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1 Introduction

Fixed point theory is quite useful in the existence theory
of differential, integral, partial differential and functional
equations. This is a basic mathematical tool used in
obtaining the existence of solutions of problems in
mathematical economics theory, nonlinear analysis,
topology, control theory, dynamical system, functional
analysis, differential equations, global analysis and game
theory, etc. Moreover, it is a very important tool used to
find analytical and numerical solutions in nonlinear
problems which shown in mathematical methods, game
theory, biology, engineering and physics, see [1,2,3,4,5,
6].

In 2003, Kirk et al. [7] introduced fixed point results
under cyclic contractive conditions. Lakshmikantham and
Ciri¢ [8] established the concept of coupled fixed points
(CFPs) in the context of partially ordered metric spaces.
Also, they discussed the existence and uniqueness of the
solution of periodic boundary value problems. For more
details, see [9,10,11,12,13,14,15,16].

Huang and Zhang [17] presented the idea of cone
metric spaces by replacing real numbers with an ordered
Banach space and showed some fixed point results in
such spaces. Moreover, the theory of fuzzy sets improved
by Zadeh [18]. In particular, Kramosil and Michalek in
[19] presented a fuzzy metric space. Many authors have
investigated fixed point theorems and common fixed point

theorems in cone metric spaces, see [20,21,22,23,24,25,
26].

2 Preliminaries

Definition 1./20] A subset Y € F describes a cone if:

(DY #0, closed and T # {9} ;
(2)A1,B1 € (0,00) and O, p € T, then 110+ Bi1p €T;
(3)both 6 — 0 € T, then 6 = 9.

A partial ordering on a given cone 1" C F is given by
0<p<=p—0€cY.0<psymbolize 0 <pand 6 #p,
while 6 < p symbolize p — 0 € T°, where Y stands for
the interior of 1, it should be noted that all cones have
non-empty interior.

Here, F is the real Banach space and ¥ represents a
zero element in f .

Definition 2./25] A trio (2,0g, ) is called a fuzzy cone
metric space (FCMS) if a cone Y € F, Q is an arbitrary
set, x is a continuous V—norm, and Og is a fuzzy set on
Q2 x Y0 s0 that the assertions below hold:

(])@w'(eap 'l)) >0 and@w(e pav) =1 lﬁce =p;
(2)60(671370)—@05(9 0 'U)
(3)0z(0,p,v)*Og(p, 6 1) < 05(6,8 U+ )
(4)0g(0,p,-) : YO — [0, 1] is continuous,
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forall 8,p,8 € Q and v,u € Y°.

Definition 3./17] Assume that (2,0, ) is a FCMS, 0 €
Q and (6;) is a sequence in . Then

(a)(6;) is called converge to 0 if, for v>> ¥ and 0 < u < 1,
Ji; € N so that Og(6;,0,0) > 1 —u, Vi > i1, and we
can write lim;_...6; = 0 or 6; — 0 as i — oo;

(b)(6;) is called a Cauchy sequence if, for v > ¥ and 0 <
u < 1,di; € N so that

@w(ek,ei,’l)) > 1—u, Vk,i>ij;

(c)if every Cauchy sequence is convergent in £, then we
say a trio (,0g, *) is complete;

(d)(6;) is known as a fuzzy cone contraction (FCC) if 3 €
(0,1) so that

1
LS
<@G)'(Gi39i+l7v) )

1
<Bl—— 1), Vo>, i>1
p (@w(ei—l,ei,v) >
Definition 4.[26] Assume that (Q2,0Og, x) is an FCMS, the

fuzzy cone metric Og is triangular forall 0,p,6 € Q, V>
v if

(m‘l)
f(M“)*(W”)'

Lemma 1.[22] Assume that (Q,0g,*) is an FCMS, 6 € D
and (6;) is a sequence in Q, then
0; — 0 & limOgz(6,,0,0) = 1, for v > V.
i—o0
Definition 5.Suppose that D and G are two non-empty
closed subsets of a given set Q. A mapping & : Q> — Q,

so that E(0,p) €D if 06 € G, p €D and E(0,p) € G if
0 € D, p € G is said to be a cyclic map w.rt. D and G.

