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Abstract

This paper is concerned with the numerical treatment of the first-order
hyperbolic partial differential equation by small parameter with the time derivative
term. This problem is reduced to stiff system of ODE, in time. The resulting
system is solved by the restrictive Pade” approximation. The stability condition
and the error upper bound are introduced. The numerical results are given and
the considered method gives better results compared with the classical
advantages of the considered method compared with the classical Pade

approximation.
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1. Introduction
Consider the singularly perturbed first-order hyperbolic partial differential
equation:
Su  JPu
S—+a—= f(x,t); x>0, 120 (1)
5 g f(x.1)

whered > 0is small, a is real positive constants and f (x, ) is given continuous
function satisfies the initial and boundary conditions:
u(x,0) = u,(x), 0<x<l1 }
u(0,7) = g, (), u(le)=g (), 120 |
Using the central finite difference approximation for u,as

u(ih,t) = —2‘;[("@ + D) - @i -Dh0):  i=10N-1.

2

The resulting semi-discrete approximation U(ih, f) to u (x, f) of equation (1)
satisfies
dU(ih,t)

dt
where  U(ih,0) = u,(ih), U(0,1) = g,(t), and U(Nh,1) =g, (), t20 , it can be
written in matrix form as:

i%[l]((i—l)h,t)—U((i+1)b,1)]+:;-_f(x,,£); 1<i<N-1,r20 (3)

WD _ gy £, (4)
de
where U = U,(0),U, (1), Uy () ()= *;t(fl(f),.f;(r),---JN.I(I))T i
U () =U(h,1), f(t) = f(ihr) and
s .
1 0 -1
A=
1 0 -1
L 10 dov-an -

The solution of this system of ordinary differential equations (4) as done in [10]
and [11] take the form:

U(r) = exp(t A)U(0) +[~1 +exp(r )] 4™ F . ()
Or equivalently
U+ A1) =-A" F+exp(At A) [U (1) + A F] . (6)

If we approximate exp(ArA) using Pade” approximation [M/N}PA[M/N), then we
can write equations (6) for any time step / as:

U =-A"F+PA_, U +4'F], A=k . 7

In the following section we define an implicit method for solving singularly

perturbed initial boundary value problem for hyperbolic partial differential equation
produced very high accuracy compared with the other classical methods. We use
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the restrictive Pade’ approximation as done in [1] and [2] to approximate the
exponential matrix.

2. Restrictive Pade” Approximation (RPA)

The restrictive Pade’ approximation can be written as done in [1] in the
form

M a
Za‘ I'+Z€, xMH'
RPAIM +a/N],  (¥) =2l — (8)
1+ Y b, x'
where « is a positive integer dose not exceed the degree of the denominator N,
ie. a=1(1)N, such that
S (x)= RPA[M + &/ N1, (x) =o(x"*"*"). 9
Let f (x) have a Maclaurin series f(x)= ic,x" , then from equations (8) and (9)

i=0
we have

The vanishing of the first (M+N+1) powers of x on the left hand side of (10)
implies a system of (M+N+1) equations.

a,=c +3c,,b, r=0M,
=1

(b, =0if i >M) ‘ (11)

N
Crsn-st zcnmv—H b=gy,, s=0UN-],

i=l
(c,=0ifi<0)
Hence we can determine the coefficient, & and b as a function of g =1(1)e,
where the parameters ¢, are to be determined, such that
Sf(x;)=RPAIM +a/ Nl (x): i=1Da . (12)
It means that the considered approximation is exact at (e+1) points.
1+05x+ 0.25,\'2] "
1+5x !
its Pade” approximation and restrictive Pade™ approximation takes the forms:
1+19311x- 0563724 x°
1+41811x
1+1.73134x—0.114257x

RPA[2/1 x) where a=l1and x,= 0.6
(2710 (®) 1+3.98134x -

Consider the function f(x)= (

PA [2/1],,, (¥)=
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3. Restrictive Pade” Approximation (RPA) for Solving Singularly Perturbed
Hyperbolic Partial Differential Equation

The restrictive Pade’ approximation of order [0/1] and [1/1] of the
exponential matrix exp(k A) as done in [3] can take the forms:
i) RPA[O/] = (I + (e —k)A) ' (13)
using equation (13) to approximate the exp(k A) in equation (6), which can the
form:

UM =-A"Fr{+(c-RA' U + A, M=k, (14)
or
I +E-BAHU" =U’ (e -K)E . (15)
which can take the equivalent scalar form:
=ik —k -k
[‘52 e ]u+ o —(9267)"] =i, A D (18)

Similarly the restrictive Pade’ approximation of order [1/1] of the exponential
matrix exp(k A) as done in [3 ] can take the form:

i) RPA[/1] =0 + (e—{-k)A) "I+ (e + -‘!;k)A) (17)

using equation (13) to approximate the exp(k A) in equation (6), which can the
form:

