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ABSTRACT

Any continuous function f(§) can be expanded in a Chebyshev series. The n®
derivative of the function f(£) can be written in matrix form in terms of the expansion
coefficients of the function. Also, the product of two functions f(g) and g(§) can be
written in matrix form in terms of the expansion coefficients of the two functions.
Therefore, any system of differential equations with variable coefficients can be
written as a system of algebraic equations in terms of Chebyshev coefficients of the
functions, which can be easily solved. The method is used to solve the problem of
isotropic conical shell with different loads and boundary conditions. Results are
computed and compared with the exact ones. Comparison proves convergence,
accuracy and reliability of the proposed method.
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E Young's modulus.

My, My longitudinal and tangential bending-stress couples.

Nx, No longitudinal and tangential normal-stress resultants.

Qy, Qo longitudinal and tangential shear-stress resultants.

h shell thickness.

kx, Ko curvature change in the longitudinal and tangential directions

u displacement of the middle surface in the longitudinal direction.

w displacement in the direction normal to the middle surface.

o semi-vertex angle.

v Poisson’s ratio.

€x, €0 normal strain in the longitudinal and tangential directions.

& =§ non-dimensional longitudinal coordinate.
INTRODUCTION

Applications of shells or shell-ike structures as load-bearing members are common
in aerospace, automobile and other industries due to their efficiency as structural
components [1]. A considerable amount of research has been done on the
development of new shell theories as well as the solution of their equilibrium
differential equations. The solution of differential equations has two different
approaches: numerical and analytical. Analytical solutions are either exact or
approximate.

Exact solutions may be easily obtainable in case of shells with simple geometry and
boundary conditions, and uniform thickness and elastic properties. In many
circumstances, however, it is not possible to find suitable functions which satisfy both
the shell governing differential equations and the geometric and natural boundary
conditions [2].

Geckeler [3] suggested an approximate analytical method for the solution of
boundary-value problems of thin bending-resistant shells. The Asymptotic Integration
method [4] is another approximate analytical method for the solution of shell
problems.

Many approximate numerical techniques for the solution of boundary-value problems
are available. The finite-difference method [5-7], the finite-element method [8, 2] and
numerical-integration methods [10, 11] are examples of these numerical techniques.

A suitable solution function that is able to satisfy many differential equations and
boundary conditions is the Chebyshev polynomial. Alwar and Narasimhan [12, 13]
used Chebyshev polynomials to solve the problem of spherical shell under
axisymmetric and general loads.

The objective of this paper is to reformulate the Chebyshev series technique in matrix
form to make it easier, more reliable and less time consuming. Using matrix notation,
the function derivatives and function products can be represented in Chebyshev
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series in a straightforward and simple manner. This arrangement converts ordinary
differential equations with variable coefficients into a simple system of algebraic
equations.

Two examples of conical shells with different boundary conditions are worked out in
this paper to illustrate the application of the suggested matrix formulation of the
Chebeyshev technique to shell problems. The first example deals with an isotropic
complete cone fixed at its base under uniform internal pressure. The second example
deals with an isotropic frusrtum hinged at its base under concentrated lateral and
edge line loads. Results are compared to those obtained by other techniques to
demonstrate the accuracy and reliability of the suggested technique.

CHEBYSHEYV SERIES REPRESENTATION
Any continuous function f(£) in the interval 0 <& < 1 can be written in Chebyshev
series as follows [12, 13]:

)

f€)= 2 "a,T.() (1M

r=0

where:
+ sign means that the 1% term must be halved,
a, ... are constants to be determined so as to obtain the best possible fit.

T{¢)=Cos(rt), Cos(t)=2¢-1, O0<E<1
The shifted Chebyshev polynomials satisfy the recurrence relations:
Tre1(8) = 2(2E - 1) THE) = Tr1(8) 2 1< (2)
To=1, Ti=2¢-1

And the orthogonality conditions:

for  m#n

for m=n=0

yniy o

(T OL, &)
ZmA3/ mr2lHE —
! NN

for m=n=0

For any continuous function f(&) the series expansion (1) is fast converging, and a
good approximation is obtained by taking a finite number of terms. Therefore,
equation (1) is approximated by:

N

f€)= 2. "a,T,() (3)

r=0
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where, for a known function f(¢), the coefficients a, are given by:-

J-f(é)T )y e N “

The first derivative f ' (£) is expressed in Chebyshev series as [12,13] :
N-1

*aPT() (5)

r=0

The coefficients a satisfy the recursive relation:

(!) o _
Mg =W, 1 <r< N (6)

r+l
'

Similarly the higher derivatives can be written as:

