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ABSTRACT

Analysis of arbitrarily laminated composite beams is presented based on a higher-
order shear deformation theory. The governing equations are derived by minimizing
the total potential energy of arbitrarily laminated beams undergoing axial and
transverse shear strains under laterally distributed load. The exact solution of the
governing equations is presented for hinged-hinged beam. The displacement and
stresses of several laminated beams are calculated and compared with published
results. The results of a parametric study showing the nature of axial and
interlaminar shear for various ply-stacking patterns, beam aspect ratios and
transverse shear are demonstrated.
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NOMENCLATURE

E Young's modulus.

Eq1, Ex2 Young's moduli in 1 and 2 directions respectively.

G2, Gi3, G2z shear moduli in 1-2, 1-3 and 2-3 planes respectively.

L,b,h Beam length, width and thickness respectively.

u,w Axial and lateral beam displacements respectively.

q Lateral distributed load per unit length

a The angle between the fiber axis and the x axis.

0 Beam rotation about y-axis

v Poisson's ratio.

V12 Poisson ratio for transverse strain in the 2-direction when stressed in
the 1-direction.

o1, 02, T12 In-plane stresses in 1-2 coordinate.

Oy, Tz Axial and transverse shear stresses.

' Aerospace Research Center, AOI, Cairo, Egypt.
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INTRODUCTION

Beam structures are among the most important structures in aerospace applications.
Multilayered composites have wide applications in aerospace industry due to their
high strength-to-weight and stiffness-to-weight ratios. Conventional analysis of
beams uses the classical beam theory based on Bernoulli-Euler hypothesis [1], and
neglects shear deformation. This theory adequately describes the behavior of slender
beams, but is less adequate for thick beams in which shear deformations are
important.

Timoshenko [2] extended the classical theory to produce a first-order shear
deformation theory. This is an improvement on the classical theory which reduces to
it as the beam becomes thinner. A defect of Timoshenko theory is that the assumed
displacement approximation violateas the "no-shear" boundary condition at the top
and bottom of the beam. Levinson [3] introduced a higher-order theory to correct the
drawback of Timoshenko theory. It is based on a cubic in-pane displacement
approximation that satisfies the no-shear condition.

Bickford [4] noted that the derivation used by Levison was variationally inconsistent,
and derived a corrected version from Hamilton's principle. In addition, he presented
some representative solutions for simple beams.

Heyligher and Reddy [5] presented a finite element solution for Bickford’s theory
using polynomial shape functions. J. Petrolito [6] presented a finite element for
isotropic beams based on a higher-order shear deformation theory. Solutions of the
governing differential equations are derived and used as element shape functions.

For laminated beams, the classical lamination theory [7, 8, 9] is adequate to predict
the global response of laminates with relatively small thickness. Because of the low
shear modulus to in-plane stiffness ratio, the important role of transverse shear
deformation, which is not contained in classical lamination theory, cannot be
neglected. S. Gopalakrishnan et al [10] derived a refined 2-node, 4-DOF beam
element based on a higher-order shear deformation theory in asymmetrically stacked
laminates. V. G. Mokos and E. J. Saountzakis [11] developed a boundary element
method for the solution of the general transverse shear loading of composite beams
of arbitrary constant cross section. Exact solution for the bending of thin and thick
cross-ply laminated beams was presented by Khedir and Reddy [12 and 13] using
the state space concept.

In the present work analysis of arbitrarily laminated composite beams is presented
based on a higher-order shear deformation theory. The governing equations are
derived by minimizing the total potential energy of arbitrarily laminated beams
undergoing axial and transverse shear strains under laterally distributed load. The
exact solution of the governing equations is presented for hinged-hinged beam. The
displacement and stresses of several laminated beams are calculated and compared
with published results. A parametric study showing the nature of axial and
interlaminar shear for various ply stacking, beam aspect ratios and transverse shear
is discussed.
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MATHEMATICAL FORMULATION

Kinematics Relations

Assuming that the beam is subjected to lateral load only as shown in Fig. (1), the
deformation of the beam is described by two displacements u and w, and a rotation,
0. These displacements are assumed to be of the form [6]:

4z ow
=u(x,2) =260 ———(0 + —
u=u(x,z)=z e )

6 =0(x) (1)
w=w(x)

where h is the depth of the beam.

Strain-Displacement Relations

The beam is considered as a wide beam. So, The only non-zero strains are [6]

u 06 4z 88 0O'w
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Stress-Strain Relations
The laminate stresses are

o, =§u €y
Tnzass ¥z (3)

where O, and Q,, are given in the Appendix.

