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AXISYMMETRIC VIBRATION OF STEPPED CIRCULAR
PLATES WITH ELASTICALLY BUILT-IN BOUNDARY CONDITION

*
M.G. SHEBL

ABSTRACT

This paper deals with the axisymmetric motion of stepped circular plates
in which its boundary is considered elastically built -in. The solution

of uniform plate is applied to each step of the plate. Continuity
conditions at each step must be satisfled besides the boundary condit-
ions Lin order to obtain the solution of such plates.

The boundary of the plate is considered to be elastically bullt-in in a
manner that prevents transverse edge motion and provides a restoring edge
moment linearly related to edge rotation. Thus limiting cases are a
clamped plate and a simply supported plate.

The elgenvalues of the axisymmetric modes are obtained by using a
constructed computer program written with FORTRAN-IV language. The program
i{s applied to circular plates of different step radii. At the same time
two different forms of the plate are considered,

Finally, a discussion of the results obtalned is presented in order

to show the effect of the fixity parameter ( proportionality factor bet-
ween tine moment and slope of the plate at the boundary) on the values of
the natural frequency of the plate at different step radii and different
symmetric modes.

* Assistant Professor, Dept. of Mechanical Design, Faculty of Eng. &
Tech., Helwan University, Calro,Egypt.
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INTRODUCTION

Although problems of transverse vibrations of thin plates have recelved
considerable attention in the last century, there are relatively few

exact solutions known. The general methods of solution are well developed
but there i{s considerable labor in carrying through the details of the
thickness has been studied by some authors. Such of these plates which

are interest to englneers are the stepped plates. The vibration of
these plates has been treated by Juarez [1].

the plate is presented to be satisfied at the boundary. This relation
is verified also at the two extreme cases of simply and clamped suppor-
ted boundary conditions. In view of these boundary conditions, the

natural frequencies are obtained at different step radii for some axi-
symmetric modes.

THEORETICAL ANALYSIS

The govering equation of the transverse motion of the circular plate with
uniform thickness is expressed here with the polar coordinates system r
and 8. In the axisymmetric vibration, the natural modes are independent
of the coordinate ¢ , therefore, the equation of motion has the form

(33, (& ). '
7" w(r) -g* w(r) =0 (1)
where 3
B* = 12(1-v?) p w?/Eh (2)

The general solution of eqn. (l) has the following form which is expressed
in Bessel functions

W(r) = AJO(Br)+ B YO(Br)+ CIO (Rr) + FKO(Br) (3)
where A,B,C and F are constants.

Fig.l shows the forms of such stepped circular plate. At r=a,the boundary
Is supported in a manner that prevents transverse edge motion and in addi-
tion, provides a restoring edge moment proportional to the edge rotation.
The plate shown can be divided into two-zones,zone I represents a plate
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with uniform thickness h,, while zone II represents annular plate with
uni form thickness h,. T%e common radius r between the two zones is
called the step radfus.
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Flg. 1. Cross section of the two forms of stepped circular plates
a-Stepped citrcular plate with central region raised,
b-Stepped circular plate with central region unrafsed.

The solution given in eqn.(3) can be written for each of zone I and II
respectively as follows:

Wl(r)= Aljo(Blr) + ClIo (Blr) (4)

Wz(r)= AZJO(BZr) + BZY0 (Bzr) + CZIO(BZr)+F2KO(82r) (5)
It i{s seen in eqn.(4) that the coefficients B.and Fl are zero because
the Bessel f’unctions‘Yo and Ko are infinite at r=o.

The expressions ofﬁl and 82 can be given according to eqn,(2) as follows:

By= 12 (1-v?) Pwé) ER) (6)
8= 12 (l-y?) P .u?/Ehg_ (7)
2
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CONTINULTY CONDITIONS

A continuity of some parameters must be satisfied at the step radius Ty
The following are four conditions for the continuity in each of the
deflection, slope, shear force and radial bending moment:

W, () = Wylr)) (8)
g, (r;) /dr = d¥, (r))/dr (9)
0 (r)) = Q(rp) (10)
M () = M) (11)

The expressions of Q and Mr , [ 5 ]Jare given by,

0 - -D ddwdr’ +-% dW/dr) /dr (12)
M_=-D (d2W/dr® + Yo dw/dr (13)

where D 1is the flexural rigidity of the plate, glven by

D =ER/12 (1 +v9) (14)

The equations of Wl(r) and Wz(r) given in eqn .(4) and (5) are written
at r= r,as follows®

wl(rl)

AlJO(Blrl) + Cllo(Blro) (15)

Wz(rl) A230(82rl) + BZYO(BZrl) + C210(82r1)+F2K°(BZr1) (16)

From condition (8) we obtain :
A130(81r1)+cll0 (Blrl)-AEJO(BZrl)- 82Y0 (Bzrl)

According to the differentiation of the Bessel's functions, [6] ,
condition (9) becomes:

AlﬁlJl(Blrl)- Clﬁlll(slrl)- AZBZJI(Bzrl)