Definition 6.Suppose that Q is a non-empty set. A pair
(0,p) € Q2 is called a CFP of the mapping E : Q% — Q
if£(0,p) =06, E(p,0) =p and it is said to be a strong
CFPif0 =p,thatis £(6,0) = 6.

Definition 7.Suppose that D and G are two non-empty
closed subsets of a FCMS (Q,0Og,*), where Og is
triangular and the mapping & : Q> — Q is known as a
cyclic coupled Kannan-type FCC w.r.t. D and G. Let &
verifies

where o € (0,%), and 0,5 € D and p,q € G, for v >

Theorem 1.Suppose that D and G are two non-empty
closed subsets of a complete fuzzy cone metric space
(CFCMS) (2,0g,%), where Og is triangular and the
mapping E : Q> — Q is a generalized cyclic coupled
Kannan-type contraction w.r.t. D and G and DN G = 0.
Then, = has a strong CFP in DNG.

3 Main Results

Assume that Dand Gare two non-empty closed subsets of
a CFCMS (Q,0g,*),where Ogis triangular and the
mapping Z : 22 — Qis a generalized cyclic coupled
fuzzy cone contractive-type condition w.r.t. Dand
G.Assume that Zverifies

PR —
2E(g,5),0)
. 1 _ 1) ) (D

where 8,5 € D and p,q € G, for v > ¥, and 7,0 €
[0,00). Our results generalize and improve Theorem /.

Our first result in this part is as follows:

Theorem 2.Suppose that D and G are two non-empty
closed subsets of a CFCMS (Q,0g,%), where Og is
triangular and the mapping E : Q%> — Q is a cyclic w.rt.
D and G. Suppose that E satisfies (1) with (y+0) < %
Then DNG =0 and E has a strong CFP in DNG.

ProofDefine 6y € D and py € G. Let (6;) and (p;) be two
sequences given as follows:

i1 = Z(pi, 0;) and pi1 = E(6;, 0;), 2

for all i > . Then (6;) C D and (p;) C G since & is a
cyclic mapping w.r.t. D and G. Let us denote

_ y+o
&= 1—(y+6)

Then & € (0,1) for (y+6) < % We prove that, for v > ¢
and i > 1,

1 1
— 1)+ =1
<@w(Pi79i+17v) ) (@w(9i7pi+1av) >

: 1 1
<& —1 —-1). 3
_g (Gﬁf(p()yehv) +®(D(607P17v) ) ( )
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Clearly, (3) holds for i = ©%. Suppose that (3) holds for
i=k, v > 9, then from (1), we have

—1
1)

- 1 1)

Oz (Z(Ok, Pi) Z(Pit 15 6k+1), V)

1
<vy o (0, Z (0.P) L _1
-+ —! -1
O (Pr+1-Z (Prs1 9k+l) )

1
+5< A )
_1 ’

O (6; (Pk+1 0r11),0

1
<®(D (karl 5 9k+27

< O (01,01 11,0) 9k,PA+1,
4 1
O Pk+179k+27
+5 <@w Pr+1 Pk+1 ) )
+@m Gk,9k+2,
< O (6;,0+1,0) Pk+l7
4 +—n——1
Op Pk+179k+2 )

+5< @w(GkPkH, ) >7
+9&7(Pk+1 6 2,0)

which implies that

)‘1>’

1 1
1)<
<@G)'(pk+la9k+27v) > _é <®(II(9k7Pk+l7V

for v > ¥. Similarly, based on (/), one can write

1 1
—1l< —_—— 1],
<@w(9k+1apk+2,v) ) <6 (Qw(Pkﬁkﬂ»U) )

for v > . Thus, by mathematical induction inequality
(3) is satisfied. Based on (3) with i = k, we get

1 1
1)+ -1
(Qw(Pk+1»9k+27U) ) <@w(9k+lvpk+270) )

(@ k9k+lv ) 1)
( (6, Pk+17 1)
i=1)

