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ABSTRACT

Motivated by the need to improve their productivity, interest has grown in the
past few years in the study of flexible robot manipulators dynamics and control.
In this work, a dynamic model of a Single link flexible manipulator based on the
assumed mode method is presented. The manipulator has been considered as a
Bernoulli-Euler beam subjected to finite rotation. A computer program including the
proposed model has been used to simulate numerically the dynamic response of a
manipulator under investigation. The validity of the proposed model has been verified
through the comparison between the dynamic response of the manipulator based on the
proposed model and that based on a Finite Element model.
The proposed model has been used to investigate the contribution of the main
mechanical design parameters (damping, and payload) as well as the open loop control
torque profile on the performance of the manipulator under investigation.

NOMENCLATURE

A cross-section area of the link. [.rll -] the position vector of the point in the

undeformed configuration.
a the modal coordinates. T Kinetic energy.
Ci  constants depends on the natural i
frequency [Tﬂ] a homogenous transformation matrix
[d,] the elastic displacement vector . v Potential energy.
E modules of clasticity Vi lateral displacement of a point
: on the neutral axis
E L, bending rigidity of the manipulator. V, absolute velocity of the payload
gravitational acceleration. Ve grlzir;ll'(tational potential energy of the
mass moment of inertia of the rotor. Vo gravitational potential energy of the
payload
I,  area moment of inertia of the link. Y, the modal shape functions.
L length of the link il the solution of the characteristic eqn.
m, mass of the payload B¢ the joint angle corresponding to the
' flexible manipulators
M  applied motor torque at the joint. Or the joint angle corresponding .to the
rigid manipulators
q i generalized coordinate. &  i" damping factor
Q,  i® generalized forces. p  specific mass of the link material,

. @  i® natural frequency.
I'p | absolute velocity of the tip point
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INTRODUCTION

The efficiency of a single link flexible manipulator moving at high speed and having a
payload is highly dependent on its dynamic behavior. The Lagrangian Mechanics and
the assumed mode method have been used to derive a proposed dynamic model ofa
single link flexible manipulator having a revolute joint. The link has been considered as
an Euler-Bernoulli beam subjected to large angular displacement., The kinematics ola -
single link flexible manipulator are described, here, based on the Equivalent Rigid Link
System and a transformation matrix method. The overall motion of the flexible link
consists of the Rigid Body Motion which is defined by the joint angle, and the Elastic
Motion which is defined by the first two modal coordinates. Hence, the Euler-Bernoulli
beam is converted from continuos system to discrete system having three generalized
coordinates. The validity of the proposed model has been verified through the
comparison between the dynamic response of the manipulator based on the proposed
model and that based on a Finite Element Model [1]. The proposed model has been
used to investigate the effect of three main design parameters, the payload, the
damping, and the open-loop control torque profile.

KINEMATICS OF A SINGLE LINK FLEXIBLE MANIPULATOR.

The kinematic properties of a single link flexible manipulator are based on the
Equivalent Rigid Link System and the transformation matrix. The Equivalent Rigid
Link System of a flexible manipulator describes the Rigid Body Motion of the
manipulator. While, the Equivalent Rigid Link System (ERLS) is defined as a
hypothetical system which produces the Rigid Bedy Motion and, the Elastic Motion
arising from the structural flexibility may be superimposed on it. A single-link flexible
manipulator is shown in Fig.(1). The motion of the link is limited to the vertical plane.
The flexible link can be bend freely in the vertical plane, while, it is stiff in torsion and
horizontal bending. The link is represented by a steel flat bar clamped to an electric
motor. The axis of rotation of the motor is the z axis.

C?&f‘ 0)
e C 0)

o
0 %
Fig.(1) Geometric and generalized coordinates of a flexible link.
For the case of a single link manipulator presented in Fig.(1), XY is the inertial frame.
xy is a frame assigned to the Rigid Body. The position vector rr,'l of an arbitrary

point on the link with respect to the inertial frame can be expressed as,

] =[] ([x] +a])
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A MATHEMATICAL MODEL OF A SINGLE LINK FLEXIBLE
MANIPULATOR.

The model of the single link manipulator is obtained on the basis of Lagrange’s
equations of motion which may be written as .

d| oT | 4T |
L) - 4 v _ Q, i=1,240000,l + (1
dt aql aql aql

The derivation of the manipulator mathematical model necessitates the
determination of expression of its kinetic energy, potential energy, and generalized
forces. These expressions are obtained here after

The assumed mode method is used to describe the lateral elastic displacement of
the manipulator. Two modal shape functions are used to define the displacement field
as follows .