@)= a7 )

fM@E)= 3 a™TE)

r=0
where;

(2) (2) =

r-

4ra i 1 <r< N4

a™ —a™ =arg™>, 1 =rs N-(m-1)

r 1

MATRIX REPRESENTATION OF FUNCTION DERIVATIVES:

The first-order-derivative coefficients {a®} in equation (6) can be written in terms of
the original function coefficients {a} using matrix notation as follows:

{af"}=4[A]{a;} ; r=0,1,2, ... , N-1 ®)

where [A] is an upper triangular matrix of order N x N.
The elements of the matrix a; are defined as:

{0 i>j Or i+j odd
aj =

j isj and i+j even
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1 03 035

020 40

The form of [A] for N=5 for example is: A=|0 0 3 0 5
0 0 0 40

0 00 05

From equation (8), it is noted that the first-order-derivative coefficients are written in
terms of the N coefficients {ai} (i = 1, 2, ...., N) of the function f(§). To represent {a}

in terms of all function coefficients {a},i=0,1, 2, ..., N we add a new left column
with zero entries in the matrix [A], and the new matrix is termed [AQ1]. Thus:

. =% S L

{a}=4[A0T} {0 TN . F— ,N ®)

where [A01] is of order N x N+1.
6 10 3 0 5
002040

For N=5: [A01] take the form: [AO1]=|0 0 0 3 0 5
000040
00 0O0O0S5

The second-order-derivative coefficients {a®}in equation (7) can be written in terms
of the function coefficients {a;} using matrix notation as follows:

{a®} =16 [Al11 '[AO1] {a}
{a} =16 [A02] {a} ;

The third-order-derivative coefficients {a} can be written in terms of the function
coefficients {aj} using matrix notation as follows:

{a®} =64 [Al22 ~'[A02] {a)}
(d”} =64 [A03) {a} ;

The general form of the n"_derivative coefficients {a™} can be written in terms of the
function coefficients {a;} using matrix notation as follows:

{a®} = (4 [Alin 10 ~'[AO(N-1)] {8}
(d”} = (4)" [AOn] {a} ;
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where,
5 . the order of derivative
[Ali-n, 1-n ... matrix [A] after deleting the last (n-1) rows and (n-1)
columns.
11... matrix [ ] after deleting the first row.

New Form of Chebyshev Series

Any continuous function f(€) in the interval 0 <& < 1 and its derivatives can be
written in the new matrix form of Chebyshev series as follows:

f8) = [TA 11} @) ; £ooLA v 5}
" (€) = (4) [T} [AOn{a) B i (1)

where; [T] is a row matrix whose elements are T,(£). Note that in the new formulation
the first term of [T,] must be halved.

Now consider the general nonhomogenous differential equation of n™ order:

fref™af™2 4 L f 4f=p

After expanding each term in Chebyshev series the above differential equation can
be written as:

N-n N-(-1) N-1 N N
Z ‘a"T )+ Z a4 Y Tl o T (=3 p,T,(6)(12)

The forcing-function coefficients p can be evaluated using equation (4). Equating the
coefficients of like Chebyshev polynomial terms on either side, the resuiting N+1-n
algebraic equations can be written in matrix form using equations (10) and (11) as:

[4™ [AON] + 47 [AQ(N-1)] + ... + 4 [AO1] + (1]} {ai} = {p:} (13)
E=0,1,25 einanass ,N+1-n
"1 0,1,2, e nesrenens N

where all matrices in equation (13) are of the same order (N+1-n x N+1). For all
derivatives lower than the highst derivative, the first N+1-n rows are chosen so as to
satisfy equation (13). In order to be able to solve equation (13), n additional
equations are needed. These additional equations are supplied by the problem
boundary conditions.
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MATRIX REPRESENTATION OF FUNCTION PRODUCTS

If f(£) and g(£) are two continuous functions represented by truncated Chebysehev
series as:

fe)= 3 *a, 1)

r=0

o®)= 35T

r=0
Then the product of these functions can be written in a Chebyshev series as:
M+N

g9€) f€) = 2 "¢, T,(8)

r=0

where
N+M
Co= 3 “ab
=0
” 1sr<M+N
-_-%Z (B, +b,) i i+rsM Vi
li—r|<M

The {c} coefficients can be written in terms of the {aj} coefficients only using matrix
notation as follows:

{cr} = [H] {a} (14)
where

=0, 1;:2; s N

i=0,1,2, ....... N

{c} ..isa column matrlx of order N+M+1 x 1
[H] ...is rectangular matrix of order N+M+1 x N+1
{ai} ...is a column matrix of order N+1 x 1

