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1. Introduction
The DGOS is a classical method to study the properties of random variables (RVs) that are arranged
from highest to lowest. Ref. [ 1] have given the joint distribution of n DGOS as
n-1 k-1 n-1 m
f1,2,...,n:n,m,k(Zl""’zn):k(HVj][F(Zn)J f(zn){H{F(zi)} f(zi)}' (1)
j=1 i=1
where y; =k+(n-j)(m+1) and F (Zi ) is cumulative distribution function (cdf) of ith RV. Ref. [6]

have further shown that the marginal distribution of a single DGOS and joint distribution of two DGOS
are provided as

frnmi (2)= (rci—ll)! f (z)[p(z)]y ‘1951—1@:(2)], (2)
= Cou z,) f (z )" gt F(z
nd fr,s:n,m,k(zl’zz)_ (r—l)!(s—r—l)! f( 1) f ( Z)I:F( 1):' Im [F( 1)] (3)
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where C,_; = H;/j
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m+1. o . i(l_zmﬂ). m=—1
and My (2)={m+1" " gn(z)={m+1 ’

Inz; m=-1. —Inz; m=-1.

Numerous models of RVs that are arranged in decreasing order statistics (OS) appear as a sub-
model of DGOS. For example, the decreasing OS looks to be a particular example of DGOS when m=0
and k=1, [2] The lower record values (REVs), proposed by [3] and [4], emerge as a sub-model for
m=-1.

The studies on DGOS mostly are focused on obtaining some methodologies for recursive
computation of moments for specific choices of distributions in (2) and (3). Studies are also conducted
to obtain some characterizations of distributions based upon the moments of DGOS. Ref. [5] provided
some identities for recursive computation of moments of DGOS. The relations for moments of DGOS
for parent Inverse Weibull model have been discussed in [6]. The recurrence relations (RRs) for
moments of DGOS for exponentiated Weibull model have been investigated by [7] whereas the
relations for moments of power function model was investigated by [8]. Topp-Leone Weibull generated
family of distributions with applications was found in [19]. The RRs for moments of DGOS for a
inverted Kumaraswamy model was found in [9]. The RRs for moments of ordered variables in
transmuted (T) models have received little attention. The RRs for moments of OS in a TEx model were
recently discovered by [10]. In [11], the RRs for moments of generalized OS for a TEx model were
also found. Detailed information on RRs and distribution characterization employing DGOS and lower
REVsmay be explored in [12-13].

The RRs for moments of DGOS for a T model have yet to be investigated, and we got the RRs for
moments of DGOS for a TEx model in this study. For single, inverse, product, and ratio moments, the
relationships have been derived. These relations can be utilized to determine exceptional situations'
comparable relations. The study also discusses several characterizations of the TEx model utilizing

DGOS single and product moments. Below is a basic overview of the TEx model.

2. Transmuted Exponential Model

In reliability and life testing, the exponential (Ex) model is a prominent probability model. The
exponential distribution's probability density function (pdf) and cdf are provided via

f(z;a)=ce™ and F(z)=1-e"; a,2>0.

The Ex model has been widely researched, and numerous modifications have been presented in the
literature. Ref. [14] discussed the TEx model through using quadratic transmutation approach
established by [15]. The pdf and cdf of the TEx model are provided via

f(2)=ae[1+2-24(1-¢ ) ]; z,@>0,-1<A<1 (4)
and

F(z)=(1+A)(1-e)-2(1-¢) ; 2,a>0,-1< <1, (5)

Ref. [16] provide more information on T distributions. Ref. [10] demonstrated a relationship
between the pdf and cdf of the TEx model as
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[1-F(2)]= f(2)-22(-2) “z (6)

Ref. [11] utilized the formula (6) to find the RRs for generalized OS moments for a TEx model.
We reported the RRs for moments of DGOS for the TEx model in this study. To do this, we slightly

alter formula (6) to have the equivalent description:
F(z)= 1——f +AZ . (7)

The RRs for moments of DGOS for TEx model will be obtained utilizing the formula (7). The

sections that follow describe these connections and characterizations.

3. Relation for Single Moments
We shall establish the RRs for single moments of DGOS for a TEx model in this section. The
theory Primarily proves these RRs.

Theorem 1: The single moments of DGOS for TEx model are provided via

Vr(ey)Cra p
(—) (:ur’:)n,m,k—l - :urp—l:n,m,k—l) +— :Ur:n,m,k
7C ay,

r~r-1(k-1)

p — 4P
/Ur:n,m,k - lur—lzn,m,k +

(8)

N (_Z)j a pyr(k—l)cr—l , :
+A - x P+J ) _ﬂp_+.J )
JZ‘:; ! (p + J)?/rCr-1(k—1) ( Frmic T 1)

where Vi) = (k —1)+(n - j)(m +1) and Crfl(k,l) = ;:17j(k—1) .

Proof: The single DGOS moments are connected as follows; see, for illustration, [17] and [13].