1
(@w(PO-QhU
1 _ 1)

S...§§k+l

+ O (60,p1,0)

Hence (3) is fulfilled for i = k+ 1. Therefore (3) holds, for
all i > 9. Also, by (1) for i > 1%, we can write

1 1
L S DI (S S
<@w(Pi7Pi+1av) > <@w(9i795+1,v) )
1
) (e
) > <@w(9i+1>Pi+1,U) >

s(l
Oz (pi, 041,V
1 1
o)+ | 7751
<@w(9i,Pi+1,v) ) <@w(Pi+1»9i+1,v) )

1
)
) <@w(eiapi+170) )
1

(@m<s<e,~,pi>,s<pi,e,~>7v> - 1) ’

1
S [
( l+la ) <®(D'(Giapi+lav) )
+2y(

1
B (@w(PiﬁiH,D)

+2

@GJ 0; P1+1, _1>
Pis l+lv —1)

@w(pl pt+1 U) 1)

+26 )
+ (st 1)

then, we get

(1 1) + (1 1)

@aj(ei,eH»lav) @GF(PiaPiHaU)
1
< (1+2y) (f‘”’(e"”’i’*m_l
O (pi;0;11,0)

1
o7 — 1
+28 ( (81,610 ) :
o (PtpHrl v)_1

This together with (3) satisfies that

>1>*<@w<e,-,lwl)

1
<®ﬁ7(pi7pi+lav

1
1429 ;. [ \@moeo !
e
+ (@GI(eOvphv) h 1)

for v > 9. Thus, for i, j > ¥, without loss of generally,

leti < j,
(ewimro )
@Gf(pi7pj7v)

Jj—1 1
<Y (—
_](Zj<®li)'(piapi+l7v) )

o 1
Jj=1 (1+2y)§i (m_l>

= (1-20)7 \ + (@w((’olvpl-,v) - 1)
1
__ (0+2y gi (@w(Po’el’v) - 1)
1-28)(1— _
(1-28)1-9" \ +(eorary — 1)

— 1, as [ —> oo,

This proves that (p;) is a Cauchy sequence and convergent
in Q. Because D and G are non-empty closed subsets of
€, we can write

pPi—p G, asi— oo, ®))
Analogously,
6, >0 €D, asi— oo, (6)
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Then, from (5) and (6), one sees that
@Gf(pa 97 U), and
QGT (07p7 D) .

_lim(%-;(pi, 91',1)) =
i—oo
_lim®a;(6,~,p,~,v) =
i—o0

Since O is a traingular, by (3) and (4), we get

1
S .
(®m(pi76ivv) >
1 1

S (LS [ (S
- <@w(Pi,Pi+1,U) ) <@w(Pi+179i7U) )
.
(e
+ (@w(%ﬁhv) N 1)
— 1, asi —» oo.

Thus, Ogz(p,0,v) = 1. Similarly, We conclude that
Op(0,p,v) = 1 for v > ¥. This conclude that
0=pecDNG.

Now, we shall prove that (p,0) is a strong CFP of Z.
According to the @g triangularly property, for v > ¥.

By (1), (5) and (6), one can obtain

(@w(p,Eip,O),v) _1>
1
= <@w(P7Pi+17U) _1)

* (Gw(PiHé(P’Q)W) - 1)

1
= 7—1
(GG)'(pvpiJrlvv) )
1

* (%(s(ei,pi)ﬂ(p,e),v) - 1> ’

]
<f—r
a <@w(P,Pi+17U) )
% 1
+Y< 91 (?;VP:')AU) )
tor ooy 1
(4))‘1
+6 p,=(0;,0i),v ) ,
+ ooz |

<(L+&(Cbgh;ﬂﬂﬂ_l>

@)

as i — oo. Hence, ("") leads to Og(p, E( 0),v) =
since (y+8) < 1, then E(p,0) = p = Therefore
(p,0) is a strong CFP of .

The proof of the following corollaries follows
immediately from Theorem 2.

