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1 Introduction
The theory of basic sets (bases) of polynomials (BPs) has a significant role in
mathematics and its applications, e.g., approximation theory, mathematical physics,
Geometry, and partial differential equations. The interest of the present work focused on
the expansion of analytic functions into BPs. Given a sequence of a base of polynomials
{P,(2)}. The expansion of an analytic function f(z) as a basic series )., a,, P,(z) began
with the papers by Whittaker and Cannon [14, 15, 30, 31] about 90 years ago. Basic
series generalize Taylor series, where B, (z) can be Legendre, Laguerre, Chebyshev,
Hermite, Bessel, Bernoulli and Euler polynomials (see [1, 4, 5, 10, 11, 21]). This theory
found a lot of applications, mainly in the theory of functions depending on one or several
complex variables as well as in the approximation of solutions of differential equations or
matrix functions.

The topic of derivative BPs in one complex variable has been studied early (see
[26, 27, 28]), the searchers considered the disks in the complex plane C. For several
complex variables (see [16, 17, 19, 24, 25]), the representation domains are
polycyclinderical, hyperspherical and hyperelliptical regions. Recently, in [12, 35] the
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authors investigated this problem in Clifford setting which is called hypercomplex
derivative bases of special monogenic polynomials, where the representation in closed
balls. In [9] Adepoju developed the concept of BPs of a single complex variable in the
Banach space, which depends on some basic concepts in functional analysis. Also, the
authors in [16, 17] studied the BPs in higher dimensions in Banach space. Hassan et al
[22] introduced a study of the idea of BPs based primarily on Clifford analysis and
functional analysis. Their study constructed a criterion, of general type, for effectiveness
(convergence properties) of BPs in Fréchet modules. They gave some applications of the
convergence properties of BPs in approximation theory concerned with the
approximation of special monogenic functions by an infinite series in a sequence of
special monogenic polynomials in closed and open ball.

In the current work, we define two new bases are called EDBs and EIBs. We
investigate the effectiveness and the growth order and type of EDBs and EIBs in Fréchet
spaces in several domains:

closed disks D(R), open disks D (R), open regions surrounding closed disks D, (R), at the
origin and for all entire functions. Furthermore, we will give some applications on the
EDBs and EIBs of Bernoulli, Euler, Bessel, and Chebyshev polynomials.

2 Preliminaries

In this section, we recall several definitions, notations and results which will be essential
in this study (see [9, 13, 16, 17, 22, 28]).

Definition 2.1. A seminorm ||l is a function from a vector space X to the real

numbers R satisfying

@Ifll=0vVf €X,

@ If +gll<lIfIl+gllv f.g € X,
@ llafll=lallifllVfeXanda€C,

@Ifll=0=f=0.

Seminorms are essential to define Fréchet spaces as follows:
Definition 2.2. An F-space E over C satisties the following three properties
(i) E is a Hausdorff space,

(ii) E is topology may be induced by a countable family of seminorms
P=_UN)=0k <I=2lglx<lgly(g € E). This means thatV c E
isopenifandonlyifvVg € V :thereexistse > 0,N = 0 such that

{f €eE:llg—fllxy< e}c V,Vk < N.

(iii)  E is complete with respect to the family of semi-norms.
Definition 2.3. A sequence (gy ), = 0 in an F-space F converges to fin F ifand only if,

forallll.ll, € P, we havelimpswll g, — f ll = O.
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Remark 2.1. Suppose H[S] denote the space containing analytic functions in a region
S where S stands for D(R), D(R) or D, (R) as indicated. Then the space H[D(R)] is an

F-space using the family of semi-norms defined as

lgllr = sups|g(2)],Vr <R, g € HID(R)].

The space H[D(R)] with the seminorm
lgllz = supswlg(2)], g € HID(R)].

is an F-space. The family of semi-norms
lglly = supslg(2)|, VR <r, g € H[D,(R)].

define H[D,(R)] as an F-space. Now, let H[o] be the space of entire functions on the
complex plane. By defining the seminorms family in H[oo] as follows

lglln = supbmylg(2)|, g € H[o],n < oo.
then H[o] is an F-space. Let H[0*] be the space of analytic functions at the origin. The
family of semi-norms

lglle = suppe)lg(2)|,e > 0vg € H[0"]

makes H[0+] into an F-space where D(€) is a some disk surrounding 0.

