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Abstract: Generalized power Akshaya distribution is a brand-new two-parameter distribution that
builds on the Akshaya distribution first introduced by [1]. The lifetime data is intended to be mod-
elled by this distribution. The generalised power Akshaya’s parameters are estimated using both the
non-Bayesian and Bayesian approaches in this work. The weighted least square estimation (WLSE),
least square estimation (LSE), Cramer-von-Mises estimation (CVME), Anderson and Darling (AD)
method of estimation, maximum product Space estimators (MPSE), and maximum likelihood esti-
mation (MLE), six non-Bayesian estimation methods, are used to find the model parameters. The
parameters of the suggested distribution were also determined using the squared error loss function
and Bayesian estimating (BE) under independent gamma priors. The unknown parameters have been
estimated using the Bayesian approach using Markov chain Monte Carlo (MCMC). Additionally, the
parameters’ average width of the confidence intervals and coverage probability are computed. Addi-
tionally, the reliable intervals for Bayesian estimates of the unknown parameters calculated.
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1. Introduction

Numerous applied sciences, including insurance, finance, the bio-medical field, and engineering
sciences, require the statistical analysis and modelling of lifetime data,see [2], [3], [4], [5], [6], [7],
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and [8]. As a result, a lot of lifetime distributions have been introduced recently. Al-Kutubi et al.
[9] proposed a new extended two-parameter distribution’s properties, estimate techniques, and geolog-
ical and medical applications. Sobhi and Mashail [10] discussed moments of dual generalized order
statistics and characterization for transmuted exponential model. Additionally, a thorough instructional
overview of Markov chain Monte Carlo (MCMC) techniques was provided by Brooks [11], who also
covered various implementation-related concerns. Shafq et al. [12] studied the extension of Lindley
distribution with statistical properties, estimation and simulation. Mahmood et al. [13] and Muse et
al. [14] explored areas of application of an extended Cosine generalized family of distributions for
reliability modeling and modelling the COVID-19 mortality rate with a new versatile modification of
the log-logistic distribution.

The Weibull distribution was estimated using the E-Bayesian method by Okasha and Mustafa [15]
using adaptive type-1 progressive hybrid censored competing risks. Rama A new one-parameter Akash
distribution that combines exponential (θ) and gamma (3, θ) distributions was introduced by Shanker
in [16, 17]. For modelling lifetime data, he also proposed the Akshaya distribution [18], which had
just one parameter and performed better than the Lindley and traditional exponential distributions.
The links between the exponential distributions of Akash, Shanker, Lindley, and others, as well as
comparative examinations of these distributions, were presented by Shanker et al. in their study [19].

Other articles discussed methods for estimating parameters in addition to the lifespan distributions
discussed in the earlier articles. Finally, Smith et al. [20] produced and contrasted the Bayesian and
maximum likelihood estimators for the three-parameter Weibull distribution.
The probability density function (pdf) of the Akshaya distribution, according to Shanker [18] and
Tolba[21], is given by

f (x; θ) =
θ4

θ3 + 3θ2 + 6θ + 6
(1 + x)3e−θx, x, θ > 0, (1.1)

the formula for the cumulative distribution function (CDF) is

F(x; θ) = 1 − {1 +
θ3x3 + 3θ2(θ + 1)x2 + 3θ(θ2 + 2θ + 2)x

θ3 + 3θ2 + 6θ + 6
}e−θx, x, θ > 0, (1.2)

and is followed by the hazard rate function

h(x; θ) =
θ4(1 + x)3

θ3x3 + 3θ2(θ + 1)x2 + 3θ(θ2 + 2θ + 2)x + (θ3 + 3θ2 + 6θ + 6)
, x, θ > 0. (1.3)

Equation (1.3)’s rate function is an increasing function of x and θ. However, from a theoretical stand-
point, the Akshaya distribution is not appropriate in many circumstances. So, this work introduces a
more flexible extension of the Akshaya distribution.