GOVERNING EQUATIONS
Differential Equations

Minimizing the total potential energy of the beam can derive the governing equations
for static analysis of the beam. In the present case, the total potential energy, 11, is

Zf
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where q is the applied transverse load per unit length of the beam, b is the width and
L is the length of the beam. Taking into consideration that the variation in the
potential energy is due to the variation in the displacement and strain, the first
variation of the potential energy, 811, can be written as:

5I= Mf bij(a e, +1_ 8y, )dxdydz— jq&wdx (5)

k1200

Substituting equations (1)-(3) into equation (5) and integrating over the width and
depth of the beam equation (5) becomes

08 066 06 d*6w 060 o*w o*w d%6w
j[Ef ol oc R W i 8 R PR L
ox ox ox Ox ox ox ox° ox
éw ow  Ow ddw

+GA (G50 + 0 ="+ 80—+ )| dx— jawdx
ox ox  or ox

where El,.El,  EI, and GA' are the bending and shear stiffness of the laminated

composite beam, and are defined in the Appendix. Integration by parts and equating
to zero gives the equilibrium equations of arbitrarily laminated beam

(6)

0

[EI0 +EI,w] -[GA"(0+W)] —g=
(7)
[EI0 +EI,, w1 —-GA (0+w) =0

where a prime denotes :‘:x» The procedure also leads to the definition of the
generalized forces used in expressing the beam boundary conditions

F,=~{EI,0 +EI,w]+GA"(@+w)
F,=EI,0 +EIl,w (8)

F,=El,6 +EIl,w

The force F, can be interpreted as a generalized shear force, while F, and F, are

generalized moments. With these definitions, the appropriate boundary conditions for
the beam are as follows:

1) either w or F, is specified;
2) either 6 or F, is specified;
3) either w or F, is specified;
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For most practical problems the properties of the beam are constant along the length
of the beam. In this case, equations (7) and (8) reduce to

EI,w" —GA'W +EI,0" —-GA'0' =q (9a)

El,,w -GA'W +EI8" -GA’8 =0 (9b)
and

F,=—EI,w +GA'W - EI, 0 +GA'0 (10a)

F,=El, w +ELO (10b)

F,=EI,w +EI,0 {10c)

Therefore, the higher-order beam theory is represented by a system of ordinary
differential equations of order six.

Boundary Conditions
Fixed end

w=0; 8 =0; w=0 (11)
Hinged end

w=0; F, =0, F,=0 (12)
Free end

F, =0; F, =0; F,=0 (13)

GENERAL SOLUTION OF THE GOVERNING EQUATIONS
Uncoupled Differential Equations

To obtain the exact solution of equation (9) the uncoupled differential equations
are derived. Differentiating equation (9b) and subtracting from (9a) lead to

(El,, - EI,)0" +(EI, - EI, W =g (14)
Also from equation (9b):

. E " ;
s g e (15)
ca’ T Ga

g
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Differentiating equation (15) and substituting for 8" from equation (14), equation (15)
becomes:

2
_ Pl ELEL o vy EI, . (8)
GA'(EI,, - El,) GA'(El,, - EI,)

Substituting for ¢ and @ from equation (16) in equation (9a), the resulting
uncoupled equation for w is

EIE, i A
=—— 17a
q E[q ( )

ww' _AZWI‘V e

EI’s, — EIEI,

In a similar way the uncoupled equation for & is

2
' -2%0" = o i Elo, q +’l—q (17b)
El*a. —EIEI, " EI
where;
2o GA (252:1,,“ -EI, - EIl) (18)
EI’a — EIEI,
EI = El, + EI, +-2El,, (19)

General Solution

The general solution of differential equation (17) comprises homogeneous and
particular solutions.

Homogeneous solution

The homogeneous solution of equation (17) [6 ] is

w, = C, sinh(Ax) + C, cosh(Ax) + C,x* + C,x* + Cix + C; (20)

6, = C, sinh(Ax) + C, cosh(Ax) + Cyx” + C,,x + C,,
where C,,C,,...,C,, are unknown coefficients to be determined from the boundary
conditions. Since the theory is of sixth-order, only six of these coefficients are
independent and the remaining five are dependent. For convenience, C,,C,,...,C,

are chosen as the independent coefficients. To find the dependencies, equation (20)
is substituted into equation (9b), giving the following relationships between the
coefficients:
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c, =RC, : C,=RC,
& =-3C . Cy=-2C, 1)
C,=0GC -C;
where R =Rt = ]:‘A : g=25 1)
R—J R,
EI,, Ga*
* T m, ’ ‘R,

Particular solutions

Particular solutions can be derived once the loading function is specified.
Particular solutions are derived for three different loading cases.

