of the work presented in  [19] by including the shear 
deformation effect in the formulation to make it capable of handling moderately thick 
plates. In this work, a new nonlinear finite element model based on the first-order 
shear deformable plate theory is presented for the nonlinear random response and 
thermal buckling behavior of moderately thick shape memory alloy hybrid composite 
plate panels under the combined effect of thermal and acoustic loads are 
investigated using a nonlinear finite element method. The nonlinear governing 
equations for a moderately thick rectangular plate are obtained using the first-order 
shear-deformable plate theory (FSDT), von Karman strain-displacement relations, 
and the principle of virtual work. The approach is based on the thermal strain being 
an integral quantity of the thermal expansion coefficient with respect to temperature 
to account for temperature dependent material properties. Therefore, the method 
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2. FINITE ELEMENT FORMULATION 
 

2.1. Displacement-Nodal Displacement Relations 
 
The nodal degrees of freedom vector of a nine-noded rectangular plate element can 
be written as: 
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where wb is the transverse displacement of the middle plane, φx and φy are rotations of 
the transverse normal about the x and y axes respectively, u and v are the membrane 
displacements in the x and y directions respectively, {wφ} is the nodal rotation of the 
transverse normal vector, and {wm} is the nodal membrane displacement vector.  
 
The displacement-nodal displacement relation can be presented in terms of 
interpolation function matrices [Nw], [Nφx],  [Nφy],  [Nu] and [Nv] as: 
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2.2. Nonlinear Strain-Displacement Relations 
 
The inplane strains and curvatures, based on von Karman's large deflection and first-
order shear deformable plate theory, are given by  [24]: 
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Or in compact form 
 
{ } { } { } { }κεεε θ zlin ++=  (4) 
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εlin, εθ, and zκ are the membrane linear strain vector, the membrane nonlinear strain 
vector, and the bending strain vector, respectively.   
 
The transverse shear strain vector can be expressed as  [24]: 
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2.3. Constitutive Equations 
 
The constitutive equations of a traditional composite plate impregnated with shape 
memory alloy fibers are derived. Every layer of the composite matrix has an arbitrary 
orientation angle θ and principal material directions 1, 2 and 3. The SMA fiber is 
embedded in the 1-direction, and assumed uniformly distributed within each layer. 
 
where the subscripts 'm' and 's' mean the composite matrix and SMA fiber, 
respectively. E, G, ν, and ρ are Young's modulus, the shear modulus, Poisson's ratio, 
and the material density, respectively.  In addition,  
For the kth composite lamina impregnated with SMA fibers, the stress-strain relations 
for the FSDT can be expressed as follows  [19]: 
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where {σ}, {σr} and {τ} are the inplane stress vector, the SMA recovery stress vector 
at a given temperature T, and the transverse shear vector, respectively. Vm and Vs are 
the volume fractions of the composite matrix and SMA fibers, respectively. In 
addition, {α}m, [Q ]and [Q ]m are the thermal expansion coefficient vector of the 
composite matrix, the transformed reduced stiffness matrix of the SMA embedded 
lamina, and the transformed reduced stiffness matrix of the composite matrix, 
respectively.  
 
Integrating Equations (6) and (7) over the plate thickness, the constitutive equation is 
obtained as  [19]: 
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where [A], [A]s, [B] and [D] are the laminate membrane, shear, coupling and bending 
stiffness matrices, respectively. {N}, {M} and {R} are the resultant vectors of the 
inplane, moment and transverse shear forces. In addition, {NT} and {MT} are the 
inplane thermal load and thermal bending moment vectors, respectively, while {Nr} 
and {Mr} are the inplane SMA recovery load and SMA recovery bending moment 
vectors. T denotes the temperature rise, while a constant temperature distribution in 
the x, y and z directions are assumed. 
 
 

2.4. Governing Equations 
 
By using the principle of virtual work and equations (4), (5), (8) and (9), the governing 
equations of thermal post-buckling and nonlinear flutter limit-cycle oscillation of a 
plate embedded with SMA fibers can be derived as follows: 
 

0int =−= extWWW δδδ  (10) 
 
The internal virtual work δWint is given as  [20]: 
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where {w} is the nodal displacement vector of the element; β is a shear correction 
coefficient; [k], [kT] and [kr] are the linear, thermal and recovery stress stiffness 
matrices; [n1] and [n2] are the first- and second-order nonlinear stiffness matrices, 
respectively. In addition, {pT} and {pr} are the thermal load vector and the recovery 
stress load vector, respectively.   
 