Corollary 1.Suppose that D and G are two non-empty
closed subsets of a CFCMS (Q,0g,%), where Og is
triangular and the mapping E : Q3 — Q is a cyclic
coupled Kannan-type FCC w.r.t. D and G. Let E verifies

where 0,s € D and p,q € G, for v > ,and y € (0, %)
Then DNG =0 and E has a strong CFP in DNG.

Corollary 2.Suppose that D and G are two non-empty
closed subsets of a CFCMS (Q,0g,*), where Og is
triangular and the mapping & : Q3 — Q is a cyclic

coupled Chatterjea-type FCC w.r.t. D and G. Let =
verifies

(@w<s<97p;,s<q,s>,v> - 1)

1
<$ Og(0,Z(q,s5),0) -1
= + :1 1 )
05(4.2(6,0),0)
where 0,s € D and p,q € G, for v > V,and 6 € (0, %)
Then DNG =0 and & has a strong CFP in DN G.

To support Theorem 2, we present the following
example:

Example 1.Suppose that 2 = R is a continuous D —norm
and Z : Q2 — Q is described by

%

Q‘U(G’p’”):HTep)’

where @(0,p) = |6 — p| is a usual metric, forall 6,p € Q
and v > ¥. Then easily one can proved that (2, Og, *) is

a CFCMS. Suppose that D = [—1,0] and G = [0, 1] are two
non-empty closed subsets of Q with @(D,G) = 0. Define
a continuous mapping = : Q% — Q by E(0,p) = _49

Then, the mapping = is a cyclic mapping w.r.t. D and G
for all 6,s € D and p,q € G. A mapping 2 is not a cyclic
coupled Kannan-type contraction, since

1 [
(@w@(e,p)ﬂ(q,s»v)l)‘v (E(6.p). E(g:5))
1416 —¢q|
=57

where 6 =3 ¢ (0, 1), therefore Theorem 1 is not satisfied.

© 2022 Sohag University
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Now, for v > ¥, we get

1
<@w< =(0.p).2(q, >7v>‘1>
_ %w(E(G,P),E(%S))

1416 —q| _14]6+q| _15|6+4|
) 7 ) 7 ) 7

_ 1 [/4]6+4]| N 16 +4|
) 7 7

4 119+11q‘ 1

110 7 110 7

119+11q’

]i 6+49+q+ )

% (|o+%+q+4|)
li |9+49|+’ 4qD
4 (0% +la+ %)

—

c

IN
S

| ( somee !
+— %(975(1%5)-,0) )
11 +@w(q,5(9¢P),U) - 1
Hence, all requirements of Theorem 2 are satisfied with

Y= 14—1 and 6 = 1—11 for v > 9. Thus Z has a strong CFP,
ie,2(0,0)=0€R.

The second result of this part is as follows:

Theorem 3.Suppose that D and G are two non-empty
closed subsets of a CFCMS (Q,0g,%), where O is
triangular and the mapping E : Q% — Q is a cyclic
coupled contractive-type mapping w.r.t. D and G verifying

1

—1
GGF(E(evp)v'E(st)vv)

—1 8
@w(evh’(e p),v), ’ ( )

QW(Q7E(Q7S) U),
Os(q,2(6,p),0),
Oz (0,2(q,s),v

where 0,s € D and p,q € G, for v > ¥, and ¢ € [0,1).
Then DG = 0 and E has a strong CFP in DN G.

min

Proof.Define 6y € D and pp € G Assume that (6;) € G
and (p;) C G are two sequences defined by (2), since Q is
a cyclic mapping w.r.t. D and G.

Now, we shall prove that (p;) is a Cauchy sequence.