V;(x, t) = Zal(t)Yl(x) (2)

i=l
The natural modal functions corresponding to clamped-free uniform beam are used
here [3, 4]. These modal functions are given by,

Y x) = C (cosPix +coshfix ) + sinflix + sinhf;x 3)

_ sinB L + sinh L
cosB,L + coshf,L

B,L = 1.875104069 B2L = 4.694091133
B4 - mz p A
EIL

RELATION BETWEEN THE MODAL COORDINATES AND TIP POINT
DISPLACEMENTS.

From eqn.(2) the elastic displacement is represented as a superposition of the first
two modal coordinates as shown,

V| (X,t) = a1 Yl + a; Yz
The slope angle is therefore given by,
ov,(x,t)
ox

Hence, the tip point displacements are expressed as,

P, (x,t) =

V[ (0) = 281 C| + 2az Cz (4)
@1(0) = 2a, B, + 2a; B, %)
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GENERALIZED COORDINATES.

For a single-link flexible manipulator, the generalized coordinates are chosen to
describe the overall motion of the flexible link. The overall motion of the link consists
of the Rigid Body Motion which is defined by the joint angle 9, and the Elastic
Motion which is defined by the first two modal coordinates a; and a; . The vector of
generalized coordinates may therefore be given by,

q, 0
q, | = | A
q; a,

KINETIC ENERGY.

The total kinetic energy T of the manipulator system consists of three parts, the kinetic
energy of the link Ty, the kinetic energy of the motor rotor Tr, and the kinetic energy
of the payload Tp.

THE KINETIC ENERGY OF THE LINK T,

The kinetic energy of the link is associated with the distributed tnass along the length
of the link, it is expressed as,

ey gffm

THE KINETIC ENERGY OF THE ROTOR Tr

The kinetic energy associated with the rigid rotation of the rotor by an angular

velocity 0 is expressed as,

(%)

1 3
T =-1.6 7
r 2r ()

THE KINETIC ENERGY OF THE PAYLOAD T,

The kinetic energy of the payload is associated with the payload mass at x = 0,itis
expressed as,

1 T
T, e f [rpw [rﬂ dm (8)
2 paylosd
The total kinetic energy T of the manipulator system is the sum of three terms T, Ts,
and T,
T=T,+Tr+ Te
POTENTIAL ENERGY

The total potential energy V of the manipulator consists of, the strain energy Vs,
and the gravitational potential energy Vvg.
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STRAIN ENERGY

The strain energy is due to the elastic deformation of the beam. For Bernauli-Euler
beam the strain energy is given by;

_ 1 CAAY
v’—EIEL[W) dx

Hink

GRAVITATIONAL POTENTIAL ENERGY OF LINK

The gravitational potential energy of the link referred to the ZX plane as a datum is,

T
V, = ﬂ_r,] [g]dm
GRAVITATIONAL POTENTIAL ENERGY OF PAYLOAD

Considering ZX plane as a datum, the gravitational potential energy of the payload s,
Vep=mp g ( 1y )ux=o

The total potential energy V may then be obtained as,

V=V, +Vu+V,
GENERALIZED FORCE.

It is assumed that the manipulator is applied upon only by a tarque along the rotary
joint axis, (motor torque). The generalized force is therefore given by,

Q] = [mM o of ©)
EQUATIONS OF MOTION.

The application of Lagrange’s eqn.(1) yields two sets of equations. The first set is
associated with the Rigid Body degree of freedom defined by O and the other set is
associated with the Elastic degrees of freedom defined by a; and a,. These two sets of
equations of motion for a single-link flexible manipulator are nonlinear time-varying
coupled, second-order ordinary differential equations.

EQUATION OF MOTION ASSOCIATED WITH THE RIGID BODY
MOTION.

Consider the generalized coordinate q; = 8. Then , the equation of motion which
describes the Rigid Body Motion is obtained as,

- =t —= = Q, (10)
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EQUATION OF MOTION ASSOCIATED WITH MODAL COORDINATES.

Consider the generalized coordinate qz = ai - The substitution with the different terms
into eqn.(1) yields, the equation of motion associated with a, as,

d| JT ar oV
= - + = (11)
dt[aé‘) aal aax .