Ghitany et al. [22] created a novel distribution known as the power Lindley distribution using the
transformation X = Y

1
α . A new generalised power Akshaya distribution can be introduced using this

technique.
Let y = xα → x = y

1
α −→ dx = 1

α
y

1
α−1dy

F(y) = F0(xα), f (y) = αxα−1 f0(xα). (1.4)

This paper’s goal is to estimate the unknown parameters of the generalised power Akshaya distribution
with different methods for estimation, including its density and hazard functions as described in Section
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2. The non-Bayesian inference methods were all explored in Section 3. Section 4 provides the Bayesian
method to estimate the parameters of the GPA distribution. Section 5 presents the simulation study.
An application of two different forms of real data sets studies in section 6 to demonstrate the flexibility
of the distribution. Section 7 introduces the conclusion part.

2. Generalized Power Akshaya Distribution

2.1. Some basic functions

The cumulative distribution function (CDF) and probability density function (pdf) of the power
Akshaya distribution are provided, respectively, by Equations (1.1), (1.2) and (1.4),

F(x; θ, α) = 1 − {1 +
θ3x3α + 3θ2(θ + 1)x2α + 3θ(θ2 + 2θ + 2)xα

θ3 + 3θ2 + 6θ + 6
}e−θx

α

, x, θ, α > 0, (2.1)

f (x; θ, α) =
αxα−1θ4

θ3 + 3θ2 + 6θ + 6
(1 + xα)3e−θx

α

, θ, α > 0. (2.2)

Equation (2.1) yields the Akshaya distribution function for α = 1.
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Figure 1. density function with different values of parameters

The GPA distribution is shown in Figure 1 as having a declining, upside-down, left-skewing, and
symmetrical shape for certain chosen parameter values.

The generalised power Akshaya distribution’s survival function, S (x), and hazard function, H(x),
are given as follows, respectively:
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S (x; θ, α) = 1 − F(x; θ, α)

= {1 +
θ3x3α + 3θ2(θ + 1)x2α + 3θ(θ2 + 2θ + 2)xα

θ3 + 3θ2 + 6θ + 6
}e−θx

α

x, θ, α > 0,
(2.3)

H(x; θ, α) =
f (x; θ, α)
S (x; θ, α)

=
αθ4xα−1(1 + xα)3

θ3(1 + x3α) + 3θ2(1 + (θ + 1)x2α) + 3θ(2 + (θ2 + 2θ + 2)xα) + 6
,

(2.4)

where x, θ, α > 0. We can see from Equation (2.4), that the behaviour of H(x; θ, α) at x = 0 is
identical to the behaviour of f (x; θ, α) at x = 0.
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Figure 2. hazard rate function with different values of parameters

The HFs of the GPA distribution are shown in Figure 2. With varied values for the other two
parameters, it can be seen that the distribution has decreasing HFs if α ≤ 1 and increasing HFs if
α ≥ 1.

Some important statistical properties of the GPA distribution studied by Ramadan et al. [1] such as
moments, incomplete moments and related measures, quantile function, Bowley Skewness and Moors
Kurtosis, mean residual lifetime and mean time to failure. We will study these properties numerically
using R program, see Table 1.

3. Non-Bayesian Inference Methods

The parameters of the generalised power Akshaya distribution are estimated in this section using the
maximum likelihood estimation (MLE) approach and the Bayesian estimation method, see [23, 24, 25].
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Table 1. Summarized of GPA distribution

α θ minimum Q1 Median mean SD Q3 maximum Sk Kt

0.5

0.1 20.4635 595.9214 1275.9918 1915.0826 2014.7516 2500.2222 13893.9078 2.4278 11.1983
0.5 0.0801 16.7645 40.3548 64.8835 74.5261 84.7683 518.8841 2.5605 12.0533
0.9 0.0027 3.5166 9.7085 16.9615 21.1948 22.0424 149.5139 2.7107 13.0645
1.3 0.0003 1.1419 3.6270 6.9451 9.3561 8.9168 67.0433 2.8693 14.1900
1.7 0.0001 0.4641 1.6736 3.5165 5.0520 4.4362 36.8097 3.0264 15.3661
2.1 0.0001 0.2205 0.8828 2.0252 3.0707 2.5024 22.7444 3.1750 16.5362
2.5 0.0000 0.1182 0.5132 1.2741 2.0205 1.5403 15.1984 3.3115 17.6608
2.9 0.0000 0.0697 0.3217 0.8555 1.4082 1.0122 10.7426 3.4346 18.7163

