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Abstract: The soft set is used in a variety of disciplines. It is a tool for handling ambiguous, uncertain, and
indeterminate data. Numerous academics have introduced and researched the notion of soft sets in several domains,
including game theory, operation research, probability, and decision-making. The concepts of soft sets and soft
topological spaces are introduced in this study. This article introduces the definitions of the soft topology and discusses
its foundations and associated characteristics. Examples from the real-world have been provided to assist explain some
of the traits of this field. These methods have shown to be quite beneficial in many applications.
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1. Introduction

Researchers in a variety of fields, including
engineering, health, sociology, economics, and
environmental science, deal with the difficulties of
modelling ambiguous data on a regular basis. Classical
techniques are not always successful in these areas
because the uncertainties that arise in these fields might
be of a variety of different sorts and sizes. There are
various approaches to modelling uncertainty that are less
well-known and less usually beneficial. While
probability theory, rough sets [12,23], fuzzy sets [27] are
well-known and frequently helpful techniques. Those
who disagree with Molodtsov point out that each of
those ideas has its own set of challenges. Molodtsov [20]
originally presented the concepts of soft sets as a generic
tool of mathematics for handling uncertain items. Since
then, it has been widely used. In recent years
[4,5,6,11,21,22], there has been an increasing amount of
research on the properties and uses of soft set theory.

By combining ideas from the study of fuzzy
sets, some novel of soft set theory applications has been
created recently [1,7,14,15,17,18,25]. When it comes to

decision-making problems involving rough sets, Maji
and colleagues [16] describe how they used rough set
techniques to solve a problem of decision-making and
then applied soft set theory to it, and they have also
published extensive theoretical research on soft sets
[17,22]. The Authors in [9] provide a unique concept of
the reduction of soft set parameterizations, and this
concept is contrasted with the similar reduction notion
of attributes in rough set theory. When Aktas and
colleagues [2] defined a group, they incorporated soft set
algebraic structures into the concept of a group. Soft
topology, soft-open set and soft-closed set, were
proposed in [3,6,19]. Kandil and colleagues [10] studied
the relationships between several forms of soft
topological space subsets.

Pre-operator on soft topological space, pre-open
soft set, pre-closed soft set, pre-interior, and pre-closure
are all ideas that are introduced in this article. These
principles will be shown with the help of certain
instances. We demonstrate a real-world application of
the theory of soft set, using the rough set technique,
through a case study. The structure of this article is as
follows: Section 2 provides a quick overview of the
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fundamental concept of the theory of soft set, soft
topology, and theory of rough set. Section 3 presents the
definition of soft topological space and pre-open soft set.
In Section 4, we present an application of the theory of
soft set in decision-making problem. Finally, Section 5
provides the conclusion.

2. Preliminaries

This section introduces the fundamental notions
of soft sets that can be found in [17,20], as well as some
important definitions on rough mathematics that can be
found in [23]. In this work, U denotes a universe, M
denotes a collection of parameters, P(U) denotes the set
of U, and A € M denotes the set of A parameters.

2.1 Soft sets and soft topology

Definition 1. A soft set K, on universe U is defined as
the following ordered pairs:
K, = {(m, kA(m)):m €M, ky,(m) € P(U)}

where k,: M — P(U) suchthat k,(m) = @ if m & A.
Here, k, is called an approximation function of soft set
K4, and S(U) stands for the set of all soft sets over U.

Example 1.

Consider the universe U = {by, by, b3, by, bs, bg} Of Six
buildings and M = {m,, m,, m3, m,, my, ms} is the set
of parameters refer to expensive, beautiful, sunny,
cheap, and modern, respectively. Let k, be a mapping
from the parameters to the buildings. For instance,
k,(m4) means the expensive building i.e,

ky,(my) ={b€U:b is expensive building}.

Suppose that A € M such that A = {m,, m,, m3} and
ka(my) = {by, bz}, ka(my) = {b3, by, bs} and
ka(ms) =U.

Then the soft set K, can be written as following:

Ky = {(my,{b1, b3}), (M3, {b3, by, bs}), (m3, U)}

Definition 2. LetK, € S(U). Ifky,(m) =0 V¥ me M
=2 K,=Ky and it is called an empty soft set.

Definition 3. Let K, € S(U). Ifky,(m)=U VvV meA
= K, is A-universal soft set. If A = M = K,, stands
for M-universal soft set.

Definition 4. Let K,, Kz € S(U). Then K, is soft
subset of K5, denoted by K, € K, if

(i) AcB.
(i) ky(m) S kg(m) VmeM.

In this instance, Ky is a soft superset of K, and K, is
a soft subset of Kj.