Load case 1
Assuming the load g(x) is given by

ﬂﬂ=%m (22)

where ¢, is the magnitude of the load at the beam end and L is the beam length. A
particular solution of equation (22) is

5
X

120EI L
4 _— —
= (g Ela=Ely 2 Elo(Ely, ~EL,)
24E[L  2GA"EIL (GA"EI L

9,
(23)

)4,
It can be seen from equation (23) that the solution reduces to the classical beam
theory with 8 = -w' in the limit as G4’ tends to infinity.
Load case 2
Assuming the load g(x) is given by
X X
=—gq, +(1-2)q, 24
dhx)=—a+l-=)g, (24)

where ¢, and g, are the magnitude of the load at the beam ends. For this case the
solution of equation (24) is

wy sl
X
9, (25)

3 -
6, =a-22)6, +[- =+ Hu—Elo 1,
) 6EI  GA'EI
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Load case 3

The solution in case of uniform distributed load ¢ can be obtained from equation (25)
by putting ¢, =¢, =¢
P i x* El, —FI,

w, = : 0, =(——+
» = aEr? = Csm T oA B

x)q (26)

General solution

The general solution is obtained for Hinged-Hinged beam under load case 3.
Application of boundary conditions of the type (12) at the beam-ends (x=0 and x=L)
gives the integration coefficients C,,C,,...,C, . It was found that for small aspect ratios

(even forL/h >1) the solution is unstable since sinh and cosh terms go to infinity as
the aspect ratio increase. So, without loss of generality the coefficients C, and C,
are set equal to zero. Setting w and F, equal to zero at x=0 and x=L the remaining
four coefficients are

L ET
Cy=—— -, o s
T ‘= 2ca mr !
I £l (27)
G = + g : C,=0
s~ 2amr? T 204 E1 ¢ K
The general solution is
x4
w=Cx* +C,x* +Cix + q
24FE1 (28)
? I —EI
0= Coxz + CmX+C” _X—Q+M
6L GA" EI

where the coefficients C,,C, and C, are given by equation (27) and coefficients
c,,C,, and C,, are given by equation (21).

RESULTS AND DISCUSSIONS

The general solution (28) is applied to isotropic as well as arbitrarily laminated
beams.

Problem 1

In this problem a simply supported isotropic beam of length L and depth /s under
uniform load is analyzed. The Poisson’s ratio of the material is 0.3. Table (1) shows
the results for the maximum displacement and normal stress for various values of the
aspect ratio, L/h. The results are compared with those in Ref. [6]. In all cases the
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results have been normalized by dividing by those of the classical isotropic beam
theory.

The results show that, even for small aspect ratioL/k <5, ignoring sinh and cosh
terms does not affect the solution. Also, it is clear from the results that the higher-
order beam theory reduces to the classical isotropic beam theory as the beam
becomes thinner. In Table 1 the difference in the displacement is attributed to the
difference in stiffness, so use presented results with replacing £ in beam theory with

E=

- in plate theory.
=V

Problem 2

In this problem a hinged-hinged laminated composite beam under uniform load as
shown in Fig. 2 is solved. The material of the beam is carbon/epoxy with a [04/454/-
45,]s layup. The material properties are

Eq=131 GPa; Ezo= 131 GPa; G12=6.55 GPa, vz =0.28
Since in the presented solution G13 and Gy3 are included, they are assumed equal to
G12. The data for the problem are summarized as follows:

Length L=25.4 cm Width b=1.27 cm
Thickness h=0.315 cm Distributed load g =380 N/m

The axial strain and in-plane stresses are calculated at mid span and compared with
those calculated according to the classical lamination theory of Ref. [9], and are
presented in Table 2. The results show good agreement because L/h =80, which
gives a thin beam.

Problem 3

In this problem the beam of Problem 2 is reconsidered with the following changes in
width and load:

Width b=5.08 cm Distributed load 7= 3500 N/m

The interlaminar shear stresses are calculated at the beam-ends and compared with
those in Ref. [9] and presented in Table 3. The interlaminar shear stress in Ref. [9] is
calculated from equilibrium of forces in x-direction, and the classical lamination theory
is applied. The results show that the axial stresses are nearly coincident because the
beam is sufficiently slender. The shear stress, however, has a discrepancy. The axial
and interlaminar shear stress distributions through the beam thickness are shown in
Figs. 3 and 4.