Fori > 9,

1
( ) (e )
Op (Pk+1,6k42,V) Op (611, Pri2,0)

1
< §k+1 <+@w(P0-,191-,D) _11> 7
O (60,01,0)

where & =

125 < 1. First, we shall prove that

1
[ |
(@w(Pi+179i+2;v) )
1
< —_ 1 9
é(@w(ehpiJrl)U) >7 ( )

where § = 2= < 1. Then, from (8), one can write

1
|
<®ﬁ7(pi+176i+250) )

1

_ _ - ~1
(96(:’(6iapi)va(pi+l7GH—I),U) >

1
Oz (0;,Z(0;,p:),0),
Op(pit1,Z(pit1,6i41),0),
Op (6, Z(pit1,6i41),0),
Og (Pi+1,Z(6:,pi), V)

min

1

@w(&,pz—}—h )7
min{ Og(pit1,0i12,V),
Op(6;,6:42,0)

Now, we have three cases:
(1) If ®CU(9i7pi+17 ) iS
— 1) is the maximum in (/0), we have

—1]. (10)

minimum, then

<@m 0,Pi+1,0)

-1
<@ P1+17 i42,0) >

—1
< 91>Pz+1a )

1
—1]).
<@w(9i,Pi+1a V) )

It satisfies (9), as 0 < %5, where o € [0,1).
(i) If Og(pir1,6i+2,0) is minimum, then
1
05 (Pit1,6i12:0) 1)
write

1 1
L i) <of— 1),
<@w(Pi+179i+2,U) >_ <@w(Pi+179i+2,U) )

is the maximum in (/0), so, we can
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which is impossible.
(i) If Og(6;,642,0) is minimum,

B0 (8.620) 1] is the maximum in (/0) so that

(
ﬁ(@awi,m,ml)
(&

1

1 1
SR S Y (.
O (6;,Pit1,0) ) (@w(Pi+179i+27v) )
e ol
“1-0 ®w(9iapi+lav) .

It follows that (9) fulfilled. Thus from all cases, we get that
(9) is fulfilled.

Similarly, we can prove that

1)

1
<®CD'(6i+lapi+27v
1
<t(— 1), 1
_g(@m(PiﬂiHav) ) a

where & =

125 < 1. Then, from (8), one can write

1)

1
<®w(6i+lapi+27v
1

— —1
E(6i11,pit1), ) )

<@w(3(Pi79i),

1

QG(PDE(PU 6i)7 v)v
Op (0i41,Z(0i1,pi+1), V),

IN
Q

Y On(pi, E(6i41,pi41), V),
O (6ir1, Z(pi; 6:),v)
. ! “1|. a2
@(D'(piaeiJrhv)a

min ®w(9i+17pi+2:v)7
®1D'(piapi+2a D)

Hence, again we have three cases:
i If Og(pi,0i41,0) s
1
_1)

pla i+1s ’L))

( )
l+17pl+2a )

—1
< (plu l+lav) )
<% (o)
“1-0 @w(Pivez‘H,U) .

minimum, then

is the maximum in (/2), we get

then

where & =
and then puttmg in (13), we get

It satisfies (/1), as 0 < 2, where o € [0, 1).
(11) If QCU (6i+l » Pi42, v) is

1
O (0:11,0i1+2,0) )

1
B
<@w(6i+l7pi+230) )

1
<o——" 1),
- <@m(9i+1,Pi+27v) )

which is impossible.
(111) If @(D (Pi»pi+27 v) is

is the maximum in (/2), we get

minimum, then

is the maximum in (/2), we get

minimum, then

-
O (pi,Pi+2,0)

1
S
<@0(9i+1,Pi+270) )

1
@w(PiaPi+2vv)
S S
o Og (pi,6;41,0)
ENSE A |
O (6;11,Pi+2:V)

< ¢ ( ! 1)
“1-0 @w(PhGi-s-laU) '

It follows that (/1) justified. Thus, from all cases, we get
that (/1) is fulfilled.

