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I. INTRODUCTION
Let H refers to the class of complex-valued harmonic functions on the unit disc U: = {z: |z| <
1}, then f € Hif f = h + g, where h, g are functions analytic in U. Let H, be the class of functions
f € H with the following normalization:

f(2) =2+ 3¢, az’ (a, €0), (1)

and let Sy, denote the class of functions f € H;, which are orientation preserving and univalentin U.
For functions f;, f, € H of the form:

fu(@) =2 = $ino Qi 2" + Ny buic2* (z € U,n € {1,2)), (2)

by fi * f, € H we denote the Hadamard product or convolution of f; and f,, defined by:

(f1 * 2)(2) = Y=o a1,ka2,k2k + Yi=1 b1, boz* (z € U).
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We say that a function f: U — C is subordinate to a function F: U — C, and write f(z) < F(z) (or
simply f < F), if there exists a complex-valued function w which maps U into oneself with w(0) = 0,
such that f = F o w. In particular, if F is univalent in U, we have the following equivalence:

f(2) <F(z) © f(0) = F(0)andf (U) c F(U)
In 1956 Sakaguchi [1] introduced the class $** of analytic univalent functions in U which are starlike

with respect to symmetrical points. An analytic function f is said to be starlike with respect to
symmetric points if :

zf (@)
Re{ @ }1>0 (z€l) (3)
If f € S** then the angular velocity of f(z) about the point f(—2) is positive as z traverses the circle
|z| = r in a positive direction.
Let A and B be two distinct complex parameters and let 0 < a < 1. In [2] (see also [3]) it is defined
the class S5 (4, B) of Janowski harmonic starlike functionsf € Sz-such that:

Dy f(2) 1+Az
f(2) 1+BZ’

(4)
where,

Dyf(z:=zh'(2) —zg ' (2)(Z € U)

The classes SH*(a): = S77 (2a — 1,1) and S§;(a): = S§;(2a — 1,1) are studied by Jahangiri [4] (see
also [5]). In particular, Cho and Dziok [6] obtained the classes S, : = S5 (0) and Sj of function f €
S3c which are convex in U(r) or starlike in U(r), respectively, for any r € (0,1]. Motivated by
Sakaguchi [1], Cho and Dziok [6] defined the class S3; (4, B) of function f € H|, such that:

2Dy f(2) < 1+Az’ (5)

f(@2)—-f(-2) 1+Bz

In particular, the class SH*(a): = S7 (2a — 1,1) was introduced by Ahuja and Jahangiri [7] (see also
[8,9]). The class HSS (b, @): = S (2(a — 1) + 1,1) was investigated by Janteng and Halim [10].

Let 0 < g < 1 we define the class S3; (4, B, q) of function f € # such that:

2Dg¢ qf (2) 1+Az (6)
f(2)-f(-z) 1+BZ

For g > 0, the g —differential operator of a function f, analytic in is defined for a function f € H is,
by definition given as follows:

_f@-f2)
From (1), we have
Dpf(2) = 1+ X5, [nlganz", (8)
where
_1-q" _
[n]q - 1-q ) [O]q - 0 (9)

One can easily verify that D,f(z) —» f'(z) as p = 17. For details on q — calculus and (p
,q) —calculus, one can refer to [11] and also references cited therein. Recently for f € A, Govindaraj
and Sivasubramanian [12] defined Salagean g-differential operator and further Kanas and Raducanu
[13] defined and discussed Salagean g-differential operator as follows:
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DY (2) = f(2), (10)
DIf(2) = 2Dy f (2),
DI'f(2) = zDIM (DT~ f(2)),

DI'f(2) =z + Yoz [n]ganz™™! (m € Ny, z € D).
Il. MATERIALS AND METHODS
Theorem 2.1. Let Tf: = f(2) — f(—2).If f € S37(A,B,q), then Tf € S;:(A,B, q)

Proof. Let f € S4/(A,B,q) and H(z): = i:i . Then
ZD}[,qf(Z)
—A < :
Fo-ra < 1@

and

2D30,q(=1)(2) _ 2Dyqf (-2)
f@-fD ~ fCD-f@

< H(—2z) < H(2).

Thus, we have:

2Dy qf (2)
Tf(z)

2Dy,4(=N)(2)

€ H(U)and o

€ H(U)(z € V).

Since H is the convex function in U, we have:

12Dy,qf(2) | 12D3,q(=f)(2) _ 2D3:q(Tf)(2)

€ H(U)(z € V).