1

0.1 4.5237 24.4113 35.7208 38.9802 19.9403 50.0020 117.8724 0.9408 4.0671
0.5 0.2829 4.0944 6.3525 7.0085 3.9805 9.2069 22.7790 0.9485 4.0763
0.9 0.0526 1.8752 3.1158 3.4921 2.1887 4.6949 12.2276 0.9858 4.1323
1.3 0.0182 1.0686 1.9044 2.1795 1.4852 2.9861 8.1880 1.0487 4.2530
1.7 0.0089 0.6813 1.2936 1.5166 1.1056 2.1062 6.0671 1.1229 4.4246
2.1 0.0053 0.4696 0.9396 1.1291 0.8684 1.5819 4.7691 1.1976 4.6246
2.5 0.0035 0.3438 0.7164 0.8813 0.7071 1.2411 3.8985 1.2677 4.8342
2.9 0.0026 0.2640 0.5671 0.7126 0.5912 1.0061 3.2776 1.3309 5.0409

2

0.1 2.1269 4.9408 5.9767 6.0416 1.5785 7.0712 10.8569 0.2319 2.9130
0.5 0.5320 2.0234 2.5204 2.5382 0.7543 3.0343 4.7727 0.1289 2.9274
0.9 0.2292 1.3694 1.7652 1.7722 0.5942 2.1668 3.4968 0.0827 2.8762
1.3 0.1348 1.0337 1.3800 1.3853 0.5117 1.7280 2.8615 0.0994 2.7902
1.7 0.0941 0.8254 1.1374 1.1447 0.4553 1.4513 2.4632 0.1444 2.7269
2.1 0.0726 0.6853 0.9693 0.9799 0.4119 1.2577 2.1838 0.1968 2.6960
2.5 0.0595 0.5863 0.8464 0.8602 0.3770 1.1140 1.9745 0.2471 2.6902
2.9 0.0508 0.5138 0.7531 0.7694 0.3481 1.0030 1.8104 0.2921 2.7003

3

0.1 1.6538 2.9009 3.2934 3.2915 0.5817 3.6841 4.9031 -0.0180 2.8787
0.5 0.6565 1.5998 1.8520 1.8414 0.3753 2.0959 2.8347 -0.1886 3.0727
0.9 0.3745 1.2331 1.4606 1.4446 0.3366 1.6745 2.3038 -0.2864 3.1202
1.3 0.2628 1.0223 1.2395 1.2218 0.3162 1.4400 2.0155 -0.2901 3.0057
1.7 0.2070 0.8799 1.0896 1.0729 0.3000 1.2818 1.8239 -0.2526 2.8745
2.1 0.1740 0.7773 0.9794 0.9651 0.2856 1.1652 1.6832 -0.2040 2.7736
2.5 0.1524 0.7005 0.8948 0.8831 0.2725 1.0746 1.5739 -0.1567 2.7052
2.9 0.1372 0.6415 0.8277 0.8186 0.2606 1.0020 1.4854 -0.1146 2.6614
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3.1. Maximum likelihood estimation method

Let (x1, x2, ..., xn) be a random sample from generalized power Akshaya distribution, then the
likelihood estimation function, L can be given as follows

L =
n∏

i=1

f (x; θ, α)

=
αnθ4n

(θ3 + 3θ2 + 6θ + 6)n e−θ
∑n

i=1 xαi

n∏
i=1

xi
α−1(1 + xi

α)3,

(3.1)

and the natural log likelihood function is given by

ln(L) = n{ln(α) + 4ln(θ) − ln(θ3 + 3θ2 + 6θ + 6)} − θ
n∑

i=1

xi
α +

n∑
i=1

{(α − 1)ln(xi) + 3ln(1 + xi
α)}.