Now, by adding (9) and (//), we can write

IN

IN

1 1
— 1|+ | =1
(@w(pi+179i+27v) ) <@ﬁ7(6"+1’p"+2’v> )

(m_l)
S;g/ © z7pll+1* . (13)
+ m‘l)

Now, again by (8) and similar as above, we obtain

1
L |
(Qw(eivpiJrhv) )

1
<tf(l— 1 14
_§<86(pi—176iav) >’ ( )
®G)'(pi79i+lvv)
1
—_— 1 15
<¢ (GGI(Gil»Piav) ) ’ ()

1= < 1. Hence, again by adding (/4) and (/5)

1)

1 1
- _1 _|_ -
(Qﬁf(pi+1;9i+270) ) (Gw(9i+lvpi+27v

(% -1
< €2 @w(Pz—llﬂhU) 1) ’

+ O (6;-1,pi,0)
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7
by continuing, we get (0 If Og(pk,prt1,v) is minimum, then
1 1 (W 1) is the maximum in (/7), we get
L)y ( - 1) Pert
(@w(l)i+179i+27v) > O (6i11,Pi+2, )
1 -1
<§1+1< Po7917 ) —1 >’ (16) (@ (Pr+1, 9k+17 ) )
+@w(90P17 )_l <o < _1)
for i > . Now, for integer k, we get pk’pk“’ )
1 <o ( O (px,6¢+1,0) Pk79k+1 v) 1 )
—1 - —1
(Qw(Pk+1»9k+17U) ) @as 9k+17Pk+17 Op (Okr1.Pk4+1,0)
®m(5(6k7pk)7g(pk76k)7v) pk’ k+15 )
where 0 < § = %5 < 1,since 6 € [0,1).
(d If a,(ek, Or+1,v) is minimum, then
l . . .
co l » (m — 1) is the maximum in (/7), we get
ngekvc’gekvpk;vvga 1
: @w pk,E Pk79k71)7 ( —l>
MY O (6, Z (k. 61), V), O (Pk+15Ok+1,0)
) ;2 (6, pr), L 1
@ (Pks Z(Ok, Pi), V) co ( CECT 1 )
05 (Pri1.6c11,0)
1
<El—uw- 1),
1 B é (Gw(ekakarhv) )
-0 —-1]. 17
Op (6, Prs1,0), where 0 < § = %5 < 1, since 6 € [0,1).
. ) Og(pr, Ok+1,0), Then, from (a) and (d), we can write
i GG)'(ekve/H-lvU)a 1
®ﬁ?(pkapk+l7v) ( — 1)
O (Pi+156k+1,V)
Hence, we the cases below: 1
(@ If Og(6pri1,v) is minimum, then <& ( — 1) , (18)
1 . . . QLU(Gkapk+lav)
(m — l) is the maximum in (/7), we get
where § = 1= < 1. And from (b) and (c), we can write
-1
( Pk+179k+17 ) ) < 1 —1)
O (Pi+1,60k+1,)
=0 ( (6 ’ v) 1) !
> P15 <éEl——-+——-1]), (19)
é (@w(Pkﬁkva) )
<é -1,
- (@w (6k; Prs1,0) ) where & = 12 < 1. Now, by adding (/8) and (19), we can
where 0 < & = %5 < 1,since 6 € [0, 1). write
(b)y If @m(pk, Or11,v) is minimum, then ( 1 _ 1)
(m — 1) is the maximum in (/7), we get O (Prt1 ’19k+17v) |
< —_— -1,
( _ 1) w<@w(Pk79k+1,U) O (6k: Pi+1: ) )
(Pr+1, 9k+17 ) £ o
where y = 3. Hence, in view of (/6), one can get
<0c _
o ( Pk>9k+l7 ) > ( 1 1)
< ( _ 1) Op (Pr+1,0k+1,0)
o pk76k+17 ) ’ ﬁ 1
< 0,71,V , 20
where 0 < & = %5 < 1,since 6 € [0, 1). ve! +W_l @0)
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for k > 0. By triangular inequality (/6) and (20) fori > ¥,

we get

1

1
<@Cﬁ(pi7pi+lav)

+
®(D'(ei7 6i+1 ) U)

1
< _
- <®w(Pi79i>U)

1+

1
—1
O (6;,pit+1,0) >
1

_l’_
(Qw(eivpiav)

Og(pi, 6i41,0)

1
B <@m(Pi, 6,v)
J’_ N
(@w(enpm,v)

1

1
—1
QW(eiapiav) )
1

_|_ -
Op (pi, 6i41,0)

1

)
)

)

< i—1
<2vé (@w(po,el

1

+§l <@w(P0791, ) -

(=

Now, for i, j > ¥ and j

1
(Gﬁf(piapjvv)

IA

<L ()¢

(”2;/) 1§—ké

¥, asi —» oo.