On the other hand, the external virtual work δWext is given as  [18]: 
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where  with h denoting the plate thickness, [m] is the mass 

matrix, and p(t) is a white Gaussian random pressure. 
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By substituting equations (11 and (12) into (10), the governing equations for a shape 
memory alloy hybrid composite plate under the combined action of acoustic and 
thermal loads, can be written as: 
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3. SOLUTION PROCEDURES 
 
 
3.1. Static thermal Buckling 
 
For the static thermal buckling problem, equation (13) reduces to: 
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The solution procedure using Newton-Raphson method for the aero-thermal post-
buckling analysis of the composite plate embedded with SMA fibers is presented in 
the following. 
 
Introducing the function {Ψ (W)} to equation (14), 
 

( ){ } [ ] [ ] [ ] [ ] [ ] { } { } { } 02
3
11

2
1

=+−⎟
⎠
⎞

⎜
⎝
⎛ +++−=Ψ rTrT PPWNNKKKW  (15) 

 
Equation (15) can be written in the form of a truncated Taylor series expansion as: 

 

( ){ } ( ){ } ( ){ }
( ) { } 0≅
Ψ

+Ψ=+Ψ W
Wd
WdWWW δδ  (16) 
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Thus, the Newton-Raphson iteration procedure for the determination of the post-
buckling deflection can be expressed as follows: 
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Convergence occurs in the above procedure when the maximum value of {δW }i+1 
becomes less than a given tolerance εtol , i.e. max | {δW }i+1 | ≤ εtol . 
 
 

3.2. Thermo-Acoustic Response using modal Transformation 
 
In this section, a time domain solution is presented for the nonlinear thermo-acoustic 
response of symmetrically laminated shape memory alloy hybrid composite plates. 
Equation (13) can be stated in a more detailed form as: 
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where 
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Note that neglecting the in-plane and shear inertia terms will not bring significant 
error, because their natural frequencies are usually 2 to 3 orders of magnitude higher 
than those of bending  [19]. Separating the membrane and transverse displacement 
equations in equation (18): 
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From equation (20), the in-plane displacement vector {Wm} can be expressed in 
terms of the bending displacement vector {WB}: 
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where {Wm}o is a constant and {Wm}2 is quadratically dependent on {WB}. Thus, the 
matrix [N1NmB ({Wm})] is evaluated by the algebraic sum of two components:      
[N1NmB {Wm}o)] and [N1NmB {Wm}2)], which are quadratically dependent on {WB}, 
respectively. 
 
Substituting equation (21) into (19), the system equations of motion can be 
expressed as a function of {WB}: 
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For a given ΔT, equation (22) can be numerically integrated in the structural nodal 
degrees of freedom. But this approach turns to be computationally expensive. 
Therefore, an alternative and effective solution procedure is to transform equation 
(32) into modal coordinates using reduced system normal modes by expressing the 
system bending displacement {WB} as a linear combination of a finite number of 
normal mode shapes as  [22]: 
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where the rth  normal mode {φr} and the corresponding natural frequency ωr are 
obtained from the linear vibration of the system as: 
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Based on the normal modes evaluated in equation (24), all the matrices in equation 
(22) are transformed into modal coordinates; accordingly, equation (22) can be 
written in modal coordinates as:  
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where the modal mass, linear stiffness and random pressure matrices are given by: 
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The second-order nonlinear modal stiffness matrix is given by: 
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A modal structural damping matrix 2 [ζr fr] [MB] has been added to equation (25) to 
account for the structural damping effect on the system. The coefficient ζr is the 
modal damping ratio of the rth mode, while fr is the rth  natural frequency in Hz. 
 
 
4. NUMERICAL RESULTS AND DISCUSSIONS 
 
Numerical analyses for the thermal post-buckling and the nonlinear acoustic random 
vibration of a laminated composite plate panel with and without SMA are performed 
using the finite element method. A uniform 6 x 6 finite element mesh of nine-noded 
rectangular elements is found adequate.  
 
 

4.1. Thermal Buckling Analysis 
 
The thermal post-buckling behavior of a traditional laminated composite plate with 
and without SMA is studied. The dimensions of the plate are 0.381x 0.305x 0.0013m 
and the stacking sequence is [0/-45/45/90]s. Clamped and simply supported 
boundary conditions are studied. Table 1 presents the material properties of the 
composite matrix and SMA fibers  [19]. A uniform temperature change is applied to 
the plate, and the reference temperature is assumed to be 21ºC. 
 
