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ABSTRACT 

This paper presents the design considerations and performance 
capabilities of a modified series combination of passive and 
active elements as a system for vibration control. The 
investigated primary model consists of a main mass and a 
randomly excited support. The performance measures, which 
considered to be minimal, are the main mass acceleration and the 
relative displacement between the mass and the system support. 
The operation of the modified system depends essentially on an 
implemented ideal filtration process in the proposed 
combination. This process is realized in two different ways: Cl) 
by the use of an ideal low pass filter CLPF), C23 by the use of 
an ideal high pass filter CHPF). Additionally, this process 
controls the flow of the command signal of the combined system 
which operates the active element. Thereby, the modified system 
has the property of operating either as a combined system or as 
a classical passive system. The stochastic optimal control 
theory in addition to a graphical criterion are well posed 
together in order to determine the effective cut-off frequency 
for any of the implemented ideal filters. The pertinent results 
are compared with those of the combined system. In contrast, 
they are found to be more encouraging, superior, and compatible 
with the requirements of many actual engineering applications. 

INTRODUCTION 

Basically, the passive vibration isolation systems offer 
simplicity, reliability, stability, and low cost M. In 
contrast, the fully active systems are costly, complex, and 
require an external power supply. While, the semi-active systems 
are significantly simpler and less costly than the fully active 
ones. The original concept of semi-activity has been presented 
by Karnopp et al [37. This concept depends essentially on the 
implementation of an active damper such that its associated 
power is always dissipative. In addition, it requires only 
signal processing and low power supplies. Moreover, the 
semi-active systems offer the reliability and cost effectiveness 
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rcomparable to passive systems enhanced by performance close to1  
that of active ones [4]. Alternative schemes of semi-activity 
have been presented by Rakheja and Sankar [5], and Alanoly and 
Sankar [6] for the realization of a more simplified system 
hardware. The active systems are intended to be used in 
combination with classical passive elements in order to increase 
their reliability and to reduce, if possible, the supplied 
power. In such situation, the full performance potential of 
active systems can not be achieved due to the control policy 
used and the combination suggested [3,4,7]. The full performance 
potential has been proven by Guntur and Sankar [B] for various 
parallel combinations in case of harmonically excited single-DOF 
system. In essence, The parallel combination complicates, to a 
large degree, tunability of the active element for varying 
operating conditions, since the passive force is always a part 
of the total control force. While in case of a series 
combination the active force is independent of values of the 
passive elements [2]. 
In this work , a series combination of a one active element and 
two passive elements (linear spring and viscous damper) is 
considered. Such combination provides the fail-safe feature for 
vibration control, i.e., the system works as a passive one in 
case of failure of the active element. Moreover, it allows the 
adaptation of the system for varying operating conditions. On 
basis of many frequency response predictions, a quite different 
methodology from that of Karnopp is investigated for the 
realization of a semi-active vibration control. 

MODIFIED COMBINED SYSTEM CONFIGURATION 

The schematic diagram of the modified system is shown in 
Fig.C1). The system states are measured and combined properly by 
the aid of a signal conditioner and a microcomputer supervisor 
to perform the electrical signal which equivalent to the desired 
control law (force) of the combined system u . This signal is 

fed into an ideal filtration process to give the modified 
combined control law u . Then, the signal u can be amplified 

m 	 171 

and fed into a force generator which generates a force 
proportional to the controlled state variables. On basis of a 
prescribed criterion for determining the effective cut-off 
frequency, the ideal filtration process determines whether the 
force generator (actuator) will work or not. In the time where 
the actuator becomes inactive, it is regarded as a rigid 
connection between the main mass and the massless plate, and the 
system seems to be a classical passive single-DOF system. 
Additionally, the mass of the actuator is neglected in 
comparison with the main mass of the primary system. But, when 
the actuator operates it is regarded as an ideal force 
generator, i.e., no limitations to the frequency band or the 
peak force capability [5,6,8,97, and the system seems to be a 
combined vibration control system of two-DOF. In practice, the 
actuator can be realized as a pneumatic servovalve, 
electrohydrualic servomotor, etc. Also, it is assumed here that 
the system state variables are all measurable as well as the 
excitation. 
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SYSTEM ANALYSIS 

A band-limited stationary random excitation X is imparted at the 0   

support of the investigated system shown in Fiq.1. The power 
spectral density function of this excitation is [3,93. 

