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ABSTRACT

In this work, a numerical effort is presented for modelling and control of structure-
acoustics coupled systems. Modelling of sound transmission through a panel-cavity-
panel system is presented. An approximate series solution is assumed and the
solution is obtained using Galarkin’s method. The system to be modelled is
consisting of a rectangular cavity with two flexible panels, one at the top of the cavity
while the other at the bottom and four other fixed boundaries. PZT pair patches are
considered to be bonded to the top panel, and each pair is assumed to produce a
pure moment actuation when an electric drive signal is used to excite them. The
flexible panel is exposed to an external pressure excitation due to a planar wave
generated by a sound source mounted above the cavity. Displacements at the mid
points are calculated for the upper and lower panels. The developed model is
controlled using the optimal LQR control law. The numerically obtained time
responses from the compensated model are found to be acceptable compared to the
uncompensated ones. It is found that the actuation of the upper panel can decrease
the vibration of the lower one rather than decreasing the acoustic pressure inside the
cavity.
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1. INTRODUCTION

The purpose of this work is to model and control the structural-acoustic system. The
system to be modelled is consisting of a rectangular cavity with two flexible panels,
one at the top and the other at the bottom and four other fixed boundaries. PZT pair
patches are considered to be bonded to the top panel (Fig.1), and each pair is
assumed to produce a pure moment actuation when an electric drive signal is used
to excite them. The flexible panel is exposed to an external pressure excitation due to
a planar wave generated by a sound source mounted above the cavity. The inner
dimensions of the cavity are L, L, and L., in the x, y, and z directions

Xc ! yc ¢!
respectively, and the effective dimensions of the panel are L, and L . As shown in

the schematic of the panel-cavity-panel system (Figure 1), two coordinate systems
are used to describe the system; the first one with the origin atO, is used for the

cavity, and the second one with the origin atO, is used for the panels. The panel may

have larger dimensions than the cavity. The two plates are set such that one of them
is at the top of the cavity atz=L, , while the other is at the bottom of the cavity

atz=0. Throughout the analysis, the ambient values are indicated with the
subscript( ),. For convenience, the structure-acoustic system modelling is divided

into the following subsystems: (i) The plate-cavity-plate system, (ii) The plate-piezo
system, and (iii) The piezo-plate-cavity-plate system.

2. MODELLING OF THE PANEL-CAVITY-PANEL PROBLEM

2.1 The panel-cavity-panel system

The two governing equations of this system are the conservation of mass equation
and the conservation of momentum equation. In three-dimensional space, making
use of linear approximations, the wave equation describing the sound field inside the
cavity can be obtained as:

1 0°P
VP -—
c,’ ot?

=0 (1)

where P(X,y,z;t) is the air pressure inside the cavity, the speed of sound in a
medium assuming isentropic flow is defined as [1]

dP
c=_|— 2
,/ ap (2)
At a rigid boundary, the normal component of the air particle velocity is set to zero,

and at a flexible boundary, it is set equal to the normal velocity of the flexible panel.
Thus, the boundary conditions can be stated as:

3)

0 ..
a_P{ 22w at rigid boundary

on =P e at flexible boundary
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where w(x,y;t) is the normal displacement of the flexible boundary, and n is the

direction normal to the boundary. The pressure field inside the cavity can be
expressed in the series form

P(x,y,z;t) = iq)i (X,y,2) q;(t) = il//i (X) @; (y) T (2) q; (t) 4)

where ®@,(x,y,z)are used to describe the spatial field and g (t) are used to describe

the associated temporal part of the pressure response. The spatial
functionsy, (x), ¢, (y) and TI;(z)are assumed to be orthogonal. Substituting Eq. (4)

into Eq. (1), integrating over the volume of the cavity (Galarkin’'s approach), and
making use of the orthogonality conditions and the boundary conditions, the cavity
governing equations can be derived to have the following form

k> — f.d_f‘
' "z
L 2 L 2 L 2
> | £ (dy; ¢ (do ¢ (dIL;
K. _[j(ﬁj o|x+j(W dy + | | & (6)

Eq. (5) will be used later with the panel-piezo equations to satisfy the boundary
condition at the flexible panel.