Definition 5. Over a universe U, two soft subsets K,
and Ky are said to be soft equal if K, and K are a soft
subset of each other.

Definition 6. Let K,, Kz € S(U). Then, the soft
intersection K, N Ky, the soft union K, U Kz, and the
soft difference K,\K5 of K, and Ky are defined by the
following approximation functions:

kamp(m) = fa(m) N kg(m),
kagg(m) = f4(m) U kg(m),
kAKB(m) = fa(m)\kg(m) ,

respectively, and the soft complement K£ of K, can be

defined as the following approximation function:
ki(m) = K£(m)

where kj(m) is the complement of k,(m).

Definition 7. [8] Let K, € S(U). The soft power set of
K, is given by

P(Ky) = {Ks:Ka, EKy,i €1 S N}

and the cardinality of it is defined by

|P(Ky)| = 2Zxem lka(x)]
where |k, (x)| stands for the cardinality of k,(x).

Definition 8. Let K, € S(U). A soft topology 7 on Kj,
is a collection of soft subsets of K, that achieves these
properties:

() Ko, K, € 7,

(i) (Ko, EFi € IS N} S ¥ = Ui Ky, €7,

(i) {Ky, EKp1<i<nneN}Si=NL Ky €t
The pair (K,, ) stands for a soft topological space.

Definition 9. Let (K,, T) be a soft topological space.
Then x is called an open soft set if x € . The set of

https://kjis.journals.ekb.eg/

2


https://kjis.journals.ekb.eg/

R. Mareay, T. Medhat, Manal E. Ali: Soft sets and Soft Topological Spaces via its Applications

members of T over U are open soft sets and denoted by
0S(U).

Definition 10. Let (K4, T) be a soft topological space.
Then a soft set K, is closed soft set in U, if the relative
complement K/ is open soft set.

CS(U) stands for The set of all closed sets over U.

2.2 Concepts of Rough Set Theory

Definition 11. An information system described as S =
(U, A, p,V), where U stands for the universe which is a
non-empty finite set of objects, and A stands for the
attribute which is a finite collection of non-empty set of
characteristics. Each attribute a € A may be thought of
as a function p that translates items of U to a set Va,
where the set Va is referred to as the attribute’s value
set.i.e., p:UXA - Va.

Definition 12. The indiscernibility relation for a
subset E € A is:
I(E) = {(x,y) € U?:a(x) = a(y),Va € E}

,or
I(E) = Ngepl({a}),

The equivalence class of I(E) is defined by:

[x]g = {y € U:(x,y) € I(ED},

U/I(E) stands for the all equivalence classes family of
E, where:

U/I(E) = {[x]g:Vx € U},

Definition 13. LetE € A,a € E, thena is
unnecessary attributes in E if:

U/I(E) = U/IND(E — {a}),

And RED(E) = E — {a} is called the reduct of E. The
minimal reduct of E is called the set M iff:

() U/I(M) = U/I(E).
(i) U/I(M) # U/IND(M — {a}), Va € M

The core is the collection of all knowledge
characteristics that cannot be deleted during the
reduction process:

CORE(E) = NRED(E),

3. Soft Topological Spaces and Pre-open
Soft Set

Definition 14. Let (K4, T) be a soft topological space.
A mapping int(cl): S(U) - S(U) is a pre-open
operation on 0S(U) if K, € int(cl(K,)), VK, €
0S(U). The collection of pre-open soft set is identified
by POS(U) = {K,: K, € int(cl(Ky)), Ky € S(U}.
Also, the pre-closed soft set is the complement of pre-
open soft set is called. i.e.,

PCS(U) ={K5:F, is pre—

open soft set,K, € S(U)} is the family of all pre-
closed soft sets.

Theorem 1. Let (K4, T) be a soft topological space
and cl(int): S(U) - S(U) be an
operation on 0S(U). Then

(i) The arbitrary union of pre-open soft set is pre-
open soft set.

(if) The arbitrary intersection of pre-closed soft set
is pre-closed soft set.

Proof.

(i) LetKy € POS(U),i € 1= Ky € int(cl(Ky)).
It follows that
Uika; € Uine(cl(Kp) € int (cl(T;Ka)).
Hence, U;K,; € POS(U),Vi € 1.

(i) Immediate

Remark 1. The soft intersection of two pre-open soft
sets does not necessarily have to be a pre-open soft set,
as shown in the example below.