2 Tf(2) 2 Tf(®) Tf(2)
or equivalently:
Dg,q(Tf)(2)
ST < H(2),

which implies that:

f €55 (AB,q)

LetV c H, Uy: = U\{0}. Due to Ruscheweyh [14] we define the dual set of V by:
V= {f € Hy A (F * (@) # 0(z € Uy}
Theorem 2.2. We have:

Si(AB.q) = (Y18l =1},

where,
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ll)f (Z) - §(B—A)+(2+A4¢+B&)qz

(1-q2)(1+q2)(1-2) (1)

24+ (A+ B —(B—A)qz
-z — — —(z€U)
(1-q2)(1+q2)(1-2)
Proof. Let f € H|, be of the form (1).Then f € 557 (4, B, q) if and only if it satisfies Equation (5), or
equivalently:

2Dy qf(2) |, 1+A§ _
oo * tse ZE U0 Sl =1D). 12)

Since,

z
Dy qh(2) = h(z) * (-2

h@)-h(-2) _

> h(z) *

oz
(1+a2)(1-2)
the above inequality yields:
f@-f(-
(1 + BE)Dy of (z) — (1 + 45) LT

h(z)—h(-z)

= (1+ B$)Dyr gh(2) — (1 + AS) >

= {(1 + B)Dy a9 (@) + (1 + AZ) ﬁW}

_ (1+B&)z . (1+A4&)z
= h(z) * ((1—qz)(1—z) (1+qz)(1—z))

(14+Bé)z (14+48)z
—9(2) * ((1—@(1—2) - (1+q2)(1—2))

= f(2) xYe(2) # 0(z € Uy, [§] = 1).
Thus, f € S37(4,B, q) ifand only iff (2) * Y&(z) # 0 forz € Uy, |¢| = 1,i.e.557(4,B,q) = {1115: €] =
1}
Theorem 2.3. If a functionf € H of the form (1) satisfies the condition:
Yizz (axllag| + |Billbk]) < B — 4, (13)
where—B <A < B < 1and
a =k(1+B)—(1+A4)(1-(-1¥)/2, (14)
Br=k(1+B)+ (1 +A4)(1-(-Dk)/2,

then f € S;7(4,B, q).
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Proof. The result of Lewy [15] gives that thef is orientation preserving and locally univalent

if
I (2)| > 19" (@)|(z € U). (15)
By Equation (14) we have:
lal/(B—A) 2 k,|Bkl/(B—A) =2k (k=23,). (16)
Therefore, by Equation (13) we obtain:
Yn=z n(lan| + |by]) < 1 (17)
and
W' (@] = 19" @] = 1 - Z5z; klagllzl* — Zaa |21 2 1 — |z| Enp (klag] +
klby|)
klbil = 1= 2252, (eilla] + 1Bl Ibkl) = 1= |z| > 0(z € U).
W' ()] =19’ (@) 2 1 - Z3op klagllz|* — E5 121 2 1 - |z] Z5-, (klagl +
klbi|)

klbl 21— L5, (agllae] + |Bellbk]) = 1 |z| > 0(z € V).

Therefore, by Equation (10) the function f is locally univalent and sense-preserving in U. Moreover,
if zy,2z, € U, z{ # z,, then:

Zk_Zk - —_ — _ _
A2 = B 22T < TF Tz <k (k=123,).

2122

Let f € H,, be a function of the form (1). Without loss of generality, we can assume that f is not an
identity function. Then there exist n € N,such that a,, # 0 or b,, # 0. Thus, by Equation (12) we get:

|f(z1) — f(22)] = |h(z1) — h(z2)| — |g(z1) — 9(22)]
= |Z1 — 73— Yk=2 ak(zf - Zg)l - |Zl?=2 bk(zf - Zk)|

2 |21 — 2| — Xitea lagl|zf — 25| — 2Rz byl |21 — 25|

Zk—Zk Zk—Zk
= |z; — 2| (1 — k=2 lagl 211—22 — L=z b zll—zz )

> |z — 2,|(1 = X, klag| — Y=, klbk]) = 0.