Definition 2.4. A sequence {P,(z)} of an F-space E is said to form base if the z™ admits
a unique representation of the form

2" = Y=o Tn ik Pr (2).
The matrix II = (m, ) Is called the matrix of operators of the base {P,(z)}. The base
P, (z) will always be written as

P.(2) = Y=o pn.kzk'
The matrix P = (pyy) is called the matrix of coefficients of the base {P,(z)}. Thus

according to ([22]) the set {P,,(z)} will be base if and only if

PII=1IP=1

(2.1)

(2.2)

(2.3)
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Let g(z) = Yoo a,(g) z™ be any element of an F-space E, substituting for z" from
(2.1) we obtain the basic series

g(z)~ 2;?:0 nn(g) Pn )
where

nn(g) = Z?:O ak(g) Tk n-
Definition 2.5. A base {P,(z)} is effective for an F-space E if the basic series (2.4)

converges uniformly to every element g € E.

From Definition 2.5, we take the F-space E to be the space H{pgy}- The base {P,(2)}
will be effective for H{p gy if the basic series converges uniformly to every analytic
function g € H|py) which is analytic in D(R). Similar definitions are used for the
following spaces Hip(gy), Hip, (r)), Hjw] and Ho4; . Theorems concerning the

effectiveness of bases are due to [5, 9, 22, 28]).

Write:

Bl = SUpE(R)an(Z)l, (2.6)
wp,(R) = X|Tnc| 1Pl
2.7)

Ap(R) = lim supn%m{wpn(R)}%. (2.8)

Theorem 2.1. A necessary and sufficient condition for a base {P,(z)} to be effective
fOl" H[E(R)], H[D(R)]IH[D+(R)]IH[OO] or H[O] is that AP (R) = R,/lp(r) <R Vr<

R,2p(R*) = R,2p(R) < @ VR < w or 1,(0%) = 0, respectively.
Cauchy’s inequality for the base in (2.2) is given by (see [22])

IRl
|Pn,i| S ;i = ’ (29)

Where

IP.llr = 5up5(R)|Pn(Z)|-

(2.4)

(2.5)
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Definition 2.6. When the base {P,(z)} is polynomials then representation (2.1) is

finite. If N(n), the number of non-zero terms in (2.1) is such that

{N(n)}% - 1l,asn—> o (2.10)
the base {P,(z)} is called Cannon base of polynomials (see [22]).
When {N(n)}% —= a > 1,asn— oo, the set {Pn(z)} is said to be general base.

Definition 2.7. A base {Pn(z)} of polynomials in which the polynomial Pu(z) is of
degree n is called simple base.

Definition 2.8. The order and type of a base {Pn(z)} introduced in [30, 31]) by

pp = limg_ o limsup,_« %. (2.11)
and
1
Tp = limR_m% lim sup;, e w. (2.12)

The importance of order and type lies in that if the BPs {Ps(z)} has finite order w
and finite type t, it represent every entire function of order less than % and type less

than % in any finite disk (c.f. [20, 21, 30]). Related results to order and type of the
BPs can be found in [2, 33, 34].

The definition of the Tp-property of bases of polynomials of one complex
variable in disks was first proposed by Eweida [18]. In addition, the study of the Tp-
property of bases of polynomials of several complex variables in complete
Reinhardt domains (polycylinderical regions) was introduced by Kishka et al. [23].
Moreover, the definition of the Tp-property of bases of polynomials in Clifford
analysis in balls was introduced by Abul-Ez and Constales [7].

We recall the definition of the Tp-property as provided by Eweida [18] as

follows:

Definition 2.9. If 0 < p < oo, then a base is said to have property T, in a closed disk D(R)
open disk D(R) or at the origin, if it represents all entire functions of order less than p in
D(R), D(R) or at the origin.

Let

logwpn(R)

wp(R) = lim sup,,_,e o loan
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Concerning the necessary and sufficient condition for the base of polynomials
{Pa(2)} to have the property T, in a closed disk D(R), open disk D(R) or at the origin
(see [18]), we have the following result:

Theorem 2.2. Let {Px(z)} be a base of polynomials and suppose that the function f(z)
is an entire function of order less than p. Then the necessary and sufficient condition

for the base {Pn(z)} to have property T, in the closed disk D(R), open disk D(R), or at

the origin w(P,R) < %, w(P, 1) < %, Vr<Rorw(P,0") < %.

For more information about the study of BP in Complex and Clifford analysis, we refer

to

([6, 8, 24, 29, 34]).