- stzYl(Bzrl) +C25211(82rl)- FZBZKi(BZrl) = 0 (18)
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Also each of condition (10) and (11) will have the following forms,
AL 9y 9y Byry) + € gy I)(ByT))-Ay ap 3 (Bory)
- B, q, Y, (Bory) + €y ap 11(82r1)+F2 a5 K (B,ry) =0 (19)
Aymy [—BlJO(Blrl) + L Jl(Blrl)] + omy [Bllo (slrl)- L Il(Blrl)]
- Ay [-B,3,(Byry) + L 3 (B,yr) ]+ Bomy [V (Bpry)- L Yy (Bpry) ]
- Cm, ( leo(szrl) + L Il(Bzrl)] - Fm, [BZK0 (82r1)+ L Kl(Bzrl)] =0 (20)
where
a8t b o a3 )
_ 3 = 3 (21)
m=By hy » M= BN :
I = (l'\J) / rl j
BOUNDARY CONDITIONS
The boundary conditions at r=a will be
w2(a) =0 (22)
- (%W, (a)/dr® + % dW,(a)/dr] = § d¥y(a) /dr (23)
By substituting  expression wz, eqn. of (5) 1in eqn.(22) , we have,
Ay g (Bza) + ByY (Bza) + CZIO(BZa)+F2KO(BZa) =0 (24)
In condition given by eqn.(23), & 1is representing the proportionality
factor between the moment and slope of the plate at the boundary.
Consequently by  substituting the derivatives required in the same
eqn. We have:
Ay [- ¢3;(BRa) + Ry] + By [-¢Y,(B,a)- R,]
Cy [ ¢Il(82a) + R3] - F2 [a¢K1(82a)+ R,] =0 (25)
Where
¢ =6 a/D

The dimensionless ratio
parameter.

(-

(26)
sa/D will be referred to as the edge fixity l
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and Ry = -8, 30(828) + p 31(826)
RZ = 82 YO(BZa) -p Yl(BZa) (27)
R3 = BZ IO(BZa) -p 11(823)
R, = B, K (Bya) + p K ()

where p =(1-v) /a (28)

The four continuity conditions represented in eqns, (17),(18),(19) and (20)
resides the two boundary conditions represented in.eqns, (24) and (25)
will be arranged in a matrix form as :

[yl (c] = (0] (29)

where
[Y] is 6 x 6 squarg matrix

[c) is the column matrix containing the constant Al’Bl’AZ’BE’ C2
and F,.

2

In order to obtain the values of the natural frequencies of the plate,
the determinant of the matrix [Y] must equal zero.

Special Cases in the Bending Conditions

The second boundary equation can be particularized to the usual limiting
cases of a clamped and simply supported plates.

Simply supported plate: §a/D — o
Clamped plate : sa/D —

NUMERICAL RESULTS AND DISCUSSIONS

The computation processes of the natural frequencies are applied to the
two forms of the plates shown in Fig.l. 1In the first one, the two thick=
nesses h. and h. are 2 and 1 mm . respectively. For the other one,the
two thic{nesses h, and h, are 1 and 2 mm . respectively. For the two
models, the outer diametgr i{s 300 mm at the boundary support. Six step
radii r,= 0,30,60,90,120 and 150 mm are used. The step radii o and 150
mm are %ointing to a circular plates with uniform thicknesses.

The material of the test models is a Pirespex with Young's modulus equal

to 262 x 107N.m" 2, Poisson's ratio v = 0.38 and a density 1.237 x 10°
kg. m ~, ‘

A FORTRAN IV Computer program was constructed to determine the natural
frequencies by solving the frequency determinant. Fig.2 shows the results

L -
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1
for the stepped circular plates at first symmetric mode oo and at different

values of edge fixity parameter. Similarly Fig.3 shows the results at the
second symmetric mode Ol.

Table 1 shows the values of natural frequencies of the plates with uniform
thicknesses for each of clamped and simply supported boundary conditions.
These values are obtained by substituting in eqn.(2) with the given mater-

ial data E, p , Vv geometric parameters h, a and with the elgenvalues
ofg . (4] . Consequently, the results obtained can be considered excel-
lent. '

Table 1 Frequencies of uniform plates

Mode Thick. Frequency (Hz)

Simply Clamped
mn (mm) support support
a6 i 1 16.20 32.78

2 : 32.40 65,97
{ 1 95 1L 127,72
01 -
2 191,43 255.45
CONCLUSIONS

The vibration analysis of stepped circular plates is performed to shows
the effect of variation of step radius and fixity parameter on the frequ-
ency results. In the case of central reglon raised, the frequency in-
creased as the step radius increases, while i{n the case of central region
unraised, the frequency decreases as the step radius increases. Also it
can be seen that, at each step radius the frequency increases as the fix-
ity parameter increases.
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NOMENCLATURE

Outer radius of the circular plate.

Modulus of elasticity.

Thickness of plate

Modified Bessel functions of the first kind of order 0O.and 1.

Bessel functions of the first kind of order 0 and 1.
Modified Bessel funetions of the second kind of order 0 and 1.

Radial bending moment.

Number of nodal diameters:.

Number of nodal circles.

Transverse shearing force.

Radial distance from the centre of the circular plate.
Deflection of the plate.

Bessel functions of the second kind of order 0,1.

Eigenvalue of the frequency equation.
Density of the plate.

Polsson's ratio.

Angular displacement.

Matural frequency
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