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ABSTRACT

A vibratory system of mass-spring-damper rotates about an axis
perpendicular to its plamne of vibration, and is subjected to
harmonic forces in that plane. By taking into consideration
the various coupling terms that may be present, we can measure
the small rate of turn around the axis perpendicular to the
plane vibration from the amplitude and phase angle relations.
It was found previously that the phase angle is independant

of the damping factor (i.e. independant of the transiant res-
ponse) at the value of the rate of turn which is smaller than
the system natural frequencies.

Therefore, we can improve the transient performence without
affecting the sensitivity of the devise.

In this work, we study the sensitivity of the system when it
is subjected to random noice.
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Introduction

The purpose of this paper is to study the effect of random
noise on the meeasurment of small rate of turn by vibratory

system.

This system,described by Linnett (19€9) is used to mees-
ure & small rate of turn. 1t is a two degrees of freedor vib-
retory rate sensor which consists of & sirgle mess mounted at
the point of measurment. The mess 1s deduced Irow the analysis

of the effect of coupling due to inertie;demping; &nd stiffness.

It is possible to measure very small rate of turn ebout
an exis perpendiculaer to the plene of vibration, by means of
the phase relationship between the induced and exited vibra-

TA10Ns :

The phase relationship, unlike the amplitude ratio, is
independant of the demping present in the sysiem. Hence the
sensitivity of the instrument is not affected by the dincre-
gse in demping.

This system measures small retes of turn by e mass-spring
—~damper system under some simplified assumptions. One of these,
is that the excitation &cting on the vibretory system is her-
monic. This assumption, however, can lead to the system respornse
directly by &ssuming & hermonic solution. Tnis peper ics deveiel
to study the capebility and the efficiency of the mess-spring-
damper system to measure rates of turn when excited by small

randam forces in addition to the harmonic forces.

Equations of motion end system describtion :-

The system is in the figure. It consists of & point
mass m constreined to move in the plane OXY of a rectenguler
set of axes O0XYZ , which is rotating in space et an enguler
velocity S2 about a non—acce]erating origin 0. -
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Vhen the mass is displaced from eqilibrium a distance
r vhere T 1is measured from the origin O. the mass will
be subjected to the forces Fy &nd F_ in the OX end
OY directions respectivily due to the effects of stiffmness,
damping, inertia and the coupling terms.

The forces in relation to the displecement , velocity

end acceleration are expressed &S

F1 = C1 X + Kl z + Ci y o+ Cd y + Cs Yy :
Fy =C, ¥y + Ky ¥y +Cy X +Cqx+ Cox : 1)
Vhere

C, end C2 are the viscous demping coelficient in
the OX &nd OY cirectiio

Kl and K2 are the spring constants in 0X and OY

directions respectivily ;

Cq »Cgq » B0d Cg
are inertia, damping, and stifinecss
coupling coefficients; and ere &ssu-
med egual in botn OX and OY dire-

ctions.

The exciting forces which act on the mass are hearmonic
forces in the OX and OY directions . The forces ere of the
same freguancy w , but have & phase difference ¥ Dbetween
them
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The equations of motion for the system are obtained by
applying Newton's second law &s follows :

m ey = P -, F

m a, = Py - ry (3)

"here
al and a2 are the absolute accelerations of the

system in the OX end OY directions
The absolute accelerations of the mess , in genersl , can

be vwritten in & vector Torm es

:"'"’ Z. -) — 4 rd
- &T L o5 % +thﬁxr)+-29£%: (4 )
Dt ot 5
here.,
S 252 1 +5, § 4Rk (5)
> z 4
r= X1 +YJ

( Since the mass 1is constrained to move in the OXY plene ,
then the displacement in the Z-direction equals zero )

T |
o x - ; o P
e, ecuciions (1) ere reformed D iliz CErivevion

~s Tollows:

L)

. . .. ” _.q .
X + 2 51 w4 * + W X+ ug ¥+ ( a1 Y41 2 ) ¥

5 jwt
[A)n y = O X e

+ Yy 1

Similarlly the secona equation &re
-z = 2 .. =
y +232L«)n2y+wh2) + oy XA (Lk)nz Ugo + 25L) x

2 . _ 2 jwt +Y4) i @
* u52&)n2 J = e Yg © : ’ )

' ™ ().) - and
Threre nl Wno _ o L
rre undarmped nalural freaguencies in OF cnd OY cirecilions.



FIRST A.S.A.T. CONTLRINTE

Mk st 14-16 Pay 19ES ¢ CAIRD

The effect of random forces is studied by edding & small
rendom force term to the harmonic force term. These random
forcing functions are expressed as Gaussian stochastic

processes.