V 	V 
0 	0 

S Cw) = 	 C1) 
0 2 

W -s  

It is common practice in literature [9,1()] to treat the velocity 
of such excitation as a white noise process such that : 

X = wCt) 
0 

 (23 
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1A white noise excitations satisfies : 

E(wCt)3 = 0 

E[wCt) wCTD3 = 2 11 V 6Ct-r) 
0 

It is assumed here that wCt) has a Guassian probability 
distribution and that Eqn.C3) implies a zero mean value, while 
EqnC4D indicates the independence of the mean square value of 
time. 
From Fig.1 the equations of motion of the modified system are. 

M X = u i 	111 
0 	 . 	• 

	

K CX -X )+ C CX -X 	= -u v 0 	v v 0 

And the system state variables are selected such that, 

Y= X -X 
a a 0 

Y = x -x 
2 v o 

= X 
9 	1 

Differentiating these states and substituting Eqns. (2), (5) and 
C63 to get on the state space form: 

Y
1 
	0 	0 	1 

Y21 = 	0   0CV 	

1[ 	I + 	0 	

-wCt) 

1  I Id 00 
V 	

v 0 0 0 
9 	 9 	

1 
 

C73 

With controlled outputs. 

C 

C4)  

C5)  

C6)  

( Z3 = [ 

Y 

Z H10 01 00 I [ Yd 
C Er.) 

3 
The modified control law can be related to the desired combined 
as follows. 

u = f u 
m c c C 

where, u according to the signal processing in Fig.1 is given 

by. 

u = GCX -X ) + GCX -X D + G X 
1 1 0 	2 v o 	3 1 C103 
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rand f is a constant determines the operation of the ideal 1  0 	• 

filtration process, and can be defined in case of operation of a 
LPF as follows. 

f = 	 C113 0 

ww'c  
0 

While in case of operation of a HPF it can be defined as : 

1, 	if w > w 
C 

f
c 

0
C123 

if w 5 w 

Therefore, when f equals 1 u replaces u in the second term of 
C 	C 	In 

Eqn.C73, and the modified system behaves exactly like a combined 

system of two-DOF. Conversely, when f equals 0 u in Eqn.(7) 

vanishes, and the actuator becomes a rigid connection between 

the main mass and the massless plate, and the modified system 

behaves exactly like a classical passive single-DOF system. 

The performance measures either in case of operation rls a 

combined system or as a passive system can be calculated by 

substituting Eqns.C93 and C103 into Eqns.C53 and (6) to yield :

• m X - f EGCX -X 3 + GCX -X 3 + G X 	0.0 1 1 	c 	1 1 0 	2 v o 	9 1 

C13) 

K CX -X ) 	C CX -X ) + f [G CX -X ) + CX -X) + G X = 0.0 v v 0 	v v 0 	c 1 	 2 v 0 0 	 9 1 

After performing some algebraic manipulations the set C13) can 

be rewritten in a complex matrix form as follows. 

[ -MIL W2-fc01  

[ 

-f 

	

f
c
G
1 	

G 
2 	 -f c I 

K
v
+f

c
G

2 

+ j 

	

[ f 0 

G 

 w  

w 

09 	C : w 11 [:: 

	

c 9 	

= 

-f CG + G 3 

K f CO +0 3 

	

v 0 	I • 2 	 v 

C 1 2 
1 
	

0 

+ j [ 

	w  'I 

I_ 
C 	

X 0 	C 143 

Without loss of generality X in the last complex matrix 
0 

equation is equated to unity. Hence, the outcomes of this 

equation will be : 

IX I. represents the transfer function of the main mass 

Ldisplacement. 
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ilX -11 represents the transfer function of the relative) 

displacement between this mass and the system support. 
Since the excitation is a stationary random process, the mean 
square values of the acceleration and the relative displacement 
can be conveniently written as (12) : 