1 d%q,
o

0

+

Oc

}1. =0 (5)

where

2.2 The piezoelectric actuator-panel system

The panel—-piezo system is treated here as a multi-laminate system that consists of
three plies in places where the piezo pair patches are bonded to the panel, and as a
single ply panel otherwise. Making use of the assumptions used in earlier studies [3],
the panel displacement can be described by

(hp _hpzt) Epzt dSl

k
DV*w+p, h, Wi=p,—p—2, VY, (1) (7
i=1 1-v)
The plate response is assumed in the series
w(x,y;t) = zai (X) Bi(y) mi (1) 8
i=1

where the 7, (t) are temporal functions and the appropriate expressions for the spatial
functions ¢;(x) and g, (y) are obtained from the work of [5]. The upper plate only has

the PZT patches and the incident pressure waves are excite it, then the equations
governing the two plates can be written as
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) K, (h, D) Epr d
DV*w, + p, h, Vi, = P — Py =D — ;t )pt V22V () (9a)
i=1 -
Dv4WL +pp hp WL = pin (gb)

where the subscript ( ), and ( ), are used to describe the upper and lower panels
respectively.

2.3 The coupled piezo-panel-cavity-panel system

In this section, the panel-cavity system is coupled with the piezoelectric actuator-
panel system to obtain the governing equations for the coupled cavity subsystem.
The boundary conditions at the flexible boundary are recalled from Egs. (3)

oP 02w,
o =—pP, e (10a)
oP 0w,
E =P, ot 2 (103.)
2=L,

Making use of this boundary condition along with Egs. (4) and (8), and making use of
the orthogonality property, we get the following equation:

% ) q;(t) = —,OOZBX(C) Y2y (1) (11a)
a—z" B (t)——pOZBx“) Vi (11b)

where
B = j o (yi(dx By = j A (e (y)dy (12a)

After substituting Eqg. (11) into Egs. (5) and (6), we get the equation governing a
pressure-field mode as follows:

Ciij(t)—'_kaqj(t) ( poZBX(C) (C)]( ‘=LZcﬁU(t)_rj‘z=chﬁL(t)):0 (13)

The last terms on the left-hand side of Eq. (13) represent the structural-acoustic
coupling in the system. At this stage, it is assumed that the spatial functions in Eq. (4)
are given by rigid-body cavity modes; that is [2],[3], and [4]
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A I, 7 x o A m, 7y A n zz
Wi(X)—\/L—XCCOS( L. J (0,()/) Lyc COS( Lyc j Fi(Z)_\/L_ZCCOS( L, ] (14)

where the indices |, m, and n, are associated with the spatial functions of the i"rigid
cavity mode, in the x, y, and z directions, respectively. The constants A are chosen to
satisfy the orthogonality conditions. Using Eq. (14) the spatial function I';(z) at each
plate will be

_NIA
(F,- (Z)LLZC _¢ 1)I_ A at upper plate
( ( )Xat plate - A (15)
(Fj (z)} . =—L_  atlower plate
2= \/L_zc

Making use of Eq. (15) in Eqg. (13), it is found that

( ]q 0+ (Izﬂ2 . mfﬂ2 . nzﬂqu(t)
L2 L2 L2

((\}L ZBX(c) (C)}]U (t) - (\/L_pOZBx(c) (C)}h(t) 0

The equations governing the panel modal amplitudes are obtained by making use of
Egs. (4), (7), (8) and (14). After making use of the orthogonality properties and
boundary conditions, the equation governing each panel modal amplitude is obtained
as:

(16)

PN 7y () + D [Ixj + ij]nuj (t)+2DZl: I 1,770 (1)

=2( 1)L Bx(p)By(p)q(t) {jajﬁjpji(x,y)dAp]p;(t) (178

zC p

k h +h, )E,.dy
_Z!Ja,ﬁ,( p+(1pz_t)v)pzt VE 2o (%, Y;)dA, }V (t)

PN () +D [IXj +1y; ]77|_j (t) + 2DZ;, I 1y, ()
) 2 A (17b)

where the different spatial integrals are given by
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By = j vi(x)er; (¥)dx vy = j 2 ()B;(y)dy

Lye d
X = | a;(x)— (X) jﬁ’ (¥) ﬁ Wy (18)
%, = | ;iz(x)aj(x)dx ly, = jycd i (y)ﬂ (y)dy

In Eq. (17), the incident pressure loading can be expressed as the product of spatial
and time domain functions; that is,

P (X, y5t) = p7 (X, V) pi (1) (19)

Now, Eqgs. (16) and (17) can be represented in matrix from, after truncating the
infinite number of modes to the first M panel modes and N acoustic modes, as
follows:

MG 00 |Gy} (K Kioo 0 ) [F)OR

pp pc pt
MY M, ML G|+ 0 K, 0 ]gql=|0 O (VJ (20)
o o Mil#) |0 Ky Kilwm)|o o

pp Kpp}eg‘RMXM’ {M ’ ch}emNXN’ McpemNXM1

K, eR", F eR™ and F, e ™. The different quantities in the above equation
are given by:

In these equations {M

cc

MY =M. =diag |p,h, | (21a)
M =M} =diag [iz} (21b)
CO
-1
Mg, = p{—( % A BX‘,T)By‘f)} (21c)
Mg =P, A pxogyo (21d)
\/L_zc ji ji
KY =K. =2DIx, ly, |+ D diag|Ix, +1y, | (21e)
U |27r2 mj27r2 nfﬁz
K =K =diag L2 + 3 + 3 (21f)

A
KLF;JC=|: ( |)_ i Bx (p)By(jip)} (219)

C
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o
K:;c: _ LJ BX(JIp)By("p)} (21h)
F,;J == | Bi Py dApJ (211)
Ap
I h. +h_JE_d
R/ =|- Iaiﬂi ( : (1p_t?/)pt Vi (x;.y;) dA, (21k)
AP

The matrices M and K describe the structural-acoustic coupling, while the
matrices K , represent the panel stiffness matrix. Equations (20) represent the time-

domain model developed for the system shown in Figure 1. After determining the
modal amplitudes from these equations, the panel displacements w(x,y;t) and the
pressure fields inside the cavity p(x,y,z;t)can be obtained from the following
relations:

wy (%, y;t)] [ C(x,y) 0 0 my (1)
p(x,y, z;t) b = 0 C(x,y,12) 0 q(t) (22)
w (X, y;t) 0 0 CM(xy) (7. @)
where
CS” =[en (0B, (y)] (23a)
C? =[y, (N ()T (2)] (23b)
C™ =[a, (%), (¥)] (23c)

3. NUMERICAL RESULTS

Here, the numerical results obtained from the analytical model developed in this
chapter are presented. The natural frequencies of the clamped panel have been
calculated by using the following approximate formula, which is based on an energy
(Raleigh) technique [5]:

4
7| D G_'4+G_J+M (24)
"2\ ph | L L AL
pp Xp yp Xp Typ

where the dimensionless parameters G and H are given in [5]. These parameters are
functions of the indices i (in the x direction) and | (in the y direction) and the
boundary conditions for the plate. The cavity natural frequencies are calculated
through the following equation [1]:
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2 2 2
¢ G [ liz)  fmz) (7
. 27[ Lxc Lyc ch (25)
1=012,.... j=012,... k=012,...

where the indices I;, m;, and n, are associated with the spatial functions of the i"rigid

cavity mode in the x, y, and z directions respectively. The first few natural frequencies
of the uncoupled and coupled system are tabulated as shown in Table 1.

Table 1. The undamped natural frequencies (Hz) of the uncoupled and coupled system

Uncoupled System Coupled system
Cavit Panel .
Cloysed Form Blevins's Panels-Cavity-Panel
Mode Mode . System
Formula Approximate Formula
1{0]0 281.33 1)1 44.452 42.75
0|01 337.6 211 76.017 43.85
0j1]|0 375.11 12 103.61 67.447
1{0]1 439.45 3|1 127.66 68.407
1](1]0 468.89 22 132.78 132.98
0|11 504.66 312 181.7 134.11
180.24
181.31
285.41

Due to the complexity of the structural-acoustic coupling of this system, the effect of
the stiffness coupling matrix K . and the inertia coupling matrix M, on the coupled

natural frequencies cannot be easily realized. In fact, the entries of M, increase the

values of the first few acoustic resonance frequencies above their uncoupled values,
hence, contributing a “mass reduction” effect. On the other hand, the entries of K .

decrease the values of the low (vibration) resonance frequencies below their
uncoupled values, hence, contributing a “stiffness reduction” effect.

4. CONTROL APPROACH
4.1 State space design method
The idea of state space comes from the state-variable method of describing
differential equations [6]. The differential equations for a dynamic system can be
represented in the state-variable-form vector equation

X = Ax + Bu (26)
where the input is u and the output is

y=C x+Du (27)
The column vector x is called the state of the system and contains n elements in an

n"-order system. For mechanical systems, the state vector elements consist of the
positions and velocities of the separate bodies. The quantity A is an nxn system
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matrix; B is an nx1 input matrix, C is a 1xn row matrix referred to as the output
matrix, and D is a scalar called the direct transmission term.