When small random force terms &are edded, the equations of

motion becomes as follows :-

. . g o ‘
o280 %+ W %y §or (W ugy -22)y
é IA>2 jwt 1Al
tug Wy ¥o= Wy (X e + €W (1))
" : o . .
y+ 28,0, 5+ WLy +u; X+ (W5 u, + 20) x
> 5 J(‘*-)'t -i-‘f’) .
U ¥ = W, (¥ e ‘ +€ W (t) )

(7))
here ; Wl(t), and Wg(t) are Gaussian or Normal stoch-

astic processes with zero mean and spectral

density o -.2

37 using the stete spice method, iiece e etuctions

i
ere rewritten as follow :

éR (t) = F Z(t) + G up(t)
2; (1) = F Zp(t) + 6 u; (%)

=1

Tnere subscripte R &and refere to the real and the

imaginary parts
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ﬁR (t) = [ }‘1 13 J’l 33 l
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2T 2 4 2 4
T N . s
us () = _XS cos wt +€ Wy (t) Y, cos(wi+y) +€ W, (1)
B -
T _ = U = wt
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Sinumlation::-

The numerical method can be effeciently used in sol-
ving the system of equations. A case study must be considered
for solving the system equations numerically. The performance
of the system at any case will be estimated after we know the
performance of this case study.

L case study:-

The parameters of the system are selected as follows :

Frequencies ;-

The natural frequency in O0Y direction ( b>n2')
must be equal to the frequency of the exciting forces (w)
which is very important to be at resonance. The amplitude of

(Y ) is meximum at resonance and the arg ( Y/X ) not

effected by the change of the demper charactristic.

The natural frequancy in - OX direction ( W 5 )
can have any value wnich will not affect the system solution.
The natural frequancy L> 4 must not be equal to thé frequancy
of the exciting forces (W) .

The acsumed values of tne frquancies ere as followc :-

-1

u)nl = 3 sec,
-1

Wyo = 2 sec.
w = 2 secfl

Damping factors :- ( Sjléh 32 )

The damping factors in OX and OY directions
are essumed equal to 0.1 . The change in this values

does not chenge the phase angle.
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Coupling terms :- ( W, o, u, o, &ou

s d )

The system responses are obtained at different vaslues
of coupling terms.

Results
Using the cbmputer program, the responses of the systiem

are obtained with respect to the retes of turn. Some of the

obtained results will be discussed es follows.

The Effect of Inertia coupling :-

The coupling terms u, = 0.0]1 and the rest equal zero
inserted into equations ( 7)) we obtein :-
X 4+ 24 W o %+ WE. X 4 G, ¥ - 252 y
- 1 nl & nl = 4 ° -
o J ot
= L))nl ( XS e + € ‘-'1(t) )

y + 2 §2 W, Y+ 02y 4 %4295

,jwt
- ( XS e + Lg(t) )

£

Figure ( 1 )_ shows plots of the magnitude | Y/XI
versus St with - some selected values of ¢ . From
figure ( 1 ) , note the error in measuring rates oi iurn.
The symmetry about the verticel line: S2 = 0 is lost.
Figure ( 3 ) , shows plots of the percentage error in the
magnitude. Ve noje that the error percent in measuring tihe

megnitpde of the rates of turn is increased vhile the para-



FIRST A.S.A.T. CONFERENWNIL
VB-4 | 553

14-1€ May 1SEE ¢ CRIRD

meter € increased. The error perceni vien S positive is

less than wvhen 52 negative.

Figure ( 2 ) shows plots of the &rg (Y/X) versus §2 with
the seme selected values of ¢ . TFigure ( 4 ) shows
plots- of the error percent in the phase angle shift between
Y and X. this figure shows the percentege error in the dir-
ection of the small rates of turn. liote that the error

percent is increased while the rendomness increesed.

.The Effect of Stiffness coupling :-

Introducing the coupnling terms u_4 and u not ecuel zero

-
S

end ithe rest equal zeros into equations (7T ) ve obtein

~

[ we . ' 2 .
X+ 2§00 %+ = 252y 4 Wy uq Y

2 Jwt
=w_; (X e +€ W (%))
2 . o B
y+ 28,0y + W oy + 22+ Woou, 2
5 ) jwt
=W 5 ( is e + € Wz(t) )

Typical‘plots of the magnitude of the solution | ¥Y/X]|
versus JS¢ for Uy and ug o, equal 0.01 and verious velues
of € are shown in figure ( 5 ). Xote that the symmeiry
about the vertical line 2 = 0 is lost end there are cert-
ain error in measuring the magnitude of the small raies of

Turnm
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The error percent in measuring the megnitude end direct-
ions of the smell rates of turn are shown by the two figures
(7 ), end ( B ). TFigure ( ¥ ) shows plots of the two
curves of the percentage error related to the perameter
equal 0.1, and 0.2 . e note that the error percent ere
inecreeced while rendormess incressed. Pigure ( 8 ) shows
plots of thie error percent in the direction of ihe s:seil
rates of turn for the same selected values of € &s thre
previous emplituce curves, which permit the observation that
the percentage error heve negative velues up to S neer to

zero and then have positive veluecs.

Conclucions :-

The percentage of error of the measurments of the mass -
spring -demper system with hermonic forces and small random
forces does not exceed .15 percent,. vhen the r?ndom forces
a1 e equal 20 percent oI ine narwonic 1orces, It has been
recommended to be used in measuring both small and very
small rates of turn.
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