3 Exponential derived and integral bases

Definition 3.1. The exponential derived exp(D) and the exponential integral exp(I)
acting on the monomial z" are defined by:

exp(D)z" = e"z",

1
exp()z"™ = en+1 z™,
Where

D=z D" =p™pandl =2 [Pdz "= "1
dz z Y0

Definition 3.2. Let {Px(z)} be a base. By applying exp(D) and exp(I) into (2.2), we get

exp(D) Py(2) = Yk pnie*z",
1
exp(I) P,(2) = Xy ppiekrizh.
The set {exp(D) P,(z)} = {E2 (2)} is called exponential derived base of
polynomials (EDBPs) and the set {exp(I) P,(2)} = {EL(2)} is called exponential
integral base of polynomials (EIBPs).

In this paper, we thoroughly discuss the following important questions:

1. If {Pn(2)} is a base, and we apply the exponential derived exp(D) or exponential
integral exp(I) does the resulting sets {EL (2)} or {EL(2)} define a base?
2. If the base {Pn(z)} is effective for the spaces Hp(gry, Hipr)), Hip, (r)]) Ho] OT

Hio+y, is the base {EP (2)} or {EL(2)} also effective in the same spaces?.

(3.1)

(3.2)

(3.3)
(3.4)
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3. How related is the growth rate of the base {P,(z)} of and the growth rate of
{Ex (2)} or {E7(2)}?

4.1f the base {B,(2)} has T,-property, does the base{Ey; ()} or {E},(2)} posses the

same property?.

4 Effectiveness of the EDBPs and EIBPs

Before we start characterizing the effectiveness properties, we need to prove that
the constructed set EDBs or EIBs is indeed a base.
Theorem 4.1. Let {P,(2)} be a base. Then the set {EF (2)} is base.

Proof. We construct the matrix of coefficient E?, then by apply the exp(D) into (2.2),
it follows that

exp(D)F(2) = Xk Pok ekz¥,
Thus, the matrix of coefficients E? of this base is given by:
EP = (Epi) = (¥ Poy).
Now, the matrix of operator I1? follows from the representation:
1
2= ) TsER ()
k
which means that

1
nP = (n2,) = (e_n ﬂn,k)-
EPIIP = (Z Eﬁ,kM?,h) = (Z Pn,kﬂk,h> = (8n0) =1
k k
D D e’
JIPED = Z”n,kEk.h = <e_n6n'h > =1.

k

Consequently,

Moreover,

According to the base property (2.3), it follows that the set {EL(z)} is indeed a

base. Also, we may proceed very similar as above to prove that the set {E.(z)} is a

base and the theorem is therefore established. O
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Theorem 4.2. Let {Pn(2)} be a BPs satisfying the condition:

limy, o0 22 = 1, (4.1)

Where D, is the degree of the polynomial of highest degree in the representation
(2.1). If the BP {P,(z)} is effective for H[D(R)], then the EDBs {E? (z)}, also, is
effective for H[D (R)].

Proof. If B,(2) is a base, ||B, g = suppr)|P.(2)| and ||ER|Ir = suppr)|Ex (2)], then
”Erlz)“R = SupB(R)lET?(Z)l

= Suppr) |2 Pnje’ 2’|
< |[P.llr X €’
= ||Pllge*™(d,, + 1) (4.2)

where dy is the degree of the polynomial Px(z), dx < Dy by the definition. Owing to
(2.7) and (4.2), we obtain
G)E,Q(R) = Zk'ﬂ:r[l),k| ||E£||R
< = Zilmn] 1Pellz e (dy + 1)
< e (dy, + Dwp, (R)
< ePn™™(D, + Dwp, (R). (4.3)
Using (2.8) and (4.3) and applying condition (4.1), it follows that wzp(R) <

wp(R) < R Butwgo(R) = R, then

wpo(R) = R. (4.4)

Hence, applying (4.4) and using Theorem 2.1, we conclude that the effectiveness
of BPs {Pa(z)} for H[D(R)] implies the effectiveness of the EDBPs {EY (z)} for
H[D(R)].

The absence of condition (4.1) implies that Theorem 4.2 is not always true. We

illustrate this fact with the following example.
Example 4.1. Consider the BPs {Pn(z)} defined by
n

P.(7) = {z , nis even
LT 2+ 28, b =2n,nis odd.
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In this base z" = B,(z) when n is even. Hence wp (R) = R™. Thus taking R =

1
1L, wp, (1) = 1 .and limsup,_o{wp,, (1)} = 1.
Furthermore, z" = P,(z) — P,(2), (nis odd), then wp, (R) = R"+ 2R".

Taking R =1, wp, (1) = 3, we obtain

1
lim supn_wo{cupzm(1)}2“‘”1 =1

1
Consequently Ap = lim sup,_,{wp, (1)}» = 1, which implies that the base {Pn(z)} is
effective for Hp (1))

Now, construct the EDBs {EP (2)} as follows:
ez nis even
B ={
n(2) ez +ebzP, b =2n,nisodd.