Parametric Study

A parametric study is conducted to understand the behavior of laminated beams
under uniform distributed load. The material properties of Problems 2 and 3 are
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considered. To show the limits of the higher-order shear deformation theory in
laminated beams with different ply stacking pattern, numerous aspect ratios are
considered. Table 4 presents the central displacement normalized to the well-known
central displacement of hinged-hinged beam (5qL* /384 EI ). It can be seen from the
Table that the Euler-Beroulli beam theory underestimates the deflection of laminated
beams by a factor depending on the ply-stacking.

In order to bring out the effect of shear deformation in case of laminated beams,
three different shear moduli are considered:

1) G13=G23=G12 2) G13=G3=10° Gy, 3) G13=G23=10° Gy

The interlaminar shear at the mid-plane of the beam-ends and the axial stress on the
top surface at the mid-span are calculated for different ply-stacking, beam aspect
ratios and transverse shear moduli. In all cases the length to width ratio is 10. The
results are normalized to the classical lamination theory presented in Ref. [9], and
are presented in Tables 5 and 6. It is clear from the results that the higher-order
theory for laminated beam reduces to the classical lamination theory as the beam
becomes thinner and the transverse shear moduli increase. Also, the values of the
stresses as predicted by the classical lamination theory show a discrepancy with
those calculated by the higher- order theory. The shear stress results are found not
to be significantly affected by changes in the values of the shear moduli G13 and Gos.

CONCLUSION

A higher order shear deformation theory is proposed for the exact analysis of
arbitrarily laminated composite beams. Several case studies are considered. Results
show superiority of the proposed theory over the classical lamination theory,
particularly for thick stubby beams.
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Fig. 1. Beam Geometry

: —

- = = ——ly -45

Y o 45

Fig. 2. Hinged-hinged laminated beam
under distributed load

thickness mm

thickness mm

Axial stress o, MPa Shear stress 1, MPa

Fig. 3 Variation of axial stress through Fig. 4 Variation of shear stress through
the beam thickness the beam thickness
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Table 1. Normalized central displacement, w*, and normalized central stress, o . of
isotropic beam, v =0.3

Displacement Stress
L/h 2
Present|Present/(1-v* )| Ref. [6]| Ref. [6] | Present
1 3.436 3.776 3.434 1.408 1.347
2 1.541 1.694 1.620 1.102 1.087
3 1.191 1.309 1.277 1.045 1.039
4 1.068 1.174 1.156 1.016 1.022
5 1.011 1.111 1.100 1.004 1.014
10 0.935 1.027 1.025 1.001 1.003
25 | 0.914 1.004 1.004 | 1.000 1.001
50 0.911 1.001 1.001 1.000 1.000
100 | 0.910 1.000 1.000 1.000 1.000
1000| 0.910 1.000 1.000 1.000 1.000

Table 2. Comparison of axial strain and in-plane stresses with those in Ref. [9]

Z & % o, [MPa] o, MPa] 7,, | MPa]
Ply mm *

Group Present|Ref. [9] |Present| Ref. [9]Present|Ref. [9] |Present| Ref. [9]
0 1.575| 0.138 | 0.138 | 181.9 | 181.5 | 4.356 | 4.353 0 0
45 1.050| 0.092 | 0.092 | 62.05 | 62.07 | 6.631 6.634 | -6.019 | -6.021
45 | 0.525| 0.046 | 0.046 | 31.01 | 31.03 | 3.314 | 3.3178| 3.008 | 3.011

Table 3. Comparison of axial and shear stresses with those in Ref. [9]

z o, [MPa] z 7,.[MPa]
PlyGroup | MM 5t T Ref. @] | " | Present | Ref.[9]
0 1.575 418.84 418.73 1.050 2.236 2.885
45 1.050 92.94 92.96 0.525 3.557 3.461
-45 0.525 46.46 46.48 0.000 4.024 3.654
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Table 4. Normalized central displacement of hinged-hinged composite beam