C S
/ur’?n,m,k - :urp—rn,m,k = _7/F()r—r1) z p_li:F :'7 Om 1[F (Z):I dz ’ (9)

where pf = E(Zr'?n‘m,k) and Z[, .\ is rth DGOS. Using (7) in (9) we have

:urF:)n,m,k _/urp—l:n,m,k =- pCr - J. _1|:F :I gr:i_ll:F (Z)} dz

7e(r-

*mi 2 (2)[F ()] 05 [F(2) )z

3 (_2)laj Cii [, p+im P
Sy R @ e (R ()

or
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VignCra PGy o oy -
urF:)n,m, —ﬂr‘i nmk zP F Z dz
‘ ' ‘ 7rCr—1(k—l) }/r(k—l) (r _1)I .[0 [ :I I: :|

+L_11)!I:’zp-lf (2)[F(2)]"" an*[F(2)]az

ay, (r
_ﬂi(_z)-jaj pﬂ/rle (p+J) r-1(k-1)
= ' 7 (p+))C ~1(k-1) 7r(k—1)(r 1!
j Zp+J 1|:F 7rk1 ;17 I:F(Z):Idz,
where 7,y =(k-1)+(n-j)(m+1) and CH(H) :H;:lyj(k—l)'

Again utilizing (9), and simplifying, we get

yr(kfl)cr—l p p p p-1
—( —u +—u
7 C (:ur.n,m,k—l :ur—l.n,m,k—l) a]/ :ur.n,m,k

r~r-1(k-1) r

N (_z)j o PY ety Cra . N
A i i lurpn gn ,urp_ Jn mk=1 s
JZ(; it (p+ J)errl(kl)( k-1 Ln,mk 1)

which is (8) and hence the theorem.

p — 4P
:ur:n,m,k - :ur—l:n,m,k +

The relations for single moments of DGOS for Ex model can indeed be computed from (8) by

utilizing 4 =0.Some corollaries which immediately follows from Theorem 1 are given below.

Corollary 1: The relation for single moments of lower REVs for TEx model are computed by utilizing

m=-11n (8) and is

k ™ P,
Mg(r) = lLllE(r—l) + (mj (:“;E-l(r) - lulE—l(r—l) ) + Jﬂi(rl)
p k r-1
2 p+1 bt
S () i)
The relations for single moments of lower REVs for Ex model can indeed be readily computed
from (10) by utilizing 4 =0,

(10)

Corollary 2: Utilizing m = 0 and k = 1 in (8), the relation for single moments of reversed OS for TEx

model is
p_,P p_,pP p p-
:ur:n :ur—l:n+ n_r+1(:ur:n :url:n)+a(n_r+1) :ur:n
( 1) (11)
p(n+
/1 p+j _ ,,p+i
+ ,Z(; ' p+j)(n—r+1)(’u ,Urfj_n)

The relations for single moments of reversed OS for Ex model are readily computed from (11) by

utilizing A = 0.
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4, Relation for Product Moments
The relation for product moments of DGOS for a TEx model is found in this section. The theory
Primarily proves the RRs.

Theorem 2: The product moments of DGOS for TEx model are provided via

Y k-1 Cs—l q
S(C—) (;ur?gn,m,k—l - :ueréq—l:n,m,k—l) + :urpsqn %n k
Vs%sak-1) ays

> (—Z)j aj q7/s(k,1)cs_1 i
+Z . B /urpsqn+r{1 lurpéq—-'-'# mx-1)?
Z Jl (q + J)yscs—l(k—l) ( - o 1)

p.q — ,,Pd
:ur,s:n,m,k - :ur,s—l:n,m,k +

(12)

S

where C ;= H i/ i) -

Proof: The product moments of DGOS are connected as follows; see, for illustration, [17] and [13].

pa  _ ,pa __ 9C,, a1
:ur,s:n,m,k :ur,s—lzn,m,k 7/5(|’—1) (S r— 1 j j Z 22 f [F :| (13)

xgrt[F(z) ][ (z) -0y (2,) ]S rl[ (z,)]" dz,dz,,

where P o= E(zr?n,m,kzgn,m,k). Using (7) in (13) we have

, : qC,. "ar
ﬂrp,s?n,m,k_ﬂrp,s(irn,m,k =_)/S(r—1)!( l_r 1 J. Jlooz Zq lf I:F :I 1[F ]
S—r— 1 = _2 : j i
<[y (2.)~hy (2,)] 11-;1:(22)”20%2;
i :

x[F(z,)]" dz,dz,

qC,

or

e T ey 7" 2Pyt (2)[F(2)]

«gy’ [F 2) ][ (2) -, (2,)] ”[F<z2>] dz,d,
e M CRIAU IO

xo [F NLNCARLNCY T”[F(zz)]“dzzdzl

A N

<[P ()] 00 [F ()] ()= (z) ]
x[F(z,)]" " dz,dz,

Again utilizing (13), and re—arranging, we get
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7 s(k—l)CS—l q
p.q p.q p.g-1
C (:ur,s:n,m,k—l - :Ur,s—l:n,m,k—l) + :ur,s:n,m,k
Vs s-1(k-1) ays

p.q — ,,Pa
;Ur,s:n,m,k - /Ur,s—l:n,m,k +

= (=2) & qysk_le,l i +i
+X’JZO ( 3| (q + j;}/s)cs_l(k_l) ( r?é?n,r{n,k—l - ﬂrp,éq—lzé,m,k—l)’
which is (12) and hence the theorem.
The RRs for product moments of DGOS for Ex model can indeed be readily investigated from (12)
by utilizing A = 0.