Since z" = (ein) EP(z), when n is even, then wgp(R) =R", taking R =
1Lwgp(1) =1
Hence,
lim supy - of{wgp (R)}% =1
Moreover, when n is odd, we have z™ = (ein)[E,? (z2) — EPn (2)]. Thus it follows

that,
wgp(R) = R™ + 2eb—mR™,

Consider R = 1, then we obtain

wgp(1) = 1+ 2ebm,

1
Agp(1) = lim sup, e {(A)E2Dn+1(1)}271+1 .
In this case, it follows that the EDBs {EP (2)} is not effective for H{p 1y, although
the original BPs {Pn(2)} is effective for Hp(1y)-

Before we conclude this section, we show the validity and applicability of the

obtained results on some special bases of polynomials. Consider the simple bases
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{P.(2)} of the Bessel polynomials and {Q,(z)} of the general Bessel polynomials;

given respectively by

Po(2) = Z kr?nH s (n>1)
Qo(x) =1, OQu(z) =1+ Z nl(n+b—1) ;(J;ifkg'nJr k+b—2) (g)A

k=0 ;
where a and b # 0 are given numbers. Recently the authors [1, 4] proved that

both the bases {P,(2)} and {Q,,(2)} are effective for Hpry-

Consider the base of Chebychv polynomials {T},(z)} given by

(5]
(n)! n—2k ;.2 k
T =1, T,(z) = —_— " —1)% >1
o) =1 Tu(2) =3 i 7 (D5 (2

In a recent paper [5] the authors proved that the Chebyshev polynomial {T,,(2)}

is effective for H[p(g). As immediate consequences of Theorem 4.2, we have the

following corollaries:

Corollary 4.1. The EDB of Bessel polynomial {EP P, (z)} is effective for H [D(R)]

Corollary 4.2. The EDB of general Bessel polynomial {EPQ,(z)} is effective for
Hipry-
[D(R)]

Corollary 4.3. The EDB of Chebyshev polynomial {EPT,(z)}is effective for Hipy -

Now, we can proceed very similar as in 4.2 to prove the following results

Theorem 4.3. If the base {Pn(z)} is effective for H[D(R)] and satisfying the condition
(4.1), then so is the EDBs {EP (2)}.

Theorem 4.4. If the base {Pn(z)} is effectiveness for H[0] or H[] and satisfying the
condition (4.1), then EDBs {EY (z)} is effective in the corresponding space.

Theorem 4.5. If the base {Pn(z)} is effectiveness for H[D+(R)] and satisfying the
condition (4.1), then so is the EDBs {EP (2)}.

It is worthy to ensure that Theorems 4.1, 4.2, 4.3, 4.4 and 4.5 will be still true
when we replace the base{E? (z)} by the base {E.(2)}.
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5 Order, Type and Tp-Property of the EDBPs

This section creates a relation between the orders and types of the original base
{Pn(2)} and the

EDBPs {E? (z)}. For this purpose, let pp, 7p and p,p, 7o denote the orders and types
of the bases {Pn(2)} and {E? (2)}, respectively.

Theorem 5.1. If the BPs {Px(z)} is of order pp and type tp and satisfying the condition:

D, = 0O[n], (5.1)

then the base {Ef (z)} will be of order pyp < pp and type t.p < Tp whenever p.p

= pp . Moreover, the two upper bounds are attainable.

Proof. In the beginning, we shall prove that the order and type of the EDBPs is at
most ppand tp. Since

O)ET?(R) < eDn_n (Dn + 1) a)pn(R).

Then
o logwgp(R) logePn (D, + 1) + log wp_(R)
lim lim sup————=— < lim lim sup -
R—00 n—00 n logn R—00 n—00 n logn

Using the definition of order, then the order of the EDBPs is at most pp.
Now, suppose that p;p = pp. It follows that

1
- 1
e {wgp(R"Per)y {@p, (R))"PP)
lim — lim sup —= < lim — lim suyp ———
R—o0 pED n—oo n R—o pPp N> n
Therefore, the type of the EDBPs is at most 7p. O

Now, we show that the two bases {Pn(z)} and {EZ (z)} may be of the same order
and type by the following example:
Example 5.1. Let {Pn(2z)} be BPs given by Pn(z) = n"+ z", Po(z) = 1.