V 

E EX 7 =f 	IX 1. I2 	2 	
w

4 
dw. 

wt 

2 
E CZ 	•=f 	IX -112  

co
t  

OPTIMIZATION PROBLEM 

It should be kept in mind that the optimization problem of the 
modified system is considered only when it works as a combined 
system at all times of operation over the specified frequency 
band. While in the time of operation as a passive system, there 
is no need for optimizing the passive elements, since their 
optimality may deteriorate the potency of the filtration 
process. Thus any set of passive elements by which the maximum 
exploitation of the filtration process can be achieved is said 
to be optimum. 
The state space form of Eqns.(7) and CB) can be rewritten in a 
more general form as follows. 

(Y) = [A] [Y] + [B] [LI] + [wl 	 (15) 

CZ) = CVi [Y] 	 Cl6D 

The statement of the regulator problem here is to find out the 
optimum steady state control law u that minimizes the following 

performance index 

.5 	Lim. E [CZ]TCQi CZ] +CulTCRJ Cull ] 	C17) 
t-.12) 

subject to the system dynamics in the specified state space 
form of Eqns.C16) and C16) 

Where, R = 	Q 

0 r  
[ 0 2 

Cie) 

The interpretation of the P.I. in Eqn.C17) is that the term E[ZT  
Q Z] minimizes the controlled output CZ and Z ), while the term 

R ul minimizes the control law which, in some sense, 
proportional to the main mass acceleration. The general solution 
to this problem can be found in Appendix A. For Further details 
about the behaviour of the combined system in comparison with 

Ithe fully active system you can see Ref.C2). 

0 	
dw. 

2 

P.I. 
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r IMPLEMENTATION 

The numerical calculations are done in the region of fixed 

parameters mi. 100 kg. and v..001 m .s. During the solution of 0 
the regulator problem the weighs Rt.  and Q2  are equated to the 

unity, while the weight Qi  is varied between 1x106  to 3x10° 
 with 

step equals 1x10
6 to obtain a considerable range of trade-off 

solutions. Then Simpson's rule is used for calculating the 
r.m.s. values of the specified performance measures over a 
frequency band ranges between w = 1 and w = 100 rad./s. The 
DIAGONALIZATION method [11) is used to solve matrix Riccati 
equation CA3) 

RESULTS 

In the sense of the resulted set of optimum trade-off solutions, 
three solutions are selected such that one of them is medium and 
the two others are extremals. Hence, the frequency response of 
the combined system at these three solutions are plotted versus 
that of the passive system. Figs.2,3.--7 show many frequency 

response predictions at various combination of 	and wv . In 

general, the effort in the present work is posed for treating 
the problem of determining w of any of the suggested filtration 

processes in a general sense. In other words, it is very 
significant from the practical point of view to relate the 
determination of w to either fixed or variable parameters in 

the system. Of course, this will save, to a considerable extent, 
many sophisticated frequency response predictions before 
deciding the effective value of wc. 

In this manner, the points of intersection between the vertical 
centre lines and the horizontal axes in Figs.C2-a), C3-a), and 
C4-a) indicate that w of a LPF can be approximately related to 

w as follows. 
V 

co '1' 	w 
	 C19) 

The points of intersection between the centre lines and the 
horizontal axes in Figs.C2-b). C3-b), and C4-b) indicate that w 

of a LPF can be related to w by use of the following 

approximate relation. 