Some corollaries which immediately follow from Theorem 2 are given below.

Corollary 3: Utilizing m =—1 in (12), the relation for product moments of lower REVs for TEx model

is computed as

k )™ q »
it = e+ (o) (300 =30y

+/1i(_2)10‘1 9 : ( K )SI(Iup,qﬂ' P )
~ JI (q + J) k —1 K-1(r.s) K-1(r,s-1)

The relations for product moments of lower REVs for Ex model can indeed be readily computed
from (13) by utilizing A = 0.

(13)

Corollary 4: Utilizing m = 0 and k = 1 in the formula (12), the relation for product moments of
reversed OS for TEx model is computed as

n+1 q _

pa _ ,,PA p.q p.q p.g-1
Hign = Hrgan (ﬂ;—ﬂ,;)+— -
r,s:n r,s—1n n—5+1 r,s:in r,s-Ln O{(n—S+1)

(14)

5 I
_,_/IZ (_2) a’ q(n +1) ( p.a+] —yp’q+.j )
~ JI (q+ j)(n+5+1) r,s:n r,s-ln
The relations for product moments of reversed OS for Ex model can indeed be easily computed from
(14) by utilizing =0,

S. Characterizations
In this part, we shall characterize the TEx model through utilizing single and product moments of

DGOS. The accompanying theorems provide these characterizations.

Theorem 3: The moments of a RV Z are connected as follows, which is both a necessary and
sufficient requirement for it to have pdf and cdf (4) and (5), respectively.

Yek)Cra _
]/(C—) (:ur’:Jn,m,k—l - lurp—l'n,m,k—l) + a_}/r :ur’:Jn,lm,k

r~r-1(k-1)

p — 4P
/Ur:n,m,k - /ur—l:n,m,k +

N (_Z)j aj p}/r(k—l)Cr—l b i
A P+t — Pt _
' J‘ZO it (P )7Coyuy (ﬂr'n’m’k_l /ur_ln'm'k_l)
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Proof: The required condition is easily derived from Theorem 1. Assume (7) and (9) for the adequate

condition, and therefore

r-1 p-1 Cu (* . pa 7l
‘(—f [F(2)]" o [F(z ]dz=—ﬁhz [F(2)]
{1——f /Iz }g{n‘l[F(z)}dz

or PGy e ()T 1 w(_z)j“jzj -
e @] s (o] {1af<m_ oo

Utilizing Miintz—Sz4z theorem; see [ 18]; to previous formula we get

]

F(z):l—é f (z)+ﬂ%%zi )

where is (7) and this relationship exists among pdf and cdf of a TEx model, therefore the theorem.
Theorem 4: A necessary and sufficient requirement for a RV Z to have pdf and cdf (4) and (5),

accordingly, is that the product moments of its DGOS are connected as

Y k-1 Cs—l q
L (;ur?gn,m,k—l - :ueréq—l:n,m,k—l) + :urpsqn %n k
7C ay.

s 7s-1(k-1) s

p.q — ,,Pd
:ur,s:n,m,k - :ur,s—l:n,m,k +

= (—Z)j o q7/s(k,1)cs_1 i
+i . B /urpsqn+r{1 ﬂrpéq—-'—'#m -1
J'ZO J! (q+ J)yscsl(kl)( - s l)

Proof: The required component follows shortly after Theorem 2. We think (13) to be adequate.

C 1 -
ﬂrl?é?n,m,k_ﬂr?éikn,m,k == ( A Ssl r— 1 _[_OOJ._ZOOZ Z2 1f ( ):I

xg [F (z)][ha(z)-hy(2,) ]S ' 1[ (z,) ] dz,dz,.

Utilizing previous formula with (7) we get
qCS m r s—r-1
BEATENE —— 1)f 20251 (2)[F ()] 95 [F () ][0 (2) =P (2,)]

x| F(z,)]" dz,dz,

)] s R )]
<[, (z,)-h, (zz)TH[F (22)]757l {1—% f (22)+ﬂ§(_2}:a1 zZJ}dzzdz1

or
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el #E @@ e P )R]
x[hm<zl>—hm<z2>15'{F(z»—{l—if(zwi“%zgﬂdzzdzl-o

(24

Utilizing Miintz—Szaz theorem; see [18]; to previous formula we get

AP
(2}'05 )

F(2)=1-= 1 (z,)+ 43

where is (7) and this relationship exists among pdf and cdf of a TEx model, therefore the theorem.

6. Concluding Remarks

In this study, we found the RRs for single and product moments of DGOS for a TEx model, and
the relations for specific situations. These relations are useful to recursively compute the higher order
moments from the lower order moments. Some characterizations of the transmuted are also given for

a TEx model on the basis of single and product moments of DGOS.
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