Consider the generalized coordinate qs = az . The substitution with the different terms
into eqn.(1) yields, the equation of motion associated with a; as,

d| dT T A

— - - = 12

dt aa 83-, aa: Qa, ( )
2 2

MODEL VALIDATION AND CASE STUDY.

This section is devoted to discussions concerning the validation of the model and the
investigation of effect of its main design parameter on its performance.

VALIDATION OF THE PROPOSED DYNAMIC MODKEL.

The validation of the proposed dynamic model is needed to ensure confidence of the
model for use in the future design and control applications. To validate the dynamic
model, the model simulation results corresponding to its dynamic response is
compared with the dynamic response of a finite element model presented by Daniel
[ 1 ]. The physical manipulator models for both cases have the same geometric, and
mass properties, and are subjected to the same input torque profile as shown in Fig.(2).

TORQUE[N.m ]

0.00 0.05 0.10 0.1% 0.20 Q.25
TIME [ sec. ]

Fig.( 2) Bang-bang open loop control torque profile
The numerical simulation of the proposed model is based on the numerical solution of
Eqns.(10,11,12) using the Rung Kutta four method. A computer programs in
FORTRAN have been prepared for this purpose . Fig.(3) shows the time history of the
joint angle 8 corresponding to the Finite Element model of the flexible manipulator
(thin line) [ 1 ]. On the same figure in thick line is shown the time history of ©
corresponding the rigid manipulator. . Fig.(4) shows the time history of the joint angle
9 corresponding to the flexible manipulator based on the proposed model (thin line) .
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On the same figure in thick line is shown the time history of 8 corresponding the rigid
manipulator The comparison between Fig.(4) and Fig.(3) shows that for 0 <t <0.2
sec. there is a good agreement between the proposed manipulator model and the Finite
Element model [1]. The sustained vibration observed for t>0.2 sec. is justified
by the lack of damping in the proposed model which has been introduced later . Table
(1) shows, the geometric and mass properties of the flexible link which consists of
steel flat bar clamped to an electric motor.
Table(1) Geometric & mass properties of the flexible link

parameter value
Arm length L 0.762 [m]
Cross-section area A 2.42 * 10™ [ m?]
Young’s modulus E 2* 10" [N/m*]
Specific mass p 7836.63 [Kg/m’ |
Area moment of inertia Iz 20.655 * 10 [m']
0-5 7 Qm
(o7 3]
0.4 %s)
% =
= 03 A4 Eﬂ:ﬂ
: 3oz
g 3
3 024 FLEXIBLE BEAM §@@
3 ' Sos
]
3 an
ol 4
IDEAL RIGID SEAM 0B
1 am t : - - '
0.0 — - : . . am ap D o %s) 0D
0.0 a.1 02 0.3 0.4 0.5 e
Time (sec) .
Fig.(3) Time history of the joint angle of the Fig.(4) Time history of the joint angle of the proposed
finite element model [ 1 |. model.

EFFECT OF THE MANIPULATOR FLEXIBILITY.

To evaluate the effect of the manipulator flexibility, the time histories
corresponding to the following variables have been calculated:

i-the modification of the joint angle A

AD = en -ep

ii-the manipulator lateral tip displacement v,.

ili-the slope of the manipulator at the tip point ..

These three variables have been calculated in addition of course to the modal
coordinates a; and a,.

Figures(5), and (6) show the time histories of the modal coordinates a, and as.



Proceedinss of the 7" ASAT Conf. 13-15 May 1997

RN

coordinate [m ]

| Lt
N

il
L
[
{8 4

i

Q0

fnef =]

Fig.(5) Time history of the first modal
coordinate a,.

The analysis of Figs.(5), and (6) shows that,
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meodal coordinate [ m |

Fig.(6) Time history of the second modal

character of the assumed mode method used.
Figures(7), (8), and (%) show the time histories of vy, ¢y, and ABrespectively.
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Fig.(7) Time history of the tip point
displacement v,.

coordinate az.
the contribution of the first mode in the

dynamic response is greater than the second mode. This corresponds to the general
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Fig.(8) time history of the slope angle at the tip
point.
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Fig.(9) Time history of the joint angle modification A6.
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The analysis of Figs.(7), (8), (9) shows that, these time histories pass by three distinct
time periods 0 <t < 0.1, 0.1 <t < 0.2, and 0.2 < t. The first two time periods
represents a transient response. The third one, however, corresponds to a sustained
vibration. In the first time period A®, v, and ¢, start at zero values, pass by two
dominant maximums and returns to zero again. In the second time period A8, v, and
¢ change their sign and pass by two other maximum values before the sustained
vibratory behavior in the third period. This time pattern of A8, v, and ¢ may be
correlated to the torque profile used, (see Fig.(2)).