%

(panla )
+ @w(90 p1,0)

®w(607p]a
1

Jri
@(U(GOaplav)

11>-

> 1, we get

’v)_

)

Jj—1 1
,; (@w(Pk,PkH’U

>‘1>
(ermam 1)
+ (waso 1)

(eam —1)

1
T\ @) ~ 1)

5
)

2h

Hence, we proved that (p;) is a Cauchy sequence and it

convergent in Q.

Where D and G are a closed subsets of 2, so that

pi —

Analogously,

p €G, asi— oo,

6, — 0 €D, asi— co.

Therefore, from (22) and (23), we get

_lim('Da;(p,', 9,',1)) = @aj
i—oo
hm @aj(@j,phv) = @w
i—oo

(p,6,v),and
(6,p,v).

(22)

(23)

By triangular inequality (/6) and (21), we get

1
S
<@w(Pi79ivv) )

1 1
<(—— 1)t (1
o <@(D'(piapi+1?v) ) <®w<pi+176i7v) )

1
S <‘§+2V’+1) &k @w(p()?fpv) _1
§ +@w(90~P1»U) -1
— 19, asi —> oo.

Hence, Og(p,0,v) = 1, which leads to Z(p,0) = p =

0 cDNG.
Now, we can prove that &

1
— —1
(%( E(p,0),0) )
%_1
< ( O (p, P11+|7 ) )
+@w(Pi+1~E(P~,9)~,v) -1

Therefore, by the view of (8), (22) and (23), one can write

1
@w(E(Gi,p,»),E(p, 6)’0)

has a strong CFP in DN G,

(24)

—1

IN

min

O (6:,pi+1), V),
QGT(pa“(pae U),
Oz (P,pPi+1),0),
®w(9i7E(p’9)>v)

min

1
_>G<@m(P,E(P,9)7U)_1)’a51—>‘x’. (25)
Hence, from (24), we have

(et )
Os(p,Z(p,0),0)
< (1 . L - 1)
O (P pi+1,V) O (pi+1,Z(p,0),0)

1
— O — —1),asi— oo,
<@w(P,d(P,9),U) )

which verifies that Oz(p,0,v) = 1, where 1 — o # 0.
Thus, Z(p,0) = p = 0, which implies that Z(p,0) is a
strong CFP of &.
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Corollary 3.Suppose that D and G are two non-empty

closed subsets of a CFCMS (Q,0g,%), where Og is

traingular and the mapping E : Q% — Q is a cyclic

coupled contractive-type mapping w.r.t. D and G verifying
1

O0(Z(6.0).5(¢.5)0)

1
é o — -1 )
min @CU(Ga‘:”_‘(GapLD)a
GGI(Q7 :’(qas)v U)

where 0,s € D and p,q € G, for v > ¥, and ¢ € [0,1).
Then DG = 0 and E has a strong CFP in DN G.

The following example support Theorem 3

Example 2. Assume that all requirements of Example /
hold. Define the mappmg E:Q>2 5 QbyZE(0,p)= *26

Then, the mapping = is a cyclic mapping w.r.t. D and G
for all 8,5 € D and p,q € G. Now, from for v > ¥, we
have

1
05(Z(0,p),Z(q,5),0)
. %w(E(G,p),E(%S))

1210 _1140—g
5 v 25

7 50+2g 5¢+6
= | max 97‘]777
5 7 7

{79 7q 560 +2¢ 5q+9}>

2

5

( "5 5
(|9+

2q
max
‘ 0+

-1

)
1
Si
)
2
5v

IN

2
5v

26
ﬂ

1

@tZF(97E(97p)av)v
Gm(qu(qas),v)a
@w(QaE(eap)vv)a
@Gf(evz(qu)av
Hence, all requirements of Theorem 3 are justified with
= % for v > . Then & has a strong CFP, i.e. £(0,0) =
0eR.

SN

min
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