281

PILZPOUP 11 21 3! 4| 5 | 10] 100 10°
[04/454/454/454/-454/041 1556| 4.65| 2.62| 1.912| 1.584 | 1.146| 1.002| 1.0
[45J-45,/0,]; 8.23| 2.81| 1.80| 1.452| 1.289 | 1.072| 1.001| 1.0
[15430,/0,]s 16.72| 4.93| 2.75| 1.983| 1629 | 1.157| 1.002| 1.0
[15,/30,/45,/-45,/-304-15,] | 16.01 | 475 | 2.67 | 1.938 | 1.600 | 1.150 | 1.002 | 1.00
[04/154/304]s 19.42| 561 | 3.05| 2.151| 1.737 | 1.184| 1.002| 1.0
[012/90,] 11.62| 3.65| 2.18| 1.664| 1.425 | 1.106| 1.001| 1.0
[08/904]s 1958 565| 3.06| 2.161| 1.743 | 1.186| 1.002| 1.0
[904/0s]s 048 | 312| 1.94| 1.530| 1.330 | 1.085| 1.001| 1.0

Table 5. Normalized shear stress 7, at the middle plane i

different laminates

n different beams with

L/h <10 100 10°
[04/454/-454/454/-454/04] 1101 | 1.101 | 1.101
[454/-454/04)s 0.892 | 0.892 | 0.892
[154/304/04]s 1.005 | 1.005 | 1.005
[154/304/454/-454/-304/-154] 1.065 | 1.065 | 1.065
[04/154/304]s 1.033 | 1.033 | 1.033
[042/9042] 0.543 0.543 0.543

[08/904]s 1.067 | 1.067 | 1.067

[904/0g]s 0.801 | 0.801 | 0.801




282

ST-02

Proceeding of the 11-th ASAT Conference, 17-19 May 2005

0000k | 0000} | 0000'L | 0000'L | 0000'L | 000O'L | 000'L | 000'L | 00Ok | 000'L | 000k | 00O’ 0l
0000, | 0000'L | 200O'L | 0000'L | 000O'L | 200O'L | 000L | 000'L | LOOO'L | 000'L | 000k | 200O'L | 00}
0000°L | 0000'L | 0ZZ0'L | 0000'L | 0000'L | LOZO'L | 000'L | 00O'L | GLLO'L | 000k | 000k | SZLO'L | O
0000 L000°L 1880°L | 0000} L000°L | 9080°L 000°L 000°L 6S¥0°L 000°L L000'L | v0L0°L ]
0000°L 1000} LZLEL°L | 00001 1000°L 6SClL’L 000} 1000t L120°L 000°L L000'L LOLL'L 14
0000°}L | 2000°L | e¥¥Z’L | 0000°L | 2000°L | 8€T2'L 000°L L000'L | Si¢L) 000°L 2000°L | LS6L°} €
0000°L | 9000°L | 60SS°L | 0000°L | SOOO'L | 9EOS'L 000°L €000°'L | 898¢'L 000°L #000°'L | €0¥¥'L ¢
0000°L | 2200°L 2€02°€ | 0000°L | 0200} Svio'e 000°} 1100°L Livl'e 000°L 8100} LLele }

9.0k |TD0L| TO [(BO0L|TD0L| O |BO0L(TD0L| PO |TO0L|FO0L| TO
un

*[*0/r0g/"G 1] ["GL-/*0€-/*SH-/*SH /Y 0E /'S L] S[*0/"Gi/"G ] [Y0/*SH-/PSp/Y S-S 1/*0]

€26y pue €' |NPOLU JBaYS 9SI9ASURI) PUB SBJRUILLE| JUBIBIIP YlIM SWESq JUIayip Ul SS8l]s [BIXe pazijewlop g a|qel




283

ST-02

Proceeding of the 11-th ASAT Conference, 1 7-19 May 2005

000°L 000°} 000°} 0001 000°L 000°L 0001 000°1 000°} 000°L 0001 000°L 0t
000} 000’} | 2000’} 00071 000t £000°L 000°L 000°L | ¢000'} 0001 0000°L | €000°} 001
000°L 000'} 810} 000'L 000'L 2920'L 000} 000°} 9G10'L 000°L 0000°}L | L9201 0]
000°L L000°L | OLL0'V 000°} L000°L | L¥OL'L 000 L000°L | ¥290'L 000°L L000°L | #POL°L G
000°L 1000°L | 60LL°L 000°L Z000°L | 9€9L°L 000°L L000°L | 9460°L 000°L 2000°L | LESL'L 14
000°L 2000°L | 246171 000} £000°L | 80621 000°1L 2000°L | SELLTL 000°1 £000°L | 6682°} €
000} $000°L | 8EVV'L 000°L 10001 | E¥SO'L 000} $000°L | €06€E°L 000°L 2000°L | €259°L 7
000°L 8100'L 16LLC 000°} 9Z00'L | 0L1L9€ 000°L gloo’l 21962 | 000°L 9200°L | L609E }
B9 0L [2D0L| PO |PD0L|TD0L | FO | UO0l s 01| PO [P0 |%D0L O
*[50/*06] *[*06/20] [206/2+0] sroersirral !