4.2 Multiple input-multiple output System
In case of disturbance input, a multiple input multiple output system (MIMO) is
suggested. Eqg. (26) can be rewritten by using transformation matrices T,and T, as

follows

%hha =[Alix}+[B][T, Jid 1+ [B]T, Jiu} (28)

nxn nxl - nxk kxkg KgxL o nxko kxk, k,x1

where

[ [ 1o [t
[Td ]kxkd ={ 0] :|, [Tu ]kxku = {[Ikuxku]:| {U }kxl {{u}kux1 (29)

4.3 Optimal control design

An optimal control system seeks to maximize the return from a system at the
minimum cost. In general terms, the optimal control problem is to find a control u
which causes the system x= g(x(t),u(t),t) to follow an optimal trajectory x(t) that
minimizes a performance criterion, or cost function J=Ih(x(t),u(t),t)dt. The most
effective and widely used method to design a full state feedback control for linear
systems is the optimal Linear Quadratic Regulator (LQR). The control law that
minimizes J is given by the linear state feedback

u=-kx (30)

A more general form of the performance function is
J=[[x Qx+u" Ru ]t (31)
0

where Q is a symmetric positive semi-definite state weighting matrix, and R is a
symmetric positive definite control effort weighting. Eq. (31) reduces to a simpler form
[6] if we take Q=pC" C and R=1.

1= oy o+vlar 32)

4.4 Estimator design

Since measuring the states is not possible, so estimation is the choice. If the
estimate of the states is denoted by X, then it will be convenient to replace the true
state in the control law given by Eq. (30) by the estimates. The control becomes

u=-KxX (33)
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One method of estimating the state is to construct a full-order model of the plant
dynamics,

X = A%+ Bu (34)

This estimator will be satisfactory if we can obtain the correct initial condition x(0)
and set X(0) equal to it. The equation for this scheme will be:

X=AX+Bu+L(y-CX) (35)
Here L is a proportional gain defined as
L=l 1, = 1], (36)

and is chosen to achieve satisfactory error characteristics. The dynamics of the error
can be obtained as

é=(A-LC)e (37)

4.5 Combined control law and estimator
If we take the control-law design described in Section 4.3, combined with the
estimator design described in Section 4.4, the overall system dynamics in the state

form is (Figures 2)
x| |A-BK BK |X
RPN

The response of the system depends mainly on the input signals that excite it. For
plate-cavity-plate system, the upper plate is excited by the disturbance pressure
which may take several shapes. The external disturbance applied to the top of the
panel is expected to take one of the following types: (i) Impulse pressure: a sudden
change of the ambient pressure above the panel, (i) Damped periodic pressure: will
be described by a damped sine wave, and (iii) Random pressure: a varying pressure
wave in frequency and amplitude in a random fashion.

5. SIMULATION RESULTS

Using the previous analysis, numerical simulation is applied to the system. The
objective in the simulation is to reduce the pressure inside the cavity. Figs. 3 to 5
illustrate the resulting pressure response for different input types. It is observed that
the maximum amplitude and the settling time are highly reduced and the response
can be tuned to a certain values by adjusting the weighting factor used in the control
model.
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6. CONCLUSIONS

In this work, model based on time domain state space approach have been
developed for an active structural-acoustic control (ASAC) application. The resulting
control schemes have been studied for reduction of the noise transmitted through a
plate-cavity-plate system. It has been demonstrated that “appropriate” choices of the
controller design parameter can result in decreasing the settling time required to
damp the noise inside the cavity. Comprehensive mechanics-based analytical
models have been developed to predict the structural-acoustic interactions in the
case of Plate-cavity-plate system, where one plate is placed in the far field of a noise
source at the top of the cavity, and the other is placed at the bottom of the cavity.
Piezoelectric patches, which are bonded symmetrically to the top and bottom
surfaces of the top plate, are used as actuators, and the acoustic pressure is
calculated inside the cavity. The developed models have the following advantages: (i)
They are capable of predicting the structural-acoustic interactions, and (ii) They take
into account the coupling between the plate vibration and the pressure inside the
cavity. The control scheme that has been developed throughout this work is
combined optimal control law and estimator.

The numerical results obtained for the coupled system show how the vibration and
acoustic fields interact with each other. It was found that the entries of the mass
matrix M, increase the values of the first few acoustic resonance frequencies above

their uncoupled values. On the other hand, the entries of the stiffness matrix K,

decrease the values of the low vibration resonance frequencies below their
uncoupled values. Using the combined optimal control law and estimator scheme it is
observed that this technique is efficient in reducing the maximum amplitude, and the
settling time.
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Fig 1. (a) Schematic of the panel-cavity-panel system used for the analysis model, (b) Centres
locations of the actuator pairs on the plate and locations of the calculated pressure in the cavity

Fig 2. (a) Open loop block diagram for the panel-cavity-panel system, (b) Assumed closed loop system
for the combined optimal control-law and estimator design in case of a disturbance input d
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Fig 3. Uncompensated and compensated time responses due to impulse pressure input

Random Input Response
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Fig 4. Uncompensated and compensated time responses due to random pressure input

Damped Input Response
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Fig 5. Uncompensated and compensated time responses due to damped pressure input
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