U™ =-A"F+(l +(57%k),4)" (I+(s+ %k)A_)[Q’ + A F] (18)
or
(I+(£—%k)A)Q”' :(I+(c+%k}A)Q‘_" +kF (19)

It can take the equivalent scalar form:

(e-0.5k)a (s -0.5k)a
[T u l.)<1+“u,ytﬁ 25h L

_((e+05k)a . (e+0;5£)_g _"i
—[“ﬁz& Ju,ru.ﬁ“,._f [#2& )'l.n,ﬁ((y)f(l’,,f) . (20

Putting £ =0 in equations (16)and (20), we have the schemes arising of
applying classical Pade’ approximations [0/1] and [1/1] respectively to the
exponential matrix exp (kA) in equation (6). To determine the restrictive
parameters £, we must have the exact solution or a highly accurate numerical
solution at the first level.
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4. The Stability Analysis

By using Von-Neumann stability analysis method we have, the
amplification factors G, and G, for the difference equations (16) and (20)

respectively are:
fud (¢+0.5k)a sind
1 Sh

1—1(m(“*” sina) ’ 1-1(——(‘"0'5")“ sinﬂ)
&h &h

ie. |G|<1,Ve and |G,|<1, Ve<0 consequently the considered methods
(16) and (20) are unconditionally stable.

J=41

G,

2

5. The Local Truncation Error Upper Bound

i-) For the RPA[0/1]

Using Taylor expansion, we can obtained the local truncation error of the
difference equation (16) as done in [5],[6],[7],[8] and [9] as:

T = (E_k)ai hhol a2.+!u +i Ea-u _(e_k)ai hl-ol i £ allﬂ»nflu
MUosh Sl@eentox™ ) CS\a &), 6h m@madia\ o)

:l'hen. if there exists a positive real numbers M;, M., M, for all sufficiently large
positive integer n such that

"u 0"u o™ "u
‘-a?‘SM‘, y{SM,, Iﬁ;‘ <M, Vn.

Let M =max{M, M, M,)

then, the local truncation error T;; of the difference equation (16) will have an
upper bound as:

|x,|s~18~(l+wm]-l
’ oh

i- For the RPA[1/1]

Also, in the same way using Taylor expansion, we can obtained the local
truncation error of the difference equation (20) as:

'S hzm-l alm-lu @ kn a-u ® hz-u © kn (91.””'![
. == A . L. _ LN
=G ")Z:.((znﬂ)! PR l,,_;g.(m a lm "?;(2».+1)!§(m 5:1-*'3:'1,_”’
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where r, = {s-090) = L ;’Sk)a , then if there exists a positive real numbers

oh
M, Mz, M; for all sufficiently large positive integer n such that
s PR i PO Lalis.i FE VRN
ox" or" ox™ot”

and M =max{M A6 M, M},

then, the local truncation error T;; of the difference equation (20) will have an
upper bound as:

|7, | < M|(re* ~r)sinh A+ e* -1,

6. Numerical Results

We present a numerical example to compare the considered methods (16)
and (20) with the corresponding classical methods which arising of applying
Pade’ approximations {0/1] and [1/1] respectively to the exponential matrix exp (k
A) in equation (6).

Consider the singularly perturbed hyperbolic partial differential equation

ot Ox
with the initial and boundary conditions
u(x,0) = exp(~t/8), u(x,0) = exp(x) + x* — xand u(x,]) = exp(x ~1/8) + x* —x
its exact solution is:
u(x,t) = exp(x —t/8)+ x* — x.

We consider two cases:

i-) Case | : We apply our methods such that the exact solution is given at
the first level to determine the restrictive parameters ¢, and hence we use it for
ancther levels for calculation. Tables (1) gives the absolute errors along
x=0.1,0.5,0.9 where h=0.1 and 8 =0.01, k=0.001. Tables (2) gives the
absolute errors along x=0.1,0.5,0.9 where h=0.1 and § = 0.001, k=0"0000%.

ii-) Case i : In general the exact solution at the first level is unknown, and
we use the classical method in the case of PA[1/1], to evaluate the solutions at
the first time level by large number of very small space and time steps lengths
h=0.01 and k=1x10", after 100 time step, k=1x10® and we can choice space
step h=0.1, hence we determine the restrictive parameters ¢ i.e. we can use large
space and time steps lengths h and k to evaluate the solution at another levels.
Tables (3) give the absolute errors along x=0.1,0.5,0.9 where h=0.1 and§ =
0.0001, k=1x10", :
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Fig (1)
Comparison of the errors between PA[2 / 1] and RPA[2 / 1]

Table (1)
Comparison of the absolute emrors (A.E.) between the considered methods RPA[1/1], RPA[0/1] and
The classical methods PA[1/1], PA[0/1], for h=0.1, k=1 x 10 ® and 8= 1 x 10 2 for case I.

