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ABSTRACT

The thin airfoil theory for the case of steady,compressible,
inviscid,and uniform flow past a Joukowski airfoil located
along the horizontal axis is considered. Velocity potential
is extended to a second-order approximation.

Flow guantities,at the body surface,such as speed,pressure
coefficient,and drag coefficient are obtained,up to a second-
order approximation, for various values of Mach number "M"
less than unity.

Approximate value of the critical Mach number in the related
compressible flow about the thin airfoil when its section

is contracted with.the Prandtl-Glauert correction factor, in
the stream direction,is calculated.

The results are plotted and difficulties in calculations are
discussed.

* Lecturer,Devartment of Mathematics and Physics, Faculty of
Engineering, Alexandria University,Alexandria, Eqypt.
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‘BASIC EQUATION AND BOUNDARY CONDITIONS
The problem to he considered ic the roce of steady,compres-

sible,inviacid,and uniform flow vast a symmetrical Joukowski
thin airfoil as shown in Fig.1

A Y=T(x)

=1 T(x) =+ §(1=x )\ 1-x2

Fig.1l Uniform flow past a symmetrical Joukowski airfoil

According to Van Dyke[ﬁ],jt is convenient to work with the
velocity rotential,because the connection between the stream

function and the velocity is complicated by variations of
density.

For nlane flow of a perfect gas the full potential equation
given by Oswatitsch 2 is

2 2 2 2 2
3P 3P Mz{,?a@)z 3P, 2020 TP P 239
bxz byz S OX Dxc2 VX Py VXVOY 0y -byz
2
-1, [[aP.2  2ad ., H%cp 3P,
* ) [‘m’ T2 | e f Aty

where M is the free-stream Mach number and ® is the adiaba-
tic index.

The dimensionless velocity components are

2P 2
bx W - (1-2)

o=

’ v =

Let the velocity of the flow at infinity along the body axis
be U=1,

Let the thickness function be T(x)=(1-x) 1—x2 , describes a
symmetrical Joukowski airfoil, The thickness ratio is £ at

midchord,and 1.30E& at the thickest point,x=-C.5,as shown in
Fig.l

Boundary conditions considered are:
(1) A uniform stream at infinity is given by

qj(x,r)—srx as x2+y2——>03 # (1l:3sl)
2 2 2
where r"=x"4y .
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(ii) The flow tangent condition to each fixed surface may be
written as

2P 5
v _ dv - 4Gy _ _ 14+x-2x B L
= 'bCE = Sk B +E-—..._;__ at Y= i'&(l x)y1=-x
DX 1-x {1:3:2)

where the upper sign for the upper surface and the lower one
for the lower surface.

ANALYSIS

From the asymptotic condition (1.3.1),it is possible to write
velocity potential in the form

P-x+¢ , | (2.1)

such that the perturbation potential‘? vanishes at infinity.
Hence, from (2.1),we get the following

b_¢= 1+’a§ .Egz—b—-—@
DX 0 x oY Y

2P 22 2P 2P 2P 29

-Oxz 'bx2 " dxDYy Oxy 'byz 'byz

J (2.2)

Upon employing (2.1) and (2.2) into (1.1),we get

»*® +@2“§_;§_; i Mz{[(_?i 2, 2228 | 8 vd 220

— R TN [

2 > x oxd 4 2 T Rx TRy x oy
(222228 sy 2P 2 2® 5 T2 “o@]
Dy Vx Dy
(2.3)
where &2 =1 - M . (2.4)

Applying the Prandtl-Glauert transformation (change in vert-
ical scale),we write

i = X . f =@y . (2.5)
‘Hence we get
NN 2 - Elz_ﬁ
ox T VX : DY T vy ’ ~4{2.6)
32 ~ %2 '62 ‘-32 'b? B 2-32
2x? T 232 Txoy oEny o7 = b 27°

Substituting (2.6) in (2.3),we get
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2P L 2 ‘P 2 ('D‘P 1205 2P ¢ 5 {52 “OCP 'b@'?,zq)
'b§2 »z2 B X VX | 552 'by?x'b}
4 B‘i’ 2 2P 54 ¢ 2 > ’DCID
* 272 Sl )[('aQ MR S I
2 2
_ 1} 23 +@2%%} (2.7)
. x Y

Upon employing (2.1),(2.5) and (2.6) into boundary conditions
(1.3.1) and (1.3.2) we get

(1) P—so) as B+ P> (2.8.1)
and 'bq)
(i) oy = —&{ 1+ % - 2% ] at y= +EQ(1—§) 1=52
1 +-ji§; ® ~Ji - ®* -
0 X (2:8:2)

We seek the asymptotic expansion of the solution as the thic-
kness parameter £ — 0. In the limit,the Joukowski airfoil
degenerates to a line which causes no disturbance of the free
stream,so the basic solution is the uniform parallel flow.