This leads to the univalence of f, i.e., f € Sy;. Therefore,f € Si7 (4, B, q)) if and only if there exists a
complex-valued function w, w(0) = 0, |w(z)| < 1(z € U)such that:
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2Dy qf (2) _ 1+Aw(2)

F@O-fn ~ 1+80@ € U)

or equivalently:

2Dy ,qF (2)—f(2)+f(=2)
2BDy; qF (2)—A(f (2)—-f(-2)

<1(z € l). (18)
Thus forz € U\{0} it suffices to show that:

f(2)-f(=2)
|Dygof (2) - FELED <0,

f@)-f(-2)
_ |BD7.[,qf(Z) _%

Indeed, letting |z] =7 (0 < r < 1) we have:

f@-f(=
| Dy of () - 2L

f(2)-f(-2)
_ |BD}[,qf(Z) —A%

= [z, (16 - 2520 ae® + 52, (K], + 252) bi¥|

—|B - M)z + 55, (BIK, — 4 %‘1)") az* + 5, (Blk]q + A 1‘(2‘“")bk7|

<% ([nlg — =52 lanlr™ + iy (Inlg + =525 Ibylr™ — (B — A)r

1-(-1)"

00 1-(-1)" (o]
+ ¥, (Blnly — AS) laglr™ + 552, (Blnlg + 4

) b lr™
< r{¥a=2 (anllan] + 1Ballbn D"~ = (B — A)} <.
Hence f € S/ (4, B, q).

Motivated by Silverman [15] we denote by T the class of functions f € H, of the form (1) such that
a, = —|ay|, by = |by|(n = 2,3,...), 1€,

f=h+gh@)=z-3Y3-; lanlz", g(2) = 5=, |bn|2"(z € U) (19)
Moreover, let us define:
S7*(A,B,q9):=TNS;(AB,q),-B<A<B<1.

Now, we show that the condition (8) is also the sufficient condition for a function f € T to be in the
class S7*(4, B, q).

Theorem 2.4. Let f € T be a function of the form (19). Thenf € S7*(4, B, q) if and only if condition
(13) holds true.

Proof. In view of Theorem 2.3 we need only show that each function f € S7"(4, B, q) satisfies the
coefficient inequality of Equation (13). If f € S7°(4,B,q), then it satisfies Equation (18) or
equivalently:
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55 {(1nlg =52 lantzm+ (Il + =525 balz)
—

<1(Z €l)

1—(-)n

- C) ylzn}

(B-A)z-33, {(BInlg-4 >

)lanlzn+(B[n]q+A

It is clear that the denominator of the left hand side cannot vanish forr € 0,1). Moreover, it is positive
forr = 0, and in consequence for r € (0,1). Thus, by Equation(13) we have:

Y=z (@nlag] + Bulbu D"t < (B—4) (0<r<1). (20)

The sequence of partial sums {S,} associated with the series Y7, (@, |a,| + Bn|bn|) is non-
decreasing sequence. Moreover, by Equation (20) it is bounded by B — A. Hence, the sequence {S,,}
is convergent and

Y=z (@nlan| + Bnlby|) = TlLi_r)rgoSn <B-A4A
which yields the assertion (13).

Example 1. For the function:

oo B-A e B-A _
@) =7~ Yia ot d" ~ N 22" (ZEU). 1)
we have,
o w B-4 w B-4A
2n=2 (anlanl + ﬂnlbnl) = Zn=2 o + Zn=2 e (22)

w 1
=(B-AYn,5=B-A

Thus, f € S7°(4, B, q).

3 Partial sums
“Several authors studied the partial sums of analytic univalent functions, yet analogous results on
partial sums on harmonic univalent functions have not been so far explored. Motivated with the work
of Silverman [16] (see also [17, 18, 19]) an attempt has been made to systematically study on the ratio
of starlike harmonic univalent function to its sequences of partial sums. We let the sequences of partial
sums of functions of the form (1) with b; = 0 are

fm(2) =z + XjL, az® + Y-, brz¥, (23)
fo(2) = 2+ T3 arz® + Yo, brz¥, (24)
fin(2) = 2 + TRy arz® + Yo, byz* (25)

when the coefficients of f are sufficiently small to satisfy the condition (8).

. f(2) Jfmn(2)
Inth t f det harp | bounds for Re {———¢, Re j———¢,
n e present paper, we aetermine snarp lower ooundas 1or ne {fm,n(z)} e { 7@ }
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Re {—f @) }and Re {L22O) where f' (z) = = f (re™®).

f'mn(2) 1)

In our first theorem, we determine sharp lower bounds for Re {—ff(z()z)}.