X | No.of A E. of The considered A. E. of The classical
Steps methods methods
RPA[1/1] RPA[0/1] PA[1/1] PA[0/1]
01| 500 [430x10™ |244x10 " [273x10°|7.38x10 >
0.5 444 x107 [ 238%x107" |373x10°|7.38x102
0.9 2.77x10" | 238x10"|532x10°|7.38 x 10 2
01| 1000 [ 1.92x10™ | 244x10 ©° |455x102|7.38 x 10 2
0.5 1.83x10™ | 238x 107" [ 404x10°|7.38x 1072
0.9 1.87x10™ | 238x10 " [293x10°|7.38x 1072
01| 1500 (363x10™ |244x10™[398x10~|7.38x 102
0.5 366x107"°|238x10" [370x10°|7.38x 102
0.9 344x10" [ 238x107"1440x10°|7.38 x 102
0.1 2000 | 4.19x10™ | 244x10"[279x10°[7.38x 10"
0.5 427x107" | 238x10™ | 4.07 x 102 | 7.38 x 10 2
0.9 448x10" [ 238x10™" |472x10°|7.38 x 102
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Table (2)
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Comparison of the absolute ertors (A.E.) between the considered methods RPA[1/1], RPA[0/1] and

The classical methods PA[1/1], PA[0/1], for h=0.1, k=1 x 10 ® and 8= 1 x 10 > for case |.

x | No.of A. E. of The considered A E. of The classical
Steps methods methods

RPA[1.'1]? RPA[0/1] PA[1/1] PA[0/1]
01| 500 |868x10 | 13510 " |1.78x10°[4.03x10°
0.5 982 x10™ | 137 x10™ | 281x10°|5660x 107
0.9 112x10™ | 151 x10™ [391x10°]725x10°
01] 1000 | 12110 7| 107 x10 " |403x10°|699x 10"~
05 101 x10™ | 852x10" | 273x107°|563x 107
0.9 899x10" | 797 x10" | 1.82x10°}4.37x10"°
01| 1500 | 85410 ° | 294x10 " |169x10°|462x107
05 106x10™ | 419x10" 296 x 102|567 x 107
0.9 1.03x10™ | 412107 |1.88x10°|666x10°
01| 2000 | 111 %10 ° | 360x10 © |381x10°|639x107
0.5 990x10" | 160x10™ |284x10°|565x107
09 9.02x10" | 251x10™ |1.88x10°%[4.92x10°

Table (3)

Comparison of the absolute errors (A.E.) between the considered methods RPA[1/1], RPA[0/1] and
The classical methods PA[1/1], PA[0/1], for h=0.1, k=1 x 10 ®ands=1x10""

X No. A. E. of The considered methods A. E. of The classical
of methods
Steps Case | Case i PA[1/1] PA[0/1]
RPA[1/1] | RPA[0/1] | RPA[1/1] | RPA[0/1]

011 500 | 27x10 7 | 42x10 | 7.7x107 | 77x10” | 7.7x10° | 7.5x10~
05 365x10 ™| 46x10™"]| 13x10° | 13x10% | 13x10* [ 12x10*
0.9 27x10"|11x10™ | 22x10%° | 22x10° | 22x10* [ 21x10”
01| 1000 |94x10 " |65x10 % | 12x10° | 12x10° | 1.2x10* [ 12x10*
05 67x10™|12x10™| 24x10° | 24x10° | 24x10* | 24x10"
0.9 24x10"|32x10"] 47x10° | 47x10°% | 47x10* | 46x10"
01| 1500 | 23x10 7 | 74x10 7| 16x10° | 1.5x10° | 1.5x10* | 1.56x10™
0.5 83x10™|20x10™| 35x10° | 35x10° | 35x10* | 34x10™
0.9 13x10™ | 59x10™| 74x10° | 74x10° | 74x10* [ 7.2x10"
01| 2000 |68x10"7|69x10 7| 16x10° | 16x10° | 1.6x10* | 16x10™
05 81x10"|28x10™"| 45x10° | 45410° | 45x10* | 43x10*
0.9 30x10"|92x10™| 1.0x10° | 1.0x10° [ 1.0x10° | 1.0x10°*
Conclusion

The numerical results presented in case | in each of tables (1), (2) and (3)
shows that the absolute errors obtained by the considered methods is almost of
order 10™ of that absolute errors obtained by the classical methods. Also, the
numerical results presented in case Il in table (3) shows that the best absolute
errors estimation for the classical methods is not better than 10 | while for the
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considered methods the maximum absolute errors estimation dose not exceed
that 10 ®
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