We tentatively assume that the asymptotic series for the per-
turbation potential ?)has for a given thickness function T(x),
the form

Prg:er~e @i + 2P ww + €, w9 e
2.9

Substituting (2.9) in (2.7) and equating like powers of &
we get

o @ P

i = 0 ° (2.10.1)
Dy DX
szi% '624% = (_ﬂ_ 2 ('6+1)'b¢ﬁ. 79 @H
"by _Dﬁz B oX X
’b‘iﬁ 22P, e (5? ‘ID1 229,

(2:10:2)

Substituting (2.9) in (2.8.1) and equating like powers of €
we get

c1)1---—-*-0(1) as @2 %%+ ?2—-1—00 (2.11.1)

q>2—+o(1) as 62 %% 4 \}2—1-00 (2,2%.2)
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In order to substitute the expansion (2.9) in the tangency
condition (2.8.2) we must transfer (2.8.2) to the axis y=0.
This can be done by using Taylor series expansion on the X-
axis and equating like powers of & ,we get

@@ ~ ~2

1. = 1 + x - 2x

e (x,06 ) = ( ) (2.52.2)
oYy - 81 - %2

+1

P 1+ 5 - 22299 .
2
-Ba -x) V1 - %2 —19%:- (x,0) (2.12.2)
0 y°

* o e e e o ® o * o @ e a o e & @ * o & e 8 o e & e o o

Here y=0+ refers to the top and bottom sides of the slit to
which the,airfoil degenerates in the limit as €—0,and across

which >y is discontinuous,

SOLUTION OF THE FIRST-ORDER PROBLEM

Solve o q)l . 2 q;l

52 272
Subject to
(i) @;-—-><>UJ as @° %% 4+ 5w , (3.2.1)

iy 0 ~ _ = 1 - %X - 2%
(ii) 2y (X.01) = % ( 'Jl - )

’ (3.202)
which is eguivalent to an incompressible problem.

[éflution of the first-order problem (given by Cheng and Rott
8l) is:

: /
.
'bqa o 1 (X-S)tgi-( s, O+)
2% (x.v) =37 - ds . (3.3)
] Ge? e §P
/
~ 0
2% ., [ 7 ﬁ;%r( s, O+)
37 (x.¥) =7 ds : (3.4,
(%-8)2 + §2 Vi’

=1
which is obtained by replacing the body by a distribution
sources and sinks (due to the symmetry of the airfoil) and e

with equal numbers (due to the closed shape of the body).Also,
solution can be verified by direct substitution.
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Upon employing the conditio 3.2.2) in (3.3) and (3.4) and
along the x-axis, using BoisTS ,We get:
'bqi a 1 + 58 - 252
— . 0) = ds
0 x 7T@ (x~- s)yﬁ - s
m— (3.5
2$ ’
= = 3.6
'bzq% Z.0) = 1 l + 8 = 2 ds
D %2 B | (%-s) \/1 - &°
='%— " (3.7)
'_OQCB = 2
—-2 (x,o) = T (3-8)
Oy
SOLUTION OF THE SECOND-ORDER PROBLEM
501&? q) (@
2 0o, 2
?? 32 0 ?~2 = (_E#)E P6+ qi [ 12 + 2 ﬁthi '?QQﬁ
DX e} & Ox DY X DY
28 2% ]
+(0-1) = (4.1)
Subject to
(i) q; (@] as %2 ;2 + §2——*cb (4.2.1)
N PR ¢ (LeEopk’ s
fidi) .bg (X,Oi—) = -+ B\/l '3; (x,0)
2
-Ba1 - x)V1- -‘5@}_2 (x,0) (422.2)

oy

Substituting (3.5) and (3.8) in (4.2.2) we get

e o2
@%_(;,OH - o 520X ) (g gV-%2 (4.2.3)
Y = R Vi-%

In order to calculate surfage values,as we will see in the

X2
next section,we need only AL (x,0) from the second-order

oroblem. Therefore,it is now appropriate to apply the Hilb-
2rt transformation, for, more details see Muskhelishvilir ,

which is 12%-
+)

%) 1 g 4840
L--a (x O) —_TTP.VI._ X - = dS ’ (4-3)_]
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where P.V. refers to the Cauchy principal value of the dive-
rgent integral when =-1=<x=<1,

Upon employing (4.2.3) into (4.3) for y=0+ and carrying out
the integrations,using Bois|3]|,we get

—@Z_(xo)z- 12(%
> B

‘FLOW QUANTITIES AT THE BODY SURFACE

) (1 + 252)2 (4.4)

XaXi

+

Flow quantities,at the body surface,such as the speed g _,the
pressure coefficient Cp .and the drag coefficient Cd can be

expressed as power seri@s in the thickness parameter E by
relating them,again through Taylor series expansicn,to the
velocity components on the X-axis.