Theorem 3.1. If f of the form (1) with b; = 0, satisfies condition (13), then

f(z) dm+1—(B—A)
R > € 2
€ {fm,n(z)} - Adm+1 ’ (Z U) ( 6)
where
dn, = min(ay, B) (27)
B—A for n=234,..........
dn = {dk+1 for n=k+1,k+2,....... (28)
Proof. In order to show (20), let us write
Am+1 ¢ f(2) (B—4)
=miig TR (] - 2
¥(@) B-A {fm,n(z) ( dm+1)} (29)
=1+ %(Z?=m+1 akzk+2f=n+1bk7) (30)

Z+Y P, agzk+ YR _, brz¥

The result can be obtained if we can prove Re(w(z)) > 0 and for this we need to prove the below
inequality:

Y(z)-1
1/)(z)+1| <1 (31)

In other words

d -
Y(2)-1 ,?_T(Z;}”:mﬂ akzk+21;.o=n+1 byzk)
Y(@)+1l  2-2(0FL; lakl+Xk-, k)

d
“B- I?:m+1 k I;.o=n+1 k
Ly, |k + 5% 1 1Dk D)

(32)

since from the use of (13), we observe that the denominator of the last inequality is positive.

Thus the right hand side of the last inequality is bounded above by one if and only if the following
inequality hold

d

STy lagl + SRey [bil) + 225 (B (@] + S 1) < 1 (33)

Finally ,to prove this inequality in (20) ,it suffices to show that the left hand side of (27) is bounded by
oo d e d
=2 5og |l + Xtz 575 b, (34)

which is equivalent to
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dy—(B—A) dy—(B—A) dp—d
k=2~ |Gl + ez T b)) + T Rkman k] + Xiznea [bie) > 0 (35)
and the last inequality holds true. For the sharpness, let’s consider

f(2) =z + 222k, (36)
Ar41

.TT
which provides the best result. We note for z = re'k that

f@ B-A B-A
J@ _ 4 B4 , 37
Frn(2) t e Qs | (37)

Theorem 3.2. If f of the form (1) with b; = 0, satisfies condition (13), then

fmn(2) dr+1
Re{ f(2) } = dp1+(B=A4) (38)

The proof is identical to that of theorem 3.1 proof and is thus excluded.

Theorem 3.3. If f of the form (1.1) with b; = 0, satisfies condition (13), then

{ Dy qf (2) } > Ant1-(Mnlg+1)(B-A)
D3 qfmn(2)) —

,(z€eU) (39)

dnt1

Proof. we may write

1+w(z) dnss [ Dy qf(rei®) _ Ani1-(nlg+1)(B-4)
1-w(2) ([nlg+1)(B-4) Dﬂ-[,qu,n(reig) dn+1

1+3RL, [kK]qapr e D045, [klgbjerk—te~ik-18
a k—1,i(k-1)6 7 k=1 ,-i(k-1)6
m[&ﬁmﬂ[k]qakr tel(k=1) +XRen1 [Klgbrr™ e i 1)]
1+Z‘;cn:2 [k]qakrk_lei(k_1)9+2ﬁ=2 [k]qﬁrk—le—i(k—l)e

So that
~ W{Zﬁ=m+l [k]qakrk—lei(k—1)9+2,;'0:n+1 [k]qgkrk—1e—i(k—1)9]
W(2) = 5 (ST, Klganr TP 5T_, (Kl bprF Te T 07)
([n]q‘inl%(zzo:m_n [k]qakrk_lei(k_1)9+2f:n+1 [k]qgkrk—1e—i(k—1)9)
Then
(@) < e S
w(2)| <
2-2(fL, K]l +Zfizy Kl 1ol ~ - sy (Sim e [Klalal + 2 s [Klq o]
This last expression is bounded above by 1 if and only if kez [klglagl + Xk=z [klq|bkl +
Ani1
m@?:mu [klglakl + Xiensq [Klglbgl) < 1. (40)
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It suffices to show that L. H. S. of (40) is bounded above by Y7, ‘;”_*j lag] + Yy C;"_Jj |by |, which is

equivalent to

m g~ [k]q(B A)

Br—[klq(B—A)
k2—| a| + k= k—q|

B-A bl
([nlg+1)ak—dn4+1lklq ([nlg+1)dk—dn+1lklq

+ Lk=m+1 ([nlq+1)(B—A) |ax| + Xkzn+1 ([lq+1)(B—4) |bi| >

B-—
Toseethat f(z) =z+-— 7 Z"*1 gives the sharp result, we observe that for z = re'n+z that
k+