With regard to θ, α, the natural log likelihood function’s first derivatives are given by

∂

∂θ
ln(L) =

4n
θ
−

3θ2 + 6θ + 6
θ3 + 3θ2 + 6θ + 6

−

n∑
i=1

xi
α, (3.2)

∂

∂α
ln(L) =

n
α
− θ

n∑
i=1

xi
αln(xi) +

n∑
i=1

{ln(xi)(1 +
3xi
α

1 + xi
α

)}. (3.3)

Numerical approaches are utilised to provide solutions to the equations (3.2) and (3.3), which have
no analytic closed form when equating by zero. With regard to θ, α, the second derivatives of the
natural log likelihood function can be given by

∂2

∂θ2
ln(L) =

−4n
θ2
−

6(θ + 1)(θ3 + 3θ2 + 6θ + 6) − (3θ2 + 6θ + 6)2

(θ3 + 3θ2 + 6θ + 6)2 , (3.4)

∂2

∂θ∂α
ln(L) =

n∑
i=1

xαln(xi), (3.5)

∂2

∂α∂θ
ln(L) =

n∑
i=1

xαln(xi), (3.6)

∂2

∂α2 ln(L) =
−n
α2 − θ

n∑
i=1

xi
α(ln(xi))2 +

n∑
i=1

{ln(xi)(1 +
3xi
αln(xi)

(1 + xi
α)2 )}. (3.7)

The (1 − ζ)100% confidence interval for the parameters θ and α can be written as
(θ̂L, θ̂U) = θ̂ ∓ z1− ζ2

√
var(θ̂), (α̂L, α̂U) = α̂ ∓ z1− ζ2

√
var(α̂),

where θ̂ and α̂ are the maximum likelihood estimates of θ and α, z1− ζ2
is the percentile of the standard

normal distribution and var(θ̂), var(α̂) are the asymptotic variances of maximum likelihood estimates
calculated using the inverse of the information matrix as follows

F−1 =


−∂2

∂θ2
lnL −∂2

∂θ∂α
lnL

−∂2

∂α2 lnL −∂2

∂α∂θ
lnL


−1

=


var(θ̂) cov(θ̂, α̂)

cov(α̂, θ̂) var(α̂)


−1

. (3.8)
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Set the normal equations (3.2) and (3.3) equal to zero to obtain the likelihood estimates of the model
parameters. Since the aforementioned equations are non-linear, the Newton-Raphson approach in R is
used to estimate the model parameters.

3.2. Maximum product space estimators (MPSE)

A good substitute for the greatest likelihood approach is the maximum product spacing method,
which approximates the Kullback-Leibler information measure. Let us now suppose that the data are
ordered in an increasing manner. Then, the maximum product spacing for the GPA is given as follows

Gs(α, θ|data) =

 n+1∏
i=1

Dl(xi, α, θ)


1

n+1

, (3.9)

where Dl(xi, α, θ) = F(xi;α, θ) − F(xi−1;α, θ) , i = 1, 2, 3, ..., n
Similarly, one can also choose to maximize the function

H(α, θ) =
1

n + 1

n+1∑
i=1

ln Di(α, θ). (3.10)

By taking the first derivative of the function H(ϑ) with respect to α, and θ, and solving the resulting
nonlinear equations, at ∂H(ϕ)

∂α
= 0, and ∂H(ϕ)

∂θ
= 0, where ϕ = (α, θ), we obtain the value of the parameter

estimates.

3.3. Anderson and Darling (AD) method of estimation

The function with respect to the model parameters α, and θ is minimised to get the Anderson and
Darling estimates, which are written as

AD(α, θ) = −n −
1
n

n∑
k=1

(2k − 1)(lnF(xk) + lnF̄(xn+1−k)),

where F̄(x) = 1 − F(x).

3.4. Cramer-von-Mises (CVM) method of estimation

Another significant estimating method Macdonald [26] comments is the Cramer-von Mises. By
minimising the function C(α, θ) with respect to the unknown parameters α, and θ, the parameters in
the Cramer-von Mises estimation technique can be estimated.