C  
Z: 2.0 co

v 
	 C 20) 

In Eqn.C193 the articulation is given to XI  to have the maximum 

exploitation in case of using a LPF, while in Eqn.C20) the 
articulation is given to Z. However, both Eqns.C19) and C203 are 
not applicable when 	becomes either moderate or large. The 

last cautionary remark can be verified by predicting the points 
of intersection between the centre lines and the horizontal axes 
in Figs.5, 6, and 7 
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The first method to determine 
co of a HPF is to point out C 

the frequency at which the 
coincidence, that begins at 
the lower frequency limit, 
between the frequency response 
curves of X

I of both the 

combined and the passive 
systems begins to vanish. 
Thereby, a considerable part 
from the eminent frequency 
response of Z can be omitted 
without any 

frequency response 

the poi nts of 
between 	the 

and 	the 
axes in Fi gs. C 2-a) , 
C4-a) indicate  that 

HPF can be 

appr oxi ma t el y related  to co as 

follows. 

e = 0.5 co 	(213 V 

Also, 	it 	is 	shown 	in 
Figs.(5-a), (6-a), and (7-a) 
that a damping ratio P" 

greater than O. 1 violates, to 
a gr eat extent , Eqn. (21) . The 
above 	mentioned 
ndi cate 

whatever 

becomes 

variable e i s to al ter its 

value ever yti me the trade-off 
solution changes. For example, 
from the poi nt of vi ew of the 
frequency response  of Z, the 
bl ack poi nts in each of 
Fi gs. (2-b) , 	. and C 4 -b) 
determine the correct 
positions of w by which the 

C 

maximum exploitation from the 
operation of a HPF can be 
taken. Since, whatever the 

I val ue of the desired trade-off 
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this manner, 
intersection 
dashed 	lines  
horizontal 
C3-a), and 

of a 

V 
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V 	C 
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equal s 3 r ad. /s. 
An alternative approach would 
be to use a variable value of 
w of a HPF. What i s meant by 

figures 
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[solution, values of t and w remain unchanged, the logic here) 

is to relate the variable (.5 to any of the optimum feedback 

gains, because they change every time the solution changes as 
shown in Table 1. A FORTRAN code is written by us to determine, 
with a considerable accuracy, the positions of the mentioned 
black points along the obtained set of optimum trade-off 
solutions. The solid lines in Fig.8 show the output of the 
FORTRAN code, while the dashed lines show a linearly fitted 
relation between w and the feedback gain G. The maximum 

0 
deviation between the fitted and the actual curves occurs at 
relatively small values of t v  and w as shown in Fig.C8-a). It 

is also obvious in Fig.C7-b) that at relatively large values of 
t and w all the frequency response curves of the combined 

system intersect that of the passive system at a unique point at 
w = 10 rad/s. Therefore, there is no need for doing approximate 
relation or to use variable w , since w can be taken as 10 

rad/s. However, for the sake of exploring the performance of 
modified system with the two suggested ideal filters, 
problem is solved at three different combinations of t and 

The results are shown in Figs.Q, 10, and 11. 

DISCUSSION OF RESULTS 
It should be stressed from the very beginning that, from 
practical point of view, the LPF seems to be better than The 
HPF. A LPF requires an actuator to operate at low exciting 
frequencies. Therefore, it reduces merely the cost of the system 
hardware. By the aid of Fig.Q it can be concluded that the LPF 
reaches its maximum potency at relatively small values of t and 

w . While the maximum exploitation can be taken from the 

operation of a HPF at relatively large values of tv  and w as 

shown in Figs.10 and 11. 
It is worth noting that 
by the use of a LPF in 
since they are approxi 

the resulted sets of trade-off solutions 
Fig.C9-a) seem to be very significant, 
mately horizontal, i.e., whatever the 

desired r . m. s. value of Z. the r . m. s. value of X 	remains 

unchanged. Of course, such trend of solutions may meet the 
requirements of many actual applications. In addition, as shown 
in Fig.C9-b) a LPF with articulation to be given to the relative 
displacement Cw=15) aelieves a considerable save in the r.m.s. 

actuated force rather than that when the articulation is given 
to the acceleration Cu=10).At relatively large values of t and 
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iw as shown in Fig.11 it is clear that no actual benefit can bel 

taken from the use of a LPF. This is in the time where the HPF 
with variable w reaches its maximum potency. The offered trend 0 
of trade--off solutions by use of a HPF with w equals 10 radzs 

in Fig.C11-a) seems to be very significant, since various values 

of X s  can be taken with little change in the r.m.s. value of Z 
well as in the r.m.s. value of the actuated force as shown in 
Fig.C11-b). Also, this trend of solutions is needed by many 
practical applications. 