Figs. 3 and 4 present the postbuckling deflection for three different pre-strains of 
SMA fibers with volume fraction 5%, for simply supported and clamped plates, 
respectively. Comparing the buckling temperatures of the SMAHC plate with that of a 
composite plate with the same in-plane dimensions and weight, it is found that the 
buckling temperature for a simply supported SMAHC plate, seen in Fig. 3, is 
increased by 143%, 265%, and 465% for 1%, 3%, and 5% pre-strains, respectively. It 
is also seen that the 5% pre-strain case has two buckling temperatures. This is 
because for the temperature range from 21 to 43ºC, the 5% pre-stain curve, shown in 
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Fig. 2, has a slower rate of recovery-stress increase with temperature than that of the 
1% and 3% pre-strains, which makes the thermal stress dominates the SMA recovery 
stress during this temperature range, and hence, the plate experiences thermal 
buckling. But for temperatures above 43ºC, the 5% pre-stain curve has a higher rate 
of increase than those of temperatures lower than 43ºC, which causes the recovery 
stress to dominate the thermal stress to make the plate goes flat again at 72ºC, 
before reaching the second thermal buckling point at 86ºC. That is why the 
performance of the 5% pre-strain is always lower than that of the 1% and 3% values 
in the temperature range from 21 to 43ºC, i.e., from room temperature up to a 
temperature increase of 22ºC. For the clamped SMAHC, seen in Fig. 4, it is found 
that the buckling temperature, relative to an equivalent weight composite plate, is 
increased by 54%, 109%, and 175% for 1%, 3%, and 5% pre-strains, respectively.  
 

 
4.2. Panel Response Under Combined Thermal and Random Acoustic Loads  
 
The plate nonlinear random vibration behavior is investigated with two parameters in 
the study:  temperature rise (∆T) and sound pressure level (SPL); where ∆T varies 
from 0 – 150 ºC, and SPL from 90 – 130 dB. The plate is modeled using a 6x6 mesh, 
or 36 nine-noded rectangular elements. A traditional clamped composite plate and a 
SMAHC plate with 5% volume fraction and 3% pre-strain are studied and compared. 
A proportional damping ratio of ζr fr = ζs fs is used with a fundamental modal damping 
coefficient ζ1 equal to 0.02. Newmark implicit numerical integration scheme  [25] is 
utilized to solve the system differential equations with a time step of 1/10000 sec., 
while Newton-Raphson iteration scheme is adopted to solve the nonlinear algebraic 
system of equations at each time step. Six normal modes were found giving 
converged root mean square (r. m. s.) deflection and thus used. In order to eliminate 
the effect of initial transient response, the first 0.1 sec out of a total period of 1 sec 
time history is excluded from the statistical process. 
 
Fig. 5 presents the time history response of a clamped traditional composite plate at 
SPL = 90 dB and temperature rises 0, 50, 100, and 150 ºC. It seen that, at room 
temperature, the plate exhibits basically small deflection (r. m. s. = 0.0744) random 
vibration. At temperature rises 50, 100 and 150 ºC, which are beyond the critical 
buckling temperature of the plate (Tcr = 22.5 ºC), the plate experiences small random 
vibration about the buckling equilibrium position with (Wmax /h) 1.22, -2.12, and 2.72, 
respectively. It is also noticed that the vibration amplitude decreases as temperature 
increases beyond Tcr , because nonlinear stiffness terms add stiffness to the plate as 
thermal deflection increases. Fig. 6 presents the time history response of a clamped 
SMAHC plate at SPL = 90 dB and temperature rises 0, 50, 100, and 150 ºC.  It seen 
that at room temperature, the plate randomly vibrates with a small deflection r. m. s. 
= 0.0825, which is a little bit higher than that of the traditional composite plate due to 
the higher weight of the SMAHC plate while the SMA fibers being not activated yet. 
At temperature rise 50, the activation of SMA fibers results in lower vibration 
amplitudes and deflection r. m. s. values than that of the traditional composite plate 
presented in Fig. 5. At temperature rise 50 ºC, the thermal compressive stress 
dominates the SMA recovery stress results in a higher vibration amplitudes and 
deflection r. m. s. values than the 0 and 50 ºC temperature rises. At temperature rise 
150 ºC, which is beyond the critical buckling temperature of the SMAHC plate      
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(∆Tcr = 136 ºC), the plate is seen to exhibit small vibration about one of the equilibrium 
buckling positions, Wmax /h = 0.68, showing a strong snap-through phenomena 
between both of the buckling equilibrium positions.  
 