C(α, θ) =
1

12
+

n∑
k=1

[
F(xk) −

2k − 1
2n

]2

=
1
12
+

n∑
k=1

[
1 − {1 +

θ3x3α
k + 3θ2(θ + 1)x2α

k + 3θ(θ2 + 2θ + 2)xαk
θ3 + 3θ2 + 6θ + 6

}e−θx
α
k −

2k − 1
2n

]2
.
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3.5. Least square estimation (LSE) and weighted least square estimation (WLSE)

To estimate the parameters of the beta distribution, Swain et al. [27] offer the least square and
weighted least square techniques of estimation. The least squares function LS (α, θ) with respect to the
unknown parameters can be minimised in the LSE approach to provide estimates of the parameters of
the proposed model, where

LS (α, θ) =
n∑

k=1

[
F(xk) −

k
n + 1

]2

=

n∑
k=1

[
1 − {1 +

θ3x3α
k + 3θ2(θ + 1)x2α

k + 3θ(θ2 + 2θ + 2)xαk
θ3 + 3θ2 + 6θ + 6

}e−θx
α
k −

k
n + 1

]2
.

Similar to this, the weighted least square function WLS (α, θ) is minimised to determine the WLSE of
the unknown parameters:

WLS (α, θ) =
n∑

k=1

(n + 1)2(n + 2)
k(n − k + 1)

[
F(xk) −

k
n + 1

]2

=

n∑
k=1

(n + 1)2(n + 2)
k(n − k + 1)

[
1 − {1 +

θ3x3α
k + 3θ2(θ + 1)x2α

k + 3θ(θ2 + 2θ + 2)xαk
θ3 + 3θ2 + 6θ + 6

}e−θx
α
k −

k
n + 1

]2
.

4. Bayesian estimation method

The parameters θ and α, which are assumed to be independent and follow the gamma prior dis-
tribution with parameters a and b, are estimated using the Bayesian estimation (BE) approach in this
section, see [28].

The form of the gamma prior density function is

g(u; a, b) =
ba

Γ(a)
ua−1e−ub, u, a, b > 0. (4.1)

Then, the joint prior density of θ and α is given by

g(θ, α) =
n∏

i=1

g(θ)g(α) ∝ (θα)a−1e−(θ+α)b. (4.2)

According to the Bayesian method, the joint posterior distribution function is provided by

g(θ, α|x) =
g(θ, α)L(x)∫
g(θ, α)L(x)

∝ g(θ, α)L(x). (4.3)
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Substituting from Equations (4.2) and (3.1) into Equation (4.3) we get

g(θ, α|x) ∝ (θα)a−1e−(θ(
∑n

i=1 xi
α+b)+αb)

n∏
i=1

xi
α−1(1 + xi

α)3. (4.4)

Without determining the normalised constant, the posterior distribution is computationally sum-
marised using the Markov Chain Monte Carlo (MCMC) method [11].

Markov chain Monte Carlo Method

One of the most successful methods in modern Bayesian statistics is the Markov Chain Monte Carlo
(MCMC) technique. MCMC method is an algorithm to summarize the posterior distribution without
calculating the normalized constant. MCMC techniques have been extensively used to become among
the main computational tools in the Bayesian statistical inference [29]. The Metropolis-Hasting sam-
pler is a modified version of the MCMC method. One of the main ideas in MCMC is to find a suitable
distribution function, called as ’proposal’ that satisfies two conditions: (1) easy to simulate from, and
(2) it mimics the posterior distribution function of interest. Once we determine such proposal, we get
random draws from it, we apply the acceptance-rejection rule to get random draws from our target
posterior distribution.

The following describes the steps of Metropolis—Hasting algorithm to simulate random draws from
the posterior distribution g(θ|.):

1. Set starting point of the chain, say θ(0).
2. Set a size of trails we get for the random draws, say M.
3. For i = 1, · · · ,M repeat the following steps:

(a) Set θ = θ(i−1).