Example 2. Let U = {by, by, b3}, M = {m;,m,, ms},
KA = {(mlﬁ {blﬁ b3})' (mZﬁ {bz, b3})}v

Ky, = {(my,{by, b3}, Ky, = {(my, {b2, b3}
Then # = {Kg, K4, Ka,, Ka, } is the soft topological
space over U. The two soft sets K,,and K, where:

Ky, = {(my, {b1, b2}), (M3, {b1})}, Ky, =
{(my,{b,, b3}), (m,,{b1})}, are pre-open sets but the
intersection Ky, N Ky, = {(my,{b;}), (my, {b1})} is
not pre-open.

Definition 15. Let (K, T) be a soft topological space
over U and x,,, € S(U). Then
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(i) x,, is called a pre-interior soft point of K, if there
exists K, € POS(U) such that x,,, € K, € K.

PS(int(K,)) stands for the set of all pre-interior
soft points of K.

Therefore
PS(int(Ky)) = U{Ky,: Ka, € Ko, Ky, € POS(U)}.

(i) x,,, is called a pre-closure soft point of K, if
K, 0 Kz # ®,VKg € PCS(U).
PS(cl(K,)) stands for the set of all pre-closure soft
points of K.

Therefore
PS(cl(Ky)) = N{Kg: Kz € PCS(U), K, € Kg}.
Theorem 2. Let (K, T) be soft topological space over
U, int(cl):S(U) -» S(U) and K4, K € S(U).

In that case, the operator PS(int) has the following
conditions satisfied:

() PS(int(0)) = U and PS (int(8)) = 8.
(i) PS(int(Ky)) E Fy.

(iii) PS(int(KA)) is the largest pre-open soft set
contained in K.

(iv) If K, € K, then PS(int(K,)) € PS(int(Kg)).

(v) PS (int (PS(int(KA)))) = PS(int(Ky)).

(vi) PS(int(K,)) U PS(int(Kg)) € PS(int(K, U Kg))
(vii) PS(int(K, 0 Kg)) € PS(int(K,)) 0 PS(int(Kz))
Proof. Immediate.

Theorem 3. Let (K, ) be a soft topological space
over U, int(cl):S(U) -» S(U) and K4, Kz € S(U). In
that case, the operator PS(cl) has the following
conditions satisfied:

() PS(cl(T)) =0 and Ps(ci(8)) = 3.
(ii) PS(cl(K,) € F,.

(iii) PS(cl(Ky) is the smallest pre-open soft set
contains K.

(iv) If Ky € Kg, then PS(cl(K,)) € PS(cl(Kg)).

(v) PS (cl (PS(cl(KA)))) = PS(cl(Ky)).
(vi) PS(cl(Ky)) U PS(cl(Kg)) € PS(cl(K, UKg)).
(vii) PS(cl(Ky N Kg)) € PS(cl(Ky)) A PS(cl(Kg)).

Proof. Immediate.

4. A Decision-Making Application of the
Theory of Soft Set

Molodtsov [20] provides several applications of
soft sets in various fields, as: probability, game theory,
and operations research, etc. In this part, we offer a
preliminary method to applying the theory of soft sets to
a decision-making issue [24], by the help of the
techniques of rough set.

Example 3. Let U = {0,1,2,3,4,5,6,7,8,9} be the set of
numbers from 0 to 9, E ={a,b,c,d,e, f,g} be the
LEDs of the seven-segment display which gives the
numbers from 0 to 9 as shown in Figure 1:

e
ot EHAERRTHEAE
Figure 1: Seven-segment display

The problem in this application is how to detect the
number from 0 to 9 with the minimum number of LEDs.

4.1 A Soft Set Tabular Representation

Lin [13] and Yao [26] introduced tabular
representation of soft sets. We provide a binary table-
based roughly equivalent model. For this, take into
account the soft set (F,E) based on the set E of the seven-
segment display's LEDs. We may tabulate this soft set,
as seen in Table 1. This method of representation will be
beneficial for computer storage of soft sets. This style is
called soft information systems.

If h; € f(e) then h;; = 1, otherwise h;; = 0, where h;;
are the entries in Table 1:

Consequently, a soft set may be offered in an
information system where a set of parameters is used in
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place of the set of characteristics. For example, let
A,B € E, where A ={a,b,c},B=1{d,e, f}. Then the
soft sets F,, Fz can be defined as:

Fa={(a,{0,2,3,5,6,7,8,9}),(b,{0,1,2,3,4,7,8,9}),(c{0,1,3,
4,5,6,7,8,9})},
Fs={(d,{0,2,3,5,6,8,9}),(e.{0,2,6,8}),(f{0,4,5,6,8,9})}.

Also, we can define soft topological space and pre-soft
topological space.

Definition 16. The decision value C; of an object h; €
U is given by
Ci = Z hl]
J

where h;; is the entry in the table of soft information
system.