Duqf(2) 1+([n]q+1)(3 4) e —i(n+2)—"—

_ (Inlg+1)(B-2)
D]-[,qu,n (2 An+1

dny1

n+t2 - 1 —

— dn+1_([n]q+1)(B_A)

dn+1

)

whenr - 17,

We next determine bounds for Re {M}
Dyqf(2)

Theorem 3.4. If f of the form (1) with b; = 0, satisfies condition (13), then

{Df]-[,qu,n(z)} > di+1

= 41
Dy qf(2) dg+1+(B-4) (41)
we write

1+w(2) — dn+1+([n]q+1)(B_A) Dy qfmn(2) _ dnt1

1-w(2) ([nlg+1)(B-4) Dy qf(2) dnt1+([nlg+1)(B—4)

1 +2;€n=2 [k]qakrk—lei(k—l)e +2;{L=2 [k]qErk‘le‘i(k‘l)e

~ _([n]q‘inl%[ziim_u[k]qakrk—lei(k—l)e+ZZO=n+1[k]qﬁrk—le—i(k—l)e]

- 1+ZZLZ[k]qakrk_le“k_1)9+2£:2[k]qE;rk_le_Kk_ne
so that

dn+1+(nlg+1)(B- A)[Z
B4 k=m+1 [k]qlak|+2k n+1[k] |bk|]

<1
d ([nlg+1)(B-4) )
2-2(ZR% [Klglarl+ 2R Uelq bk )~ 5 =n— (Bieme gl k4 i n [Klglbkl)

. dn [ee) oo
itz [Klglal + Xk=2 [klqlbil + m(2k=m+1 [klglak| + Xken+1 [k]qlbkl) <1, (42)

then L.H.S. of (42) is bounded above by Y}, - ”A la| + Yr=s . Ln_ |bk| the proof is completed.

Theorem 2.1. Let Tf:= f(2) — f(—2).If f € S4f (A, B,q), then Tf € S3:(A,B,q)
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1+Az

Proof. Let f € S5/ (4,B,q) and H(z): = o5, Then:
2D3p 4 (2)
—A < :
Fo-ra < 1@

and

2D30,4(=1)(2) _ 2Dyf (-2)
f@-fD ~ fCD-f@

< H(—2z) < H(2).

Thus, we have:

ZD}[,qf(Z)
Tf(z)

2D3,4(=)(2)

€ H(U)and 7

€ H(U)(z € V).

Since H is the convex function in U, we have:

12D5,f(Z) | 12D3,q(~)(2) _ 2D3q(T)(2)

€ H(U)(z € V).

2 Tf(2) 2 Tf(m  Tf@
or equivalently:
Dy q(T)(2)
e < H(2),

which implies that:

f €33 (AB,q)

Let V c H,Uy: = U\{0}. Due to Ruscheweyh [14] we define the dual set of V by:
Vi={f €Ho: A (Fx@)(2) # 0(z € Up)}
Theorem 2.2. We have:
Si(AB,q) = (e 18l =1},

where,

(B—-A)+(2+A¢+B¢&)qz
(1-q2)(1+qz)(1-2)

()= 2% (11)

_ . 2+(A+B)§—(B-A)iqz
(1-qz)(1+q2)(1-Z)

(zel)

Proof. Let f € H|, be of the form (1).Then f € 537 (4, B, q) if and only if it satisfies Equation (5), or
equivalently:
2Dy qf (2) | 1+AE

F@-f(-2) T 14B¢ (z € Uy, [§] = 1). (12)

Since,
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V4

Dygqh(2) = h(2) *

(1-q2)(1-2)
h(z)-h(-z) _ z
2 = h(2) * (1+qz)(1-2)

the above inequality yields:

(1+ BE)Dyof (2) — (1 + A5 TETED

h(z)-h(-2)

= (1+ B¢)Dy gh(2) — (1 + AS) 5

- {(1 + B)Dyq9(2) + (1 + AZ) ﬁW}

_ (1+Bé)z _ (1+48)z
= h(z) * ((1—qz)(1—z) (1+qz)(1—z))

_ (1+BO)Z (1+ADZ
9(2) = ((1—qE)(1—E) (1+q2)(1—2))

=f(2) xYe(2) # 0(z € U, [§] = 1).
Thus, f € S37(4, B, q) ifand only iff (z) * Y&(z) # 0 forz € Uy, |¢| = 1,i.e.S57(4,B,q) = [1/);: €] =
1}
Theorem 2.3. If a functionf € H of the form (1) satisfies the condition:
Yic=2 (lakllax] + |Billbk]) < B — 4, (13)

where—B <A< B < 1and

a =k(1+B)—(1+A4)(1-(-1)¥)/2, (14)

B =k(1+B)+ (1 +A4)(1-(-DF)/2,
then f € S5 (4,B, q).