The coefficients {bj} are obtained by forcing the function g(£) to take on its true values
at a number of selected points in the interval 0 <& < 1. Hence h; can be written as:

1 i=12......c000 N+M+1
4(b|‘—fi+b"*f‘2) Jor j=1 11'—j| <M
hy = 1 i=12,......... JN+M 41 i+j_25MV"J
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Therefore, equation (14) takes the form:

¢, b,  2b, 25, 26, . . 4
c, b b,+b, b +b b, +b, . . .||q
c, b, b +b, b,+b, b+b . . .||a
¢ |_1 b, b,+b, b +b, by+b; . . .||a; |
2
Crrire |- . . . -1

THE PROBLEM OF AXISYMMETRIC CONICAL SHELL WITH
BENDING RESISTANCE:

Equilibrium Equations

578

The governing equations of a bending-resistant conical shell under normal pressure

load q are given by [2]:

dN_ 1
= (N, =N =0
E x( P 9)

gd%-ki(Qx—Nﬁ cota) =¢q (15)

M, 1
L4 (M,-M,)-0,=0
E x( x B) Qx

The shell geometry and stress resultants are shown in Figs. (1) and (2).

Constitutive Relations

The shell constitutive relations between stress resultants and stain and curvature
components are given by [2]:

Nx = C (ex + v &) No=C (g0 + v &x)
My =D (K« + v ko) Mg =D (ko + v Kx) (16)
Strain-Displacement Relations

The shell strain-displacement relations for small displacements are given by [2]:
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3 =ﬂ € = l(u+wcotcz)
X df L] %
d*w 1 dw
ke =— = - 17
@ v (7

Note that the stress resultants Ny, Nex, Mxs, Mox, the stain components ge, kxe and
the displacement component v in the tangential direction are all zero because of the
axisymmetric nature of the problem.

Substituting the strain displacement-relations (17) into the stress resultant-strain
relations (16), and eliminating Qx between the last two equations of (15) we end up
with the following two equilibrium differential equations:

E(ﬂ+_l_‘c_iu___l_u)+(?cota(_li gw__iw) =0
LZ d52 g dg 62 L2 -

(18)
Ccote vdu 1 D dw 2dw 1dw 1dw Ceotla 1
i e T T wW)=p

—— E@-’—Z’?u)*-?(df‘ E;ET gt de? £ def D ¢&

Expanding u(£) and w(g) in (N+1)-term Chebyshev series we have a total of 2N+2

unknown coefficients. The functions % ;—2 and;—3 appearing in the equilibrium
equations are also expanded in Chebyshev series having M+1 terms. The M+1

expansion coefficients can be computed easily by forcing the functions % 217 andé
to take on their actual values at a number of chosen points in the interval 0 <& < 1.
Using matrix notation for the functions and function derivatives, and applying the rule
of matrix multiplications, the equilibrium equations can be written as a system of
algebraic equations in the following matrix form:

Ccota
L?_

%[16[A02]+4[H101]—[H2]}{u,} + [4v{H101]-[H2]{w,} ={0}

C‘;ta[4V[H101]+[H2]]{“:}+‘ZD;[256[A04]+128[H103]—16[H202]+4[H301]+ (19
+EE O Eponin} = (0.}
where:

[H1] ...is the matrix of coefficients of the function L

[H2] ...is the matrix of coefficients of the function Lz

¢
[H3] ...is the matrix of coefficients of the function 1

3
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[H101] = [H1] [AO1]
[H103] = [H1] [A03]
[H202] = [H2] [A02]
[H301] = [H3] [A01]

The highest derivative in the first of equations (19) is of order 2, so the number of
algebraic equations is N-1 equations. The highest derivative in the second of
equations (19) is of order 4, so the number of algebraic equations is N-3 equations.
The total number of algebraic equations is 2N-4 along with 6 boundary conditions at
£€=0 and £=1, leading to 2N+2 equations in 2N+2 unknowns, which can be easily
solved.

It is finally important to note that all matrices in the first of equations (19) are of order
(N-1 x N+1), while all matrices in the second of equations (19) are of order (N-3
xN+1).

Boundary Conditions

Fortunately, it is relatively easy to represent any shell boundary conditions for the
functions expanded in Chebyshev series.