CONCLUSIONS 

1- The modified combined system is capable of providing a 
performance which can not be, achieved by the combined system. In 
addition to its superior performance, it can provide a 
considerable save in the r.m.s. actuated force. 
2-Although the low fixed cost and the attainable reliability 
which can be achieved by implementing a LPF, the potency of such 
filter is not effective except at low passive elements. In other 
words, a LPF loses quite its potency at relatively large 
passive elements. 
8- The maximum exploitation by implementing a HPF in the 
modified system can be taken at relatively large values of the 
passive elements, but it remains effective at either low or 
moderate values of these elements. 
4-The fixed passive elements can be properly selected and a LPF 
is implemented to achieve trade-off solutions in which the 
r.m.s. value of the accelerations seems to be approximately 
constant whatever the value of the relative displacement. 
5- Also the fixed passive elements can be properly selected and 
a HPF can be used to obtain trade-off solutions in which the 
r.m.s. acceleration can be changed without effective change in 
the r.m.s. relative displacement as well as the r.m.s. actuated 
force. 
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APPENDIX C A) 

Si nce the excitation is a stationary random process, the 
performance index in Eqn. (17) can be conveniently redefined by. 

co 
P.I. = 0.5 f (ZTQ Z + uTR u) dt 	 C Al) 

0 

Note that the matrix suffix is omitted for simplicity. 
Moreover, the solution of the problem will be equivalent to that 
of a deterministic regulator problem in which f 11 . 

uCtD = - R-1  13T  P Y 	 CA23 

And requires  the solution of the following matrix Ri ccati 
equation to determine the matrix P. 

T 	 T A 	T P +P A + C QC -PBR-IL BT 	=0 C A3) 

The main advantage of using the matrix riccati equation is that 
it provides a unique solution which ensures the stability of the 
system. The solution of this matrix equation is feasible when 
the the pair A and B of the state space form (153 and C16) 
constitutes a completely controllable system such that : 

rank [13 , AB 	A2 B. 	, An-1  B I = n 	CA4D 

and the pair A and C ensure a completely observable system such 
that : 

rank [ V
T

, A
T 

V
T

, (A
T
)

2 
V

T
, 	, ( A

T
)

r1-1 
V

T 	
= n 	 (A5) 

It is worth noting that the state for m of Eqns. C 7) and (8) 
satisfies CA4) and (A5). 

NOMENCLATURE 

[A] : matrix of state space form. 
L AC. : accelerometer . 
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fEt] : matrix of state space form. 
C 	: classical passive damping 

factor. 

El.]: stands for variance. 
F. G.: force generator. 
G 1  , G 2 

• G9  : feedback gains 

fP1 : Riccat.i. matrix 
P.I. 	: performance index. 

power spectral density 
function 

101 : weighting matrix. 
Q , Q

2 
 : weighting factors. 

(RI 	weighting matrix. 
R 	: weighting factor. 

IV) : output matrix 
X 	: displacement of the main mass 

X 	: Guassian random input. 
0 

X 	: displacement of massless plate 

X 	: minimal main mass acceleration i m 

Y , Y . Y :system state variables. 4 	2 	a 
Z 	: relative displacement, X -X . 

i 0 
Z 	: minimal relative displacement m 
Z 	: relative displacement, X -X . v 	 v 0 
IZ] : vector of controlled outputs . 
f 	: constant determines operation 0 

of a filtration process 
primary mass. 

: order of state space form 
s 	: Laplace operator. 

: time instant. 
: control law of a combined system 

0 
: control law of a modified system 

v 	: excitation constant. 
0 
wCt): white noise excitations. 
5(t): Dirac Delta Function. 

: damping ratio of classical 

passive system, C N2 mco 
v 

: time instant. 
: forcing frequency. 
: cut-off frequency. 0 

upper frequency 1 i mi t. 

4,31 	lower frequency 	mi t . 

: natural frequency of 

passive system, 1,4 zm . 
v 
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