Proof. The result of Lewy [15] gives that thef is orientation preserving and locally univalent

if
|W' ()| > 19" (@)|(z € U). (15)
By Equation (14) we have:
laxl/(B—A) 2 k,|Bkl/(B—A) 2k (k=23,). (16)
Therefore, by Equation (13) we obtain:
Yn=2 n(lag| + |byp]) <1 (17)
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and

Ih'(2)| - 1g'@)] 2 1 - Ni2p klagllzl* — N, |21 2 1 |2| By (klag| +
klbi])

klbl 21— L5, (agllae] + |Bellbk]) 2 1 |z| > 0(z € U).

WD) = 1g'@)] 21— Ni2p klagllzl* — N, |21 2 1 |2| Bep (klag| +
klbi])

klbl 21— L5, (agllae] + |Bellbk]) = 1 |z| > 0(z € U).

Therefore, by Equation (10) the function f is locally univalent and sense-preserving in U. Moreover,
if 4,2z, € U, zy # Z,, then:
=|2F, 272 <3 1z Tz <k (k=23,).

2Kk

2122

Let f € H,, be a function of the form (1). Without loss of generality, we can assume that f is not an
identity function. Then there exist n € N,such that a,, # 0 or b,, # 0. Thus, by Equation (12) we get:

|f(z1) — f(22)] = |h(z1) — h(z2)| — |g(z1) — 9(22)]
= |Z1 —Z — Yke2 ak(zf - Z§)| - |le°=2 bk(zf - Zk)|

> |21 — 2| — Xitea lagl|zf — 25| — 2Rz byl |21 — 25|

zk-z¥ zf-z§
= |z; — 2| (1 — k=2 lagl 211—22 — L=z b zll—zz )

> |21 — 25|(1 = Xies klag| — Y=, klbk]) = 0.

This leads to the univalence of f , i.e., f € Sy Therefore,f € Si7 (4, B, q)) if and only if there exists a
complex-valued function w, w(0) = 0, |w(z)| < 1(z € U)such that:

2Dy qf(2) _ 1+Aw(2)
f@-f(-z)  1+Bw(z)

(z e U),
or equivalently:

2Dy qF (2)—f(2)+f(-2)
2BDy; qF (2)-A(f(2)—-f(-2)

<1(z € U). (18)
Thus forz € U\{0} it suffices to show that:

f@)-f(=2)
|D}aqf(2) -

— |BDsof (2) - F2LE2] <0,
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Indeed, letting |z] = r (0 < r < 1) we have:

f@)-f(=2)
| Dy of (2) - 2L

f@)-f(-2)
_ |BD7.['qf(Z) —A%

= |2 (1l - 252 @zt + 5, (k] +252) ber]

~ |8~z + 55, (B, — 4TS a2k + 35, (BI, + 452 b

<3 (Inlg = =52 lanlr™ + i, (Inlg + =52 Ibylr™ — (B — A)r

+ %z (Blnlg — A=) lanlr™ + i, (Blnlg + A=525) by
< r{Ziz (anllan] + Ballba "™t = (B — 4)} < 0.

Hence f € S/ (4, B, q).

Motivated by Silverman [15] we denote by T the class of functions f € H, of the form (1) such that
a, = —layl, by = |by|(n = 2,3,...), i.e,

f=h+gh(2)=2z-3%7_ lan|z", g(2) = ¥n=2 |by|2"(z € U) (19)
Moreover, let us define:
S7*(A4,B,q):=TNS;(AB,q),-B<A<B<1.

Now, we show that the condition (8) is also the sufficient condition for a function f € T to be in the
class S+°(4, B, q).

Theorem 2.4. Let f € T be a function of the form (19). Thenf € S7*(4, B, q) if and only if condition
(13) holds true.