Then, we have
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o, @ =n"[2+ ()]

and the base {Pn(2)} is of order pp = 1 and type 1p = e. The base {EP (2)} is given as
follows:
E2(z) =n"+e™z", Py(z)=1

Hence

ong® = ©)'[2+ (2]

and hence the base {E} (z)} is of order p.po = 1 and type t,p = e. This proves that
both bases {P,(z)} and {EP (z)} have the same order and type.

Recently, the authors [21] proved that the Bernoulli polynomials {B,,(z)} is of
order 1 and type % and the Euler polynomials {E,,(z)} is of order 1 and type %

From Theorem 5.1, we get the following corollaries:

Corollary 5.1. The EDBPs of Bernoulli polynomials {EPB,(z)} is of order 1 and
1
typeg

Corollary 5.2. The EDBPs of Euler polynomials {EPE, (z)} is of order 1 and type % .

In the following result, we determine the Tp-property of the base {EZ (2)}.

Theorem 5.2. Let the BP {P,(z)} have Tp-property in D(R),R > 0 and satisfy the
condition:

lim,, 0 = (5.2)
n logn
Then the associated base {EE (z)} have the same property.
Proof. Consider the function wgo (R) given by
_ log w_p(R)
wgp(R) = lim sup, e ﬁ, (5.3)
where wgp(R) is the Cannon sum of the EDBPs {EP(2)}. Then by using (4.3), (5.2)
and (5.3), we obtain
Dp-n
Wy (R) < lim sup,,_,q, 24— OntDtlog 0@ ) gy, (5.4)

n logn

Besides, suppose that the base {P,(z)} have property Tp in D(R),R > 0. Then

according to Theorem 2.2 and inequality (5.4), it follows:
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wgp(R) < wp(R) <

oI

That is to say that, the base {E2(z)} have property Tp in D(R),R > 0. Thus
Theorem 5.2 is proved.

To show that the EDBPs {E2(z)}, can not have property Tp in D(R),R > 0,
though the original base have this property unless the later satisfies condition (5.2),
we give the following example:

Example 5.2. Consider the BPs {Px(z)} defined by given by

z", nis even

P(z) = n zt®

z" + Tl nis odd

where t(n) is the nearest even integer to n" + n log n.
Therefore, when n is odd

Py (2)
z" =PB,(2) — Z”T

Hence,
Rt(n)
2n"

a)Pn(R) =R"+2
Putting R = 2, we get

(Upn(z) = 2" 4 2nlogn+1’

so that
s logwp, (2)
wp(2) = limsup,,_,e " logn < log2.
Thus, the base Pn(z) have property T 1 in D(2).
log2
In the other hand, the EDBPs {E? (2)}, is
. em z™", nis even
E = t(n)
n(2) { ez + et Zznn ) nis odd
and
) logwp(2)
wgp(2) =limsup, o ———=—<1+log2.

n logn
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that is to say the EDBPs {E?(z)}, have not T_1_-property in D(2) while the original

log2
base have the same property. It is clear that the base {P,(z)} does not satisfy

condition (5.2), as required.

In [21] the Bernoulli polynomials {B,,(z)} and the Euler polynomials {E,,(z)} have
property T;.

Corollary 5.3. The EDB of Bernoulli polynomials {EP B, (z)} have property T;.

Corollary 5.4. The EDB of Euler polynomials {EP E, (z)} have property T;.

Now, we can proceed very similar as in 5.2 to prove the following result:
Theorem 5.3. If the base of polynomials {Pn(z)} has the property Tp in an open disk
D(R),R > 0 or at the origin, then the base {EP (z)} associated with it has the same

property.

Also, it is worthy to ensure that Theorems 5.1, 5.2, 5.3 will be still true when we
replace the base {EP (2)} by the base {EL(2)}.

6 Conclusion

We construct exponential derived and integral bases. The effectiveness properties,
order and type and the Tp-Property, have been characterized for the derived EDBs
in various regions in Fréchet spaces. The current work suggests exploring other
possible generalizations using other derivative. Furthermore, this study paves the
way to develop the EDBs in the case of several complex variables or higher
dimensional spaces such as the Clifford analysis setting. In previous studies, [3, 9,
20, 24, 28, 29, 32, 33], the convergence properties in different regions of associated
BSP (such as inverse set, product set, transpose set, transposed inverse set, square
root set, similar set, Hadamard product set ) were studied. It is of great interest to
examine the convergent properties for the EDBs of these sets in the corresponding
regions. In the future, it is likely to study the convergent properties of new sets of
polynomials in different regions (e.g., Laguerre, Lagender, Hermit and Gontcharoff
polynomials) where the EDBs these sets can be studied in the same regions.

Data Availability There are no data associate with this research.
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