Table 1: Seven-segment display via soft set

U/Ala|b|c|d|e|f|g]| Decision wvalue
O [1(1|1|1]|1]1]0 Co=6
1 |0j1|1/0|0|0]O C,=2
2 |1]1|10(1|1]0|1 C, =5
3 |1|1|1(1|0]0]|1 C3=5
4 (0|1|1]0(0]1]|1 C,=4
5 |(1j0(1|1]|]0]1]1 Cs=5
6 [1]0|1|1]|1]1]1 Co=6
7 |(1{1|1(0[0(|0]O C; =3
8 [1|1|1]1(1]1|1 Cg=7
9 (1|1|1]1|0]1|1 Co=6

4.2 Reduction of Soft Sets

Let (F,E) be asoft set, A € E. Then F, be a soft subset
of (F, E). The soft set Fy, is called the reduct-soft set of
the soft set F, if Q is a reduct of A4, Alternatively a
reduct-soft set Fy, of the soft set F, is the essential part
which give the same decision as the the soft set F,.

The core soft set is the intersection of the reduct-soft set,
where C =  reduct A.

4.3 Algorithm for Decision-making in Seven-
segment display
Stepl: Input the soft set (F, E)
Step2: Input the set A < E of parameters of LEDs

which display the numbers form 0 to 9.

Step3: Find all reduct-soft set of (F, A).
Step4: Find the core of all reduct.
Step5: Calculate the decision value in each case.

Example 4. For Example 3, the reduct-soft sets and
core-soft sets can be derived as shown in the following:
Tables 2,3,4 and Figures 2,3,4:

Table 2: Reduct-soft set without LED ¢

U/A|la|b|d|e|f|g]| Decision wvalue
0O (1(1|1(1]|1]0 Co=5
1 |{0(1{0]|0]|0|O C;=1
2 |1]1|1|1]|0]1 C, =5
3 |1]1|1]{0]|0]1 C3;=4
4 (011|001 ]|1 C,=4
5 (1(0]1|0]1]1 Cs =4
6 (101|111 Ce=5
7 |1]1]{0]{0]|0]0 C, =2
8 111|111 Cg=6
9 (111|011 Co=5

oi@auEETRD

Figure 2: Seven-segment display without LED c

Remark 2. As we can see from the previous illustration,
the sets {a,b,d,e,f,g} and {a,b,c,e,f,g} are two reduct-soft
set of A={a,b,c,d,ef,g} and the core-soft set of A is
{a,b,e,f,g}. Instead of 7 LEDs, just 5 LEDs are required
to detect any number. For decision-making, if someone
wants to detect number nine, he needs 4 LEDs={a,b,g,f}
to be “On” and 1 LED ={e} to be “off”.
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Table 3: Reduct-soft set without LED d

U/A|a|b|c|e|f|g| Decision value
0O |1|1|111|1|0 Co =
1 |0]|1{1]0|0]0O C, =
2 |111/0|1]|0|1 C, =
3 |1|1|1|0]|0|1 C3;=4
4 |0j1(1(0f1]1 Cy =
5 |1|0|1|0]|1|1 Cs =4
6 |[1/011|1|1|1 Ce =5
7 |1|1|1{0]|0]0 C;, =3
8 (1|1|1]1|1|1 Cg =6
9 (1110|111 Co=5

MAPANERTAS
RAPRAMKRRIRRRA
Figure 3: Seven-segment display without LED d

Table 4: Core-soft set without LEDs ¢ and d

U/A|la|b|e|f|g| Decision wvalue

0 [1(1|1]1]0 Co=4

1 |0[1{0|0]0 C; =1

2 |1{1|1(0]|1 C, =4

3 |1|1/0(0]1 C;=3

4 |0|1|0]|1]1 C,=3

5 |1]0|0(1]1 Cs =3

6 |1{0|1(1]|1 Co =4

7 |1]1/0(0]0 C, =2

8 |1(1|1(1]|1 Cg=5

9 |1(|1|0]|1]1 Co=14
ey pifer iy oo oo ke o i Rl i
{1 o S T

Figure 4: Seven-segment display without LEDs ¢ and d

5. Conclusion

Molodtsov was the first to develop the notion of the
theory of soft set, and he offered a lot of applications in
many sectors. Topology is a significant branch of
mathematics. In this work, we define soft topological
space using the concepts of pre-open soft set, and we
demonstrate the features of soft topological space that
are associated with it. The rough approach of Pawlak is
used to apply soft sets to a decision-making issue. In the
future, we will investigate further characteristics of soft
topological spaces as well as their use in decision-
making processes.
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