Fig. 7 presents the time history response of a clamped traditional composite plate at 
SPL = 110 dB.  It seen that at room temperature, the plate randomly vibrates with 
deflection r. m. s. = 0.727, which is much higher than that of the 90 dB case. At 
temperature rise 50 ºC, the plate shows very clear snap-through between the two 
buckling equilibrium positions, ± 1.22. At temperature rises 100 and 150 ºC, the 
occurrence of snap-through is resisted by the stiffness added by the increased 
thermal postbuckling deflection resulting in completely hindering snap-through 
motions and the plate shows moderate deflection r. m. s. random vibration about the 
buckling equilibrium positions Wmax /h = -2.12 and 2.72, respectively. For the clamped 
SMAHC plate, presented in Fig. 8, it is seen that the plate exhibits moderate 
deflection random vibration for the temperature rises 0, 50, and 100 ºC. At 
temperature rise 150 ºC, it is seen that the plate experiences a persistent snap-
through which covers both buckling equilibrium positions. It is also observed that the 
plate has a lower r. m. s. deflection at 50 ºC temperature rise than that of the 100 ºC, 
because the recovery stress dominates the thermal expansion in the vicinity of the 50 
ºC temperature rise. 
 
For the case of 130 dB sound pressure level at different values of temperature rise, 
shown in Figs. 9 and 10, both traditional composite and SMAHC plates show large 
amplitude nonlinear random vibrations covering both postbuckling equilibrium 
positions with a small reduction in the r. m. s. deflection. It is also observed that the 
occurrence of the intermittent snap-through motions is completely hindered as the 
nonlinear acoustic random vibration completely dominates the thermal expansion 
effect at high sound pressure levels.  
  
 
5. CONCLUSIONS 
 
In this work, a traditional composite plate impregnated with pre-strained shape 
memory alloy fibers and subject to combined thermal and acoustic loads, is 
investigated, to demonstrate the effectiveness of using SMA fiber embeddings in 
improving the static and dynamic response of composite plates. A new nonlinear 
finite element model for moderately thick plates using the first-order shear 
deformable plate theory is presented. von Karman strain displacement relations are 
utilized to account for geometric nonlinearity. The governing equations are obtained 
using the principle of virtual work. The nonlinear temperature dependence of material 
properties for the composite matrix and SMA fibers is considered in the formulation. 
Newton-Raphson iteration is employed to obtain the static thermal large deflection at 
each temperature step, and the dynamic response at each time step of the Newmark 
numerical integration scheme. The finite element modal formulation and solution 
procedures are developed for the time domain method. Results showed that SMA 
fiber embeddings can be very useful in thermal buckling through increasing the 
buckling temperature and decreasing or suppressing the thermal postbuckling 
deflections. It is also found that the response of the SMAHC plates is not favorable at 
low and medium sound pressure levels regarding fatigue life performance since they 
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have higher vibration amplitudes than that of the traditional composite plates. While 
at high sound pressure levels, the SMA fiber embeddings have no pronounced effect 
on the response since the acoustic excitation completely dominates the thermal and 
the recovery stresses.      
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Table 1 Material properties of composite matrix and SMA fiber  [19] 
 

Nitinol Graphite-epoxy 
See Figs. 1 and 2 for Young's 
modulus and recovery stresses. 
G  25.6 GPa 
ρ   6450 Kg/m3 
ν   0.3 
α   10.26 x 10-6 / ºC 

E1    155 (1-6.35x10-4 ∆T) GPa 
E2    8.07 (1-7.69x10-4 ∆T) GPa 
G12  4.55(1-1.09x10-3∆T)GPa 
ρ       1550 Kg/m3 
ν        0.22 
α1    -0.07x10-6(1-0.69x10-3∆T) / ºC 
α2    30.6x10-6(1+0.28x10-4∆T) / ºC 
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Fig.1. Variation of the SMA modulus of elasticity with temperature 
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Fig.2. Recovery stresses of as a function of temperature and pre-strain 
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Fig.3. Maximum non-dimensional thermal deflection for a simply supported SMAHC 
plate with 5% volume fraction and different pre-strain values 

 
 
 

 

Fig.4. Maximum non-dimensional thermal deflection for a clamped SMAHC plate with 
5% volume fraction and different pre-strain values 
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Fig.5. Random vibration response of a clamped traditional composite plate  
at SPL = 90 dB and various temperature rises ΔT  

 
  
 

 
 

Fig.6. Random vibration response of a clamped SMAHC plate at  
SPL = 90 dB and various temperature rises ΔT 

 



 

Proceeding of the 12-th ASAT Conference, 29-31 May 2007 STR-15 19 
 

 
 

Fig.7. Random vibration response of a clamped traditional composite plate 
 at SPL = 110 dB and various temperature rises ΔT 

 

 

 
 

Fig.8. Random vibration response of a clamped SMAHC plate at  
SPL = 110 dB and various temperature rises ΔT 
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Fig.9. Random vibration response of a clamped traditional composite plate  
at SPL = 130 dB and various temperature rises ΔT 

 

 

 
 

Fig.10. Random vibration response of a clamped SMAHC plate at  
SPL = 130 dB and various temperature rises ΔT 