INVESTIGATION OF THE EFFECT OF THE MAIN
DESIGN PARAMETERS.

The design goal of a flexible manipulator is achieved when its payload is increased and
the vibratory effects are reduced. In this section, therefore, three design parameters
will be investigated:

- Effect of damping.

- Effect of payload.

- Effect of open loop control torque profile.

EFFECT OF DAMPING.
The damping introduced here is of viscous type. Rayleigh’s Dissipation Function D is

introduced as [ 2 ],
MY )
> - 3 a] @]

After the normalization with respect to mass, the diagonal matrix [C] is defined as,

_ 20, 0
9=

Lagrange’s equations (1) considering Rayleigh’s Dissipation Function can be rewritten
as,

:“L£BT}_§1+ER+3_V=QI Q=8 , B
t

3 (il 9, , ‘-h aq,
The dynamic response based on the above mentioned squations has been calculated for
different values of the modal damping &;. when the manipulator is being subjected to an
optimal torque corresponding to rigid rest to rest manoeuvre (see Fig.(2)). The
analysis of this study leads to, damping has two main effects on the elastic
displacements of the manipulator:
i- Slit reduction of the maximum values of elastic displacements during the
maneuver period 0 <t < 0.2 sec.
ii- Significant reduction and even elimination of the residual vibration after the
maneuver period.
The reduction of the maximum values of elastic displacements and the modification of
joint angle are best demonstrated on Fig.(10), where, ABmax ,Vimax , and Qe are ploted
against &,
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1.00E-01 \

8.00E-02f o —

\:Q\\
6.00E-02
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2.00E-02 ¢

0.00E+0C
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.18 0.18 0.20

maximum value of (Vi , ¢t , 46)

damping cofficient £

Fig,(10)The variation of the maximum values of clastic displacements with damping ratio & .
EFFECT OF PAYLOAD.

The payload is a very important parameter for the design of a flexible manipulator. An
important objective of the manipulator mechanical and control design is to increase its
payload. It is anticipated, however, that the increase of payload will be accompanied
with an increase of the elastic displacement and the residual vibration after performing
a manoeuvre. The effect of payload has been investigatéd by calculating the dynamic
response of the manipulator assuming different payload to manipulator mass ratio,
(my/m). The bang-bang torque profile has been recalculated for each value of (my/m)
so as to produce the same rigid rest to rest manoeuvre. Fig.(11) show that The
variation of the maximum values of elastic displacements with the payload.

maximum value of( Vi, ¢0)

200 Jed 10 2 10 e 20 0 49 50 @ 80 IR ] 2 80 9 % L )

mp /m
Fig.({l)’fhe variation of the maximum values of clastic displacements with the payload.

The variation of the’ maximum values of the manipulator elastic displacement
represented by (Vi)ma« and (@)max Increases progressively. The order of magnitude of
the tip point displdéement for values of my/m > 0.1 is rather elevated. This situation
should be considered in conjunction with the torque profile used. Reasonable values of
flexible manipulator displacement may be achieved by limiting the payload ((my/m )to
be limited) and the convenient choice of the torque profile corresponding to the
required manoeuvre.
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EFFECT OF OPEN LOOP CONTROL TORQUE PROFILE.

The torque profile used uptill this point is the optimal torque corresponding to rest to
rest manouevre of a rigid manipulator which is given by Fig.(2). The auther has been
convincced that there should be certain optimal torque profile which satisfy the useful
rigid rest to rest manouevre and at the same time reduces the transient and steady state
elastic motion (vibration). It is for that reason that two extra torque profiles have been
investigated, a triangular torque profile Fig.(12) and a trapezoidal torque profile
Fig.(14). The magnitude of these torques are calculated such that the rigid rest to rest
manouevre is kept the same. The dynamic response of the manipulator under the
triangular torque profile is shown in Figs(13). The dynamic response of the
manipulator under the trapezoidal torque profile is, however, shown in Figs.(15).