€25y pue €5 INPOLL JEoYS SSIGASUBI PUE SSJEULIE| JUSIDHIP UliM SWesq JuBIEYIP U] SS8J}S [BIXE PBZI[eULION ‘JU0J g 8|qe]




Proceeding of the 11-th ASAT Conference, 17-19 May 2005 ST-02 284

REFERENCES

[1] Z. M. Elias, Theory and Methods of Structural Analysis. Wiley-Interscience, New
York (1986).

[2] S. P. Timoshenko, On the correction for shear of the differential equation for
transverse vibrations of prismatic bars, Phil. Mag. Vol. 41, pp. 744-746, (1951 )-

[3] M. Levinson, A new rectangular beam theory, J. Sound Vibr. Vol. 74, pp. 81-87,
(1981).

[4] W. B. Bickford, A consistent higher order beam theory, Devl. Theor. Appl. Mech.,
vol. 11. 137-150, (1982).

[5] P. R. Heyliger and J. N. Reddy, A higher order beam finite element for bending
and vibration problems, J. Sound Vib. Vol. 126, pp. 309-326, (1988).

[6] J. Petrolito, Stiffness analysis of beams using a higher-order theory, Computers &
Structures vol. 55, pp. 33-39, (1995).

[7] Ever J. Barbero, Introduction to Composite Materials Design, Taylor Frances,
Philadelphia, PA19106, USA, (1999).

[8] Lee R. Calcote, The Analysis of Laminated Composite Structures, VAN Reinhold
Company, (1969).

[9] Stephen R. Swanson, Introduction to Design and Analysis with Advanced
Composite Materials, Prentice Hall, Inc., (1997).

[10] M. V. V. S. Murthy, D. Roy Mahapatra, K. Badarinarayana and S.
Gopalakrishnan, A refined higher order finite element for asymmetric composite
beams, Composite Structures, vol. 67, issue 1, pp. 27-35, January (2005).

[11] V.G. Mokos and E.J. Sapountzakis, A BEM solution to transverse shear loading
of composite beams, International Journal of Solids and Structures, vol. 42, issue
11-12, pp. 3261-3287, January (2005).

[12] A. A. Khedir and J. N. Reddy, Free vibration of cross-ply laminated beams with
arbitrary boundary conditions. Int. J. Eng. Sci. vol. 32, 12, pp. 1971-1980, (1994).

[13] A. A. Khedir and J. N. Reddy, An exact solution for the bending of thin and thick
cross-ply laminated beams. Composite Structures, vol. 37, pp. 195-203, (1997).

APPENDIX

Bending and Torsion Stiffness of Laminated Beam
According to Higher-order theory

The stress-strain constants appearing in equation (3) are

0,=C"0,+5*0,, +28°C*(Q, +20,;)

Oss =C? Oss +8° Ou

E v, E E
0, = 1 : 0, = —alu : 0, = »
B 1-vp,v,, ” 1-v,v,, 2 1-v,v,,
0, =0y ; Ou=0G, ; 055 =G,
C=cosa - S=sinax

a is the angle between the fiber axis and the x axis.
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The bending stiffness appearing in equation (6) are

I, =EI +2EI  +FI,
El, =EI +El,
EI, =EI,

where
hi2

(EL,EI,EL,)=b [0,(z* 2*,2°)dz

—h/2

E, —bZQ” (Z:)*4, +(’ )
4p t,
Bl == 2 0 150 1+ 25200 +(]6) ]
165 & brmie 56 35 = 3 5y
32-63},42 ' [1(Z0° + (20" @) + (z () +

The shear stiffness GA* appearing in equation (6) is
GA® = GA, + GA, + GA,
hi2

(GA,,GA,,GA) =b (041, 2°,2*)dz

~h/2

N
GA, =bZstktk

Zst [ZQII [(Z*) L+ ( 2) ]
4, IGbZQﬁ [ZQ“ [S(Z:)*t, +2.5(Z4) (0, +( ) !

5h o

ST-02

(A1)

(A2)

(A3)

(A4)

(AS5)

(A6)

285
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