Proof. In view of Theorem 2.3 we need only show that each function f € S7"(4, B, q) satisfies the
coefficient inequality of Equation (13). If f € S7°(4,B,q), then it satisfies Equation (18) or
equivalently:

55 {(1n1g =52 lantzm+ (Il + =525 bl

B-A)z-352, {(BInlg-2"C20)anlz+(BIn] g+ 4= by 21

<1(Z € U)

It is clear that the denominator of the left hand side cannot vanish forr € 0,1). Moreover, it is positive
forr = 0, and in consequence for r € (0,1). Thus, by Equation(13) we have:

Y=z (anlag] + Bulbu D"t < (B—4) (0<r<1). (20)

The sequence of partial sums {S,} associated with the series Y7, (@n|a,| + Bn|bn|) is non-
decreasing sequence. Moreover, by Equation (20) it is bounded by B — A. Hence, the sequence {S,,}
is convergent and
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Z?lozz (anlan| + Bnlby|) = Tli_r)lgosn <B-4

which yields the assertion (13).

Example 1. For the function:

0 B-A Foe] B—-A _
[) =2 S s~ Sy AT (ZEU) (1)
we have,
o w B-A w B-4
anz (anlanl + ﬁnlbnl) = anz on + anz on (22)

w 1
=(B-A)Tpy5z=B-A

Thus, f € S7°(4, B, q).

3 Partial sums
Several authors studied the partial sums of analytic univalent functions, yet analogous results on
partial sums on harmonic univalent functions have not been so far explored. Motivated with the work
of Silverman [16] (see also [17, 18, 19]) an attempt has been made to systematically study on the ratio
of starlike harmonic univalent function to its sequences of partial sums. We let the sequences of partial
sums of functions of the form (1) with b; = 0 are

fm(2) =z + X1, apz® + Y=z brzk, (23)
fo(2) = 2+ T3y arz® + Yo, brzk, (24)
fin(2) = 2 + Xiy arz® + Yoy byz* (25)

when the coefficients of f are sufficiently small to satisfy the condition (8).

. f(2) fmn(2)
In the present paper, we determine sharp lower bounds for Re {f—m,n(z)}’ Re {—f(z) },

f’—(z) frmn(2) ' _ i i0
ke {f’m,n(z)} and Re{ f1(2) }wheref (Z) BPY:) f(re )

In our first theorem, we determine sharp lower bounds for Re {fLZ()Z)}

Theorem 3.1. If f of the form (1) with b; = 0, satisfies condition (13), then

f(2) dmy1—(B—A)
>
Re{fm,n(z)} 2, (CEU) (26)
where
d, = min(a,, ) (27)
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d = {B —A  for n=234,.......... (28)
™ \dpsr for n=k+1,k+2,.......
Proof. In order to show (20), let us write
_dms1g f(2) . (B-A)
() = g (L — (1 - Ty (29)
dm 0 0 —_—
=14 B—txl(zk=m+1 arZ*+ TR g 41 bRZF) (30)

Z+Y e, agzk+ Y7, brz¥

The result can be obtained if we can prove Re(w(z)) > 0 and for this we need to prove the below
inequality:

Y(z)-1
z,b(z)+1| <1 (31)

In other words

4 -
V(@) -1 _ PR i W ZF AT g1 D2
P(@)+1l  2-2(0FL; lagl+Xk-, bk

da
" B-A f=m+1 k I;.o=n+1 k
Ly, |ak |+ 25 1 1Dk D)

(32)

since from the use of (13), we observe that the denominator of the last inequality is positive.

Thus the right hand side of the last inequality is bounded above by one if and only if the following
inequality hold

dm co (00}
2t (Bkemen lakl + Xikone 1bel) <1 (33)

Yisz lal + Xk=a 1bie]) +

Finally ,to prove this inequality in (20) ,it suffices to show that the left hand side of (27) is bounded by

d d
S8 S |a | + By by, (34)
which is equivalent to
dy—(B—A) dy—(B—A) dp—d
k=2 T il + Xi=y 75 b)) + T (B |kl + Xk 1bel) >0 (35)

and the last inequality holds true. For the sharpness, let’s consider

f(2)=z+ %Z", (36)

.TT
which provides the best result. We note for z = re'x that

f(2) B-A _
= 14+— 1—
fmn(2) + dr+1 - dis1 r (37)
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__dgy1—B+A

dk+1

Theorem 3.2. If f of the form (1) with b; = 0, satisfies condition (13), then

fmn(2) dr+1
- >
Re{ f(@ } = dis1+(B-4) (38)

The proof is identical to that of theorem 3.1 proof and is thus excluded.