4060
2530501
201 b
15E01 1260
_ o 'i 100801
3 weo q 260
g ooE % 20801
g_ Saem 1260
OO ——ADEE
1B Hosar =
2001 Se®
25501 Q00E-0 p—
L] s an Qs a0 s o an 0 a0 Q40 (5] et
ThE[ = | TIME] sz |
Fig.(12) triangular torque profile . Fig.(13) The joint angle O for flexible and rigid
case corresponding to the triangular torque
profile.
20001 a8
180 e
1.0 o
T SOE® icm
- -
3 $o
§ SOED %‘
] as
-10E0 an o
o -
~200E0 am
Q@ as a0 as a ax am av a0 ax a0 am Qe
TIME mac: | TIME( mc |
Fig.(14) Trapezoidal torque profile. Fig.(15) The joint angle O for flexible and rigid
case corresponding to the trapezoidal torque
profile.

The comparison between Fig.(4), Fig.(13), and Fig.(15), shows that the order of
magnitude of the maximum manipulator deflection during the transient manoeuvre
period is practically the same for the three torque profiles investigated. the triangular
torque profile, however, is associated with the sustained vibration having minimum
magnitude.
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COLLECTVE PARAMETRIC ANALYSIS.

The effect of modal damping, payload, and open loop control torque profile on the
dynamic response of the manipulator have been investigated individually. The analysis
of time histories corresponding to the manipulator tip point elastic displacement v, and
elastic rotation @, for each case shows that they follow practically the same pattern. i.e.
v, and @, pass by extremum values for 0 <t < 0.1 sec. then they change their sign and
pass by other extremum values for 0 < t= 0.2 . For 0.2 < t, sustained vibration is
obtained. To demonstrate the effect of the design parameters collectively the
magnitude of the maximum values over the time histories of v, and ¢, have been
presented for bang-bang, triangular, and trapezoidal open loop control torque profiles
respectively on Figs.(16), (17), and (18).

0.70
Tt 080 § ! DERLECTION [ m ]|
. |
——S L OPE [rad. ]
- ‘ |
:"" 0.50
\\
0.40
)
3
e 0.30
-
= 6.20
3
-
0.10
£
2
s 9.90
= 0.00 0.08 0.10 5.18 0.20 0.25 a.30 9.36 0.40 0.48 0.50

Fig.(16)Effect of payload and damping on the tip point deflection and slope angle corresponding
to the triangular torque profile .

0.80

0.50 | mm—— | Q PE [ rad. | _JI

DEFLECTION [m ] 'i'—" 0

. 0.02 ,0.04,006,0.08,0.1
7

0.00 0.0%5 0.10 v 0.15 Q.20 0.25 0.30 0.35 g.40 0.48 0.50

maximum value of (Vi , ¢1)

Fig.(17) Effect of payload and damping on the tip point deflection and slope angle corresponding
to the trapezoidal torque profile .
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Fig.(18)Effect of payload and damping on the tip point deflection and slope
angle corresponding to the bang-bang torque profile .

The analysis of Figs.(16), (17), and (18) shows that:

 The payload has a very important effect on the tip point elastic deflection and
rotation,

* The increase of damping reduces the tip point elastic deflection and rotation,

The triangular open loop control torque profile creates the lowest tip point elastic

deflection and rotation compared with the bang-bang and the trapezoidal open loop
control torque profile.

CONCLUSION.

The Lagrangian mechanics and the assumed mode method have been used to drive a
proposed dynamic model of a single link flexible manipulator having a revolute joint.
The model may be used in general to investigate the motion of the manipulator in the
vertical plane. The validity of the proposed model has been verified through the
comparison between the dynamic response of the manipulator based on the proposed
model and that based on a Finite Element model [1]. Quite satisfactory agreement has
been recognized between the dynamic response based on both medels. The proposed
model has been used to investigate the effect of three main design parameters, the
payload, the damping, and the open loop control torque profile. The results of
investigation show that as long as the rest to rest rotational manouevre is considered,
the payload has a dominant effect on the elastic deflection of the manipulator. The
increase of damping reduces the elastic deflection and the residual vibration. The
increase of damping is, however, limited by the availability of an energy absorption
material layer to be integrated with the link structure. The minimum values of elastic
manipulator deflection have been achieved using a triangular shaped open loop control
torque profile.
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