Top-vertex conditions

At the vertex £=0:
1. The displacement perpendicular to the axis of the shell is zero because of
axisymmetry, which leads to:
usinoo+wcosa=0

2 ﬂ:0 for finite My and My
dé
3. The vertical displacement (-u cos o. + w sin o) at the vertex is a maximum,

which leads to: 3‘3 =0
dé

Clamped-edge conditions Hinged-edge conditions:
1.u =0 1.u =0
2.w =0 2.w =0
Z
3 ¥ 3. Me=0ie L%, 2¥ g
ag d¢” & dé

The previous sets of boundary conditions can be written in matrix form by calculating
the function or its derivatives at £=0 or £=1 as follow:
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Vertex boundary conditions:
AtE=0
1. sin o [TRO] {u} + cos o [TRO] {w} =0

2. 4[TRO1][AO01] {w} = 4 [TOAO1]{w} = 0
3. 4[TRO1][AO01] {u} = 4 [TOAO1] {u} =0

where:
[TRO] is a row matrix of N+1 Chebeychev terms at g = 0
[TRO1] is a row matrix of N Chebeychev terms at £ = 0

Note: the first term of Chebeyshev terms must be halved.

Clamped-base boundary conditions:

AtE =1
1. [TR1]{u} =0
2. [TR1}{wi}=0
3. 4[TR11][A01]) {wi} =4 [T1A01]) {wi}=0
where:
[TR1] is a row matrix of N+1 Chebeychev terms at £ = 1
[TR11] is a row matrix of N Chebeychev terms at § = 1

Note: the first term of Chebeyshev terms must be halved.

Hinged-edge conditions:
AtE=1
1. [TR1] {ui}
2. [TR1]{wi}=0
3. (16 [TR12] [A02] + 4 [TR11] [AO1]) {wi} = (16[T1A02]+4[T1A01]) {Wi}=0

where:

[TR11] is a row matrix of N Chebeychev terms at £ = 1
[TR12] is a row matrix of N-1 Chebeychev terms at & = 1
Note: the first term of Chebeyshev terms must be halved.
RESULTS AND DISCUSSIONS

Problem 1:

A complete cone with clamped base under uniform internal pressure p, Fig.3.

Material: Geometry:

E =30 10° psi (206.85 GPa); v=.3 L/h=50; o =45
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1

— appearing in equation (18) are forced to take on their

The functions l, iz and
S &

actual values at 10 points other than £=0. The system of equations(19), (20) and (21)
are solved and the coefficients {u} and {w;} are obtained. The strain and curvature
components g and ky are computed at £=0.001 to avoid the singularity at £=0.

Table 1 shows the results of a convergence study with regard to W;(szlpl tan o)
and N6 (2 N6/p | tan o) along the generator. It can be seen that the solution
convergence is good, and that fairly accurate results can be obtained with 20 terms in
the Chebyshev series. Table 2 and Figs. 5-8 compare the computed results Nx, N8,
Mx (200 My /p L? tan () and M8 (200 M, /p L tan (o)) using 18 terms with the exact
results obtained in reference [2] using Kelvin functions. It is seen that the computed
results are very close to the exact ones with an average error less than1.85 %

Problem 2:

A truncated frustum under a line load normal to the surface, and a horizontal line load
at the base, Fig. 4. The upper edge is free, while the lower base is supported on
rollers.

Material:

E=200 Gpa v=.3

Geometry.

L=1m L1 =0.4226497 m Lp=0.5381198 m a=30°
Applied load:

P =1000 N/m H;=-100 N/m My =10 Nm/m

*~1 is used to make the upper edge lie at

A new non-dimensional parameter ¢ =
&=0.

; 1
The system of equations (18) is applied except that the functions

1 1

—, — and —

&8
, IL, and IL respectively. Matrices [H1], [H2] and [H3]

E+5) @+2yp ey

appearing in these equations are calculated for the new functions. The line load P is

become
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distributed over AE=E2 - &4 to convert it into uniform pressure. Equation (4) is used to

$2 prp
obtain the loading coefficients p, =2 | JOLE) e 0 <reN.
ﬂ'{l

Jevi-¢

Boundary conditions:

Free-edge conditions: Roller-supported-edge conditions:

Atx=Lqie. £=0 Atx=Llzie £=1
1- Nx=0 1- Vertical displacement (- u cos o + w sina ) =0
2' Q)( = 0 2' Mx = 0
3- Mc=10 3. Horizontal force (Ny sin a + Qx cos a) = -100

The results are computed and compared with the exact solution obtained in
reference [14] using Green's function. Table 3 and Figs. (9-12) compare the
distributions of the normal displacement w and the stress resultants Nx, My, and Qx.
The normal displacement w and the axial force N, are calculated using 20
Chebebyshev terms, while the transverse shear Qy and Longitudinal moment My are
calculated using 70 terms because of the discontinuity at the point of load
application. The table and figures show good agreement between the results with
small discrepancy around the singularity.

