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EFFECT OF PRESSURE DIFFERENCE ON STATIONARY AND

ROTATING ANISOTROPIC DISCS
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ABSTRACT
The stress analysis of pressurized and rotating isotropic discs is a classi-
cal problem which can be found in literature. In a recent paper, Kookson and
Sathianathan indicated that the effect of anistropy, on the stress distribu-
tion within a rotating disc, is considerable. In our proposed work, the eff-
- ect of pressure on stationary and steady rotating disc§is studied. The stress
distribution in stationary discs, under inner and outer pressures, is analyzed
for different values of anisotropic constant A= VEg/Er' where Eg and Er are
the material elastic moduli in tangential and radial directions respectively.
The effect of variable parameters, radius ratio, anisotropic constant A
pressure difference, is determined for the case of orthotropic steady rotat-
ing annular discs. Our results indicate that the effect of anisotropy, on
the stress distribution within a disg, is consider_able.

INTRODUCTION

The analysis of thin elastic annular discs is of great importance for many
engineering applications such as gas-turbines, ste@mturbines, compressors,
flywheels and computer stores. Hence, it is often necessary to determine
their deformations and the stress distributions within them.

A condiderable amount of literature exists for the case where isotropic
materials are used in fabrication of discs. However, much interest has been
shown, in recent years, in the possibility of constructing discs from compos=
ite materials. These materials always have some kind of anisotropy, in which
the elastic modulus and the - strength differ from one direction to another.
Composite materials are used in such a manner that the direction of their
greatest strength corresponds to the direction of. principal load acting
above the device. In this way, it can be, possible to.construct light weight
components of optimum load carrying capacity.

Cookson and Sathianathan |1| determined the stress distribution within aniso-
tropic discs which are yotating at steady speed. They indicated that the
effect of anisotropic constant A\ is considerable, while the effect of varying
the value of Poisson's ratio vg, is slight.

In the present work, the stress analysis of stationary annular anisotropic
discs, under the effect of internal and external pressure§,is deduced. The
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method of superposition is used to-determine the stresses within pressurized
steady rotating orthotropic discs. The effect of vjriable' parameters, anisot-
ropic constant radius ratio and pressure difference, has been analysed for
the case of the orthotropic annular disc.

During the analysis, the following assumptions are made.

Q
(1) the material is macroscopically homogeneous and ¢ylindrically anistropic,
(2) a condition of plane’ stress exists.

THEORETICAL ANALYSIS

Under the condition of plane stress and for cylindrically anisotropic mater-
ial, the stress-strain relationships in polar co-ordinates can be expressed
as follows: :

_ Er
or = —ﬁ—~(€ +V8r ee)
Eg
Cfe= N (ee + vreer) , (1)
T =0
re
where N=1- vre %i s

Due to rotational symmetry of disc problems, the strain-displacement relat-
ionships reduce to ,

e = dU
T dr °’

and the equilibrium equation, for the stationary case, can be written as

-—_Ll =
By ™ o and Y o 0 . (2)

d Gr Ur-—Oé
dr * r =9 (3)

This equation may be written in terms of radial displacement u. Substituting
equations (2) and (1) into equation (3), the following differential equation
is obtained :

2
2 d"u du _
R tkr. —— -Lu=0 4)
_ _ 2
where k= (1 +ver) Vg A
L= AZ

A /Ee/Er : anisotropic constant.

The solution of differential equation (4) i§

u=A rc + BrD (5)
where
- 2 - 2 B 2 2
c=%[x V_g~Ve, +/ Vg Ver) tAXT],
. B . 2 _ 2 2
D ’E[A Vre \)er / ()\ \)1’8 Ver) + 4 A ]’
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A and B are two integration constants.
Substituting expression of radial displacement W into equations (1) and (2)
the stress components are obtained in the following form:

c-1

Er
o T [A (Vg *+ O ¢ +B (Vg *+D)r

r

D-1 1
: (6)

E
0 C-1 D-1
A (1 +Ccv ) r +B(1l+Dv)r ]

Q
1l

For a simple constant thickness, annular gnisotropic disc, which is acted
upon by internal pressure P, and external pressure Py , Fig.l, the bound-
ary conditions at the inner and outer radii are,

or = - Pa at r = a 7)
g =-7P at r =b
X b

Fig.l Cylind rically anisotropitdisc under inner
and odter pressure.

Substituting the boundary conditions (7) into expression (6), the integration
constants ° A and B can be determined. Hence, the radial and tangential stre-
ss components in a stationary pressuyized cylindrically anisotropic annular
disc, are given as

_k D-1 _ D-1, C-1 c-1 _ Cc-1, D-1
Or =¥ [( Pab Pb a Y £ + ( Pba Pab ) ]
32 1+ Curg D-1 D-1, _C-1 (8)
X X" - _ = =
ol L g e S 8 Pa’ )+
ar
14DV
4 c-1 c-1, D-1
+ (VF ) ( Pba - Pab ) T J
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where M = ( o bC - 2" bD) / ab

For cylindrically orthotropic annular discs, i.e. where

2
or A \)re=ver . (9)
T §)

the stress distribution reduces to the following form.

_ 1 -A-1 -A-1, A-1 A-1 A-1 -A-1
o =g [(B.P - a ) r 4 (P a -Pb ) ]
(10)
A “A-1 -A-1, -1 el A=l =A=1=
0y = wﬁ;-[( P_b ~ P8 ) £ - (B - P ) x |
where
a -A a A
¥ [(—E— ) - () 1/ab
For the case of isotropic material, that is where A-l,ver = )}6= V, equation

(10) reduces to the classic isotropic solution.