Thus the surface speed q. is found to be

2P ¢
qu = 1+f:[2—3-—( ):’+ &2[('0; “(x,0) + 2—(:1"')12r (x,0)
=Xl 2 =
+ﬁ (3§ ) (x,O):]+ (5.1
Using (3.5),(3.6),(2.5),and (4.4) we get
& w2 el
0 =1+E[%i%?251]+82 2;(4x :3)]+ e (5.2)
8 B° (14x)
The surface pressure coefficient C_ ,following Curle and
Davies [5] ,is given by Pg
P -PpP
c °— = 1-q> . (5.3)

ps= -%— e, 1?2

Hence,upon employing (5.2) into (5.3),we get

= )
2 . 2 2x (Ax“=3)
Ps B = R ayepes ]

The drag coefficient Cd can be calculated by integrating the

pressure over the surfale of the airfoil according to

e = T__l___i[bs dy on y=&(1-x)YVY 1-—x2 (5.5)

d 2
s TPO U
Using (5.3),we get

g P

= @ T T (5.6)

L 2 D 1 :
fo ¥ s 2 GV

Hence (5.5) becomes
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/
2
) % {_E[ZU.~ 2xﬂ_ Ez[zx (ax® - 3 )]
s B ﬁ (1 + x )
o 2
saw o+ 2 po:}{:3+x—2x§} dx X (5.7)
Po V/1 = X

Carrying out the integrations in (5.7),keeping only first-
and second-order terms gives

0
I

2
Cx i o LNE (5.8)
s B
This result is obviously incorrect since it centradicts

d‘Alembert’s principle. This is due to the rounded leading
edge,

Jones [6] (see Van Dyke[1] ,pp.55) has shown that this leading-
edge drag can be recovered by calculating the drag not from
surface pressures but with a momentum contour that avoids
the region of invalidity near the leading edge.

‘CONCLUSION AND DISCUSSIONS

The region of invalidity is within a distance from the 5
leading edge of the order of the nose radius which is 4 §° .
In that vicinity the airfoil can be approximated by parabola
having the same nose radius,

—
—
_— e -

Fig.2 Osculating parabola for the leadinag edge

The first and second approximations for dg and Cp versus

-1=<x=<1 are plotted in Fig.3 and Fig.4,where thd divergence
of the series near the singular points x=-1 is evident.
Fr-om equations (5.2) and (5.4) we find:

_ 1 1 - x 2
G = = 3 52 ( - ) (1 + 2x) (6.1)
b, 2
2% 4x" - 3
c = - 642
Pes B? ( 1T 7 x ) ( )

Hence,we find that as the Mach number M of the uniform stream
increases so will the maximum surface sneed until it becomes
equal to the local speed of sound c. When this occurs,the free
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Stream Mach number M is said to have rea~hed a critical wvalue
for the flow and we write M = Mcr

Using the second order approximation for the maximum surface
speed and following the method suggested by Curle and Davies

[7],we get
2

2 , 2
(I-Mcr) (1-r'-cr)~-' 1085 P’lcr E # (6.3)

-

from which M may be calculated. If E=<1, (1~Mcr) must be
small and we Jet :

2
Mop ™1 = OA5E " (6.4)

REFERENCES

1. Van Dyke,M.D,.,"Perturbation Methods in Fluid Mechanics".
The Parabolic Press,Stanford .California (1975).

2. Oswatitsch,K., "Gas Dynamics". Academic Press,New York(1956).

. Bois,G.P.,"Tables of Indefinite Integrals". Dover Pub.,Inc.

New York (1961) .

4, Muskhelishvili,N.I.,"Singular Integral Equations". Noord-
hoff-Groningen (1953) .

5. Curle,N, and Davies,H.J.,"Modern Fluid Dynamics", Vol. I,
D.Van Nostrand Company Ltd, London (1958) .

6, Jones,R.T.,"Leading-edge Singularities in Thin-airfoil
Theory". J.Aeronaut. Sci. 17,307-310 (1350) .

7. Curle,N. and Davies,H.J.,"Modern Fluid Dynamics",vol, II,
page 95,D. Van Nostrand Company Ltd, London (1971) .

8. Cheng,H.K. and Rott,N.,"Generalization of the Inversion
Formula of Thin Airfoil Theory". J.Rational Mech. and
Analysis,Vol.3,page 357-382 (1954),

Acknowledgment

I wish to express my thanks to Mr.Joseph F. Audi,student of
Computer Science Department, Faculty of Engineering, Alexandria
University, for all his computing input,.



FLRYST ALLOALT. CONFILLRENCE
14-16 May 1985 ¢ CAIRO

10 |

AA-1

i

X SNSIaA
JUSTIOTIIS0D IINssald IadeFINS pebra x snsiap paadg soejing €°b1d

ml-.l

SL*=W
§ ¥~
O=W — — =~

8PT°TT



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10