CONCLUSION

A technique is presented for the solution of boundary-value problems described by &
system of simultaneous differential equations with variable coefficients by expressing
the unknown functions in terms of Chebeyshev series. A new matrix formulation is
presented for the technique, which systematically transforms the problem into a
system of algebraic equations, which can be readily solved in a short time on the
computer.

The suggested technique is applied to two problems of thin, bending-resistant conical
shells with different boundary conditions and external loads. Resuits are compared
with the exact ones, and good agreement is found between the results. The
applications prove that the suggested technique is accurate and easily applicable to
difficult boundary-value problems.
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Fig. 1 Conical Shell Geometry Fig. 2 Shell Stress Resultants

Fig. 3 Pressurized conical shell with Fig. 4 Truncated cone under line loads
clamped edge

Table 1 Convergence Study Of Conical Shell Clamped At Its Base.
Nx

£E| 0.2 0.3 0.4 0.5 06 | 0.7 | 0.8 | 0.9 1
16/0.1988|0.3034| 0.399 | 0.5 |0.602 [0.715|0.815|0.857| 0.823
18/0.2037|0.2996| 0.401 | 0.498 | 0.604 | 0.713 |0.816|0.857| 0.823
20/ 0.2030]0.3014 | 0.399 | 0.499 | 0.603 | 0.714 [0.817|0.857| 0.823

N6
16/0.3850| 0.617 | 0.777 | 1.012 | 1.252 | 1.491 | 1.471|0.857| 0.246
18|0.4025)|0.5957 | 0.798 | 0.999 | 1.254 | 1.495 | 1.467 |0.858| 0.246
20]{0.399410.6004| 0.794 | 1.002 | 1.252 | 1.496 [1.467 |0.858| 0.246




Proceedings of the 10" ASAT Conference, 13-15 May 2003

2 Nx/p L tana

2 No/p L tanct

200 Me/p L2 tana,

Fig 7 Axial-moment distribution
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Fig. 6 Circumfrential-force distribution
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Fig. 8 Circumfrential-moment distribution

Table 2 Comparison of computed results (N=20) of complete cone with the exact

ones.
3 Nx NG Mx Me
Present | Exact | Present | Exact | Present | Exact | Present | Exact
0.2 0.2031 0.2000 0.3995 0.4003 | -0.0134 | -0.0143 | -0.0143 -0.0143
0.3 0.3014 0.3001 0.6004 0.5995 | -0.0132 | -0.0134 | -0.0138 -0.0139
04 | 03999 | 0.3994 | 0.7941 | 0.7948 | -0.0161 | -0.0153 | -0.0146 | -0.01 44
05 | 04997 | 0.4987 | 1.0024 | 1.0020 | -0.0246 | -0.0255 | -0.0183 -0.0185
06 | 06034 | 0.6028 | 1.2525 | 1.2530 | -0.0241 |-0.0231 | -0.0199 -0.0196
07 | 07141 | 0.7143 | 1.4966 | 1.4964 | 0.0562 | 0.0565 | 0.0075 0.0076
0.8 0817 | 0.8149 | 1.4677 | 1.4635 | 0.2154 | 0.2146 | 0.0717 | 0.0717
0.9 0.8573 0.8585 0.8589 0.8573 0.1341 0.1343 0.0685 0.0684
10 | 08233 | 0.8207 | 02470 | 0.2462 | -0.8936 | -0.8968 | -0.2681 -0.2690
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Fig. 9 Normal displacement w (frustum) Fig. 10 Axial force distribution (frustum)

E =
E
E
z 2
=" g'
€
5 g
2 g
: :
8
)
x (m)
Fig. 11 Bending-moment distribution (frustum) Fig. 12 Shear-force distribution (frustum)

Table 3 Comparison of computed results (N=70) of a frustum with the exact ones.

Wx 10° Nx Mx Ox
Present | Exact | Present | Exact | Present | Exact | Present Exact
06 |04921 |0.3427 | 509.94 |517.89 | -2.1947 | -2.096 -13.48 |-13.92
0.7 | 0.3017 | 0.3258 | 446.58 44272 | -0.1805 | -0.149 1.34 1.41
0.8 |0.3462 | 0.3469 | 388.72 | 390.71 | -0.1202 | -0.181 2.91 2.764
0.9 |0.3384 {0.3386 | 373.15 | 374.56 | 2.4440 2.453 49.07 50.84
1.0 |-0.9361 | -0.937 | 182.149 | 182.99 | -0.0000 0.001 | -220.63 |-221.15
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