Theorem 3.3. If f of the form (1.1) with b; = 0, satisfies condition (13), then

Dy qf (2) } Ant1-(Mnlg+1)(B-A)
> ,(zeU 39
{DH,qu,n(Z) dp+1 ( ) ( )
Proof. we may write
1+w(z) _ dnin [ Dgf(re®)  dnti—(nlg+1)(B-4)
1-w(2) ([nlg+1)(B-4) DH,qu,n(reie) dn+1

1430, [k]qakrk—lei(k—1)e+zg=2 [k]qmrk—le—i(k—l)e
d k-1,i(k—-1)8 7o-k—1,-i(k—1)8
Tl 2R (Klgaierk 2l DO 452 [k gbyerk=emitk-00)]
1437, [k]qakrk—lei(k—1)0+2;€l=2 [k]qﬁrk—le—i(k—l)e

So that
d 1 _i(k— - 1. .—i(k—
Tl 5= | Deemea elqair* e V04T [Kgber! et (19
w(z) = . — :
@) 2+2(3P, [klqagrk—telk-1D04 370 [K]gbyrk—1le-ik-1)8)
d —1.i(k— - —1,—i(k—
Tlgrom Ciem lqairk 100 | [k]gbyrk=te=itk-10)
Then
d
m[xkﬂ:mﬂ [klglak|+Xizn i1 [Klqlbkl]
lw(2)| <

d
2-2(T, [Klglal+X%-, [K]q|bk I)—m@i&mﬂ [K)glakl+X 3ty [Klglbk N

This last expression is bounded above by 1 if and only if

dn (00 [ee]
k=2 [klglai| + Xk=z [Klqlbk] + m(2k=m+l [klglakl + Xiznsq [klglbel) < 1. (40)

It suffices to show that L. H. S. of (40) is bounded above by Y-, % la| + Yr=s % |by|, which is

equivalent to

m  ak—[klg(B—A)

Br—[k]q(B—A)
k=2 " p-a lak| + Xk=2 e

B—-A

by |

([nlg+Dag—dn+1lklq
([nlg+1)(B-4)

([nlg+1)dr—dn+1lklq
([nlg+1)(B-4)

+ Xk=m+1

lak| + Xken+1 |b| >0

_ .
Toseethat f(z)=z+ j—AZ_”“ gives the sharp result, we observe that for z = re'n+2 that
k+1
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Dpqf(z)

([nlg+1)(B-4) rne—i(n+2)n—zz 51— ([nlg+1)(B-4)

D3¢ qfmn(2) N An+1 dnt1

1+

— dn+1—([nlg+1)(B—4)

dTL+1

)

whenr - 17,

DJ{,qu,n(Z)}

We next determine bounds for Re {
Dy,qf(2)

Theorem 3.4. If f of the form (1) with b; = 0, satisfies condition (13), then

{Dﬂ,qu,n(z)} > dpi1 (41)
Duqf(z) ) = dg+1+(B—4)
we write
1+w(2) _ dn+1+([n]q+1)(B—A) Dy,qfmn(2) _ dns1
1-w(2) ([nlg+1)(B-4) Dyqf(2) dn+1+([nlg+1)(B—4)
-1,i(k-1 T k=1, —i(k—1
14+ 30, [klgaprk—tel®=D0 4 ¥ [k], byrk—te~{k-1O
d 1 (= — ke .—i(k—
_([n]q_:ll%[zzo:m_u [k]qakrk 1pi(k 1)9+2;c.°=n+1[k]qbkrk 1-i(k 1)9]
- 143, [Klgaprk-Telk=DO 131 Tk by rk-1e-i(k-18
so that
d +([n]g+1)(B-A)
g | Zkemen [Klglaxl+ I [Klqlbk]
lw(2)| <

<
dn+1-([nlg+1)(B—A) =
2-2(ZkL [Klqlakl+ 2R Uelq bk )= 535G =a— (Ciems gl 0k + 2 [Klqlbkl)

. dn o o
ifXk=2 [klglak| + Xi=2 [klglbi| + m(2k=m+1 [klglaxl + Xitnsa [Klglbel) <1, (42)

Pn

then L.H.S. of (42) is bounded above by Y-, ;T”A x| + XkZ2 375

| by, the proof is completed.
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