Cookson and Sathianathen |1| investigated the steady stress distribution with-
in annular orthotropic disc, which is rotating with an angular velocity w ,in
the forms.

) r (ka1 rox-1 Yert3d r. 2 2.2

g, = [Cl (5 +c, () - & =gyl E‘)-]Dw b
2 (11)
3v, + A

) r A-1 r (=A-1 or r 2y 2.2

og= [A @7 = A () (=7 ) (£ ow” b
where
A3
c, =x [(§) - 1]
o At
¢, =k [@)7 - 17"
vBr + 3

0 2 [(2)? -1]

For the case of pressurized rotating cylinderically orthotropic discs, the
‘method of supergsition can be applied and the two expressions (10) and (1l1)
are added to each other to obtain the resultant stress components.

RESULTS AND DISCUSSIONS

For the case of stationary orthotropic discs, non dimensional radial and tan-
gential stress distributions were computed according to equation (10) . Annular
discs with different radius ratios (a/b), under external and internal press-
urg,.were considered. Computations were made for various values of anisotrop-
;éggﬁﬁbﬁfnt A. The computations are illustrated graphically in Figures 2-6.

Fi@.?:éhbws the nondimensional radial and tangential stress distributions,
within”a cylindrically orthotropic annular disc acted upon by internal pressu-
re P, , for various values of anisotropic constant A= 0.25, 0.5, 1 and 2.
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The maximum value of the hoop stress Jp always occurs at the inner bore
for all values of anisotropic contant. The value of the hoop stress at the
inner bore reduces as A decreases, i.e. as the material becomes more stro-

nger in rgdial direction.
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(a) Tensile hoop stress

Fig. 2 Stress distributions in a stationary orthotropic annular
disc with radius ratio a/b = 0.1l under the effect of int-
ernal pressure p, for various values of anisotropic const.
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(b) Compressive radiel stress

Fig.3 illustrates a nondimentional radial and tangential stress distribu-

tions, within
radius ration
pic case , A=

anuular disc under internal presure, for various values of the
a/b. The stress distributions are represented for an |sotro-
1, and an orthotropic case with A= 0.5 . It may be observed

that the value of the hoop stress oj always increases with the redius rativ
a/yw for both isotropic and orthotropic cases.

Fig.4 shows the stress distributions in a stationary orthotropic case under
the effect of external pressure for various values of anisotropic constant
A= 0.5, 1,1,5 ,2 and 3 . With increasing A, the value of the hoop stress
at the inner borve reduces while it increases at the outer radius. For A=l.5,

the hoop stress is approximately conthnt through the disc radius. Fo
of A<1l, the radial stress Ogmay reach values greater than the oute

For the case of a steady rotating disc under external pressure, F
trates the effect of variation of anisotropic constant A in the
tributions within a disc, with radius ratio

L

a/b =0.1. The figure s ous /-
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(a). Tensile hoop stress

Fig. 3 Comparison of stresses in stationary annular isotropic (A =1)
and orthotropic (A= 1/2) discs under internal pressure p,
for various values of the radius ratio a/b.
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Fig. 4.

(a) Compressive hoop stress

Stress disributions in & stationary orthotropic annular disc
with radius ratio a/b = 0.1 under the effect of external press-
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(b) Compressive radial stress
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ure py for various values of anisotropic const. A
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also the effect of external pressure P, of a magnitude Py = 0.1pw?2 b2, The
external pressure always causes a reduction I the hoop stress within a

Steady rotdting annular disc.

Finally, Fig.6 shows the effect of external pressure variations on the stress
distributions within a steady rotating disc with anisotropic constant A=2,

CONCLUSIONS

An analytical solution for the radial and hoop stresses within a pressuriz-
ed, constant thickness, gmnnular, anisotropic discs, has been derived. Res-
ults obtained using this solution, for the specific orthotropic condition,
are deduced and represented graphycally. The effect of anisotropic constant,
radius ratio and pressure difference on the stress distributions has been
considered. '

The stress distributionswithin a st_eady rotabping annular orthotropic disc,
under the effect of external pressure, have been also discussed using the
superposition principle.

The computed results indicate that the effect of anisotropy , on the stress
dsitribution within stationary and rotating discs, is considerable. There
appears to be an optimum value of the anisotropic constant A, for the mini- .
mum value of the hoop and radial stresses within an orthotropic diSc. The
influence of the ratio of the inner to outer disc radius on the stress
distribution, has been shown to be significant. The external pressure
reduces the hoop and radial stresses within a steady rotating orthotropic
disc and this effect increases for larxger values of anisotrpic constant A.
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NOMENCLATURE

a inner radius of disc [m]
b outer radius of disc [m]
a/b radius ratio [(NON-DIM]
Ey elastic modulus in radial direction (kN /m23]
Eq elastic modulus in tangential direction (KN /m2]
X0 Polar co-ordinates [m , RAD]
u radial displacement [m]
P mass per unit volume of the disc [Kg /m3]
w angular velocity of the disc [RAD/S]
Ers€0, Y, radial, tangential and shear strains [ NON-DIM ]
A=JE8/Er anisotropic constant (NON-DIM)
Var ?oisson's ratio which characterises compression[NON-DIM ]

in r-direction for tension in¢ -direction
d},dé,rreradial, tangential and shear stresses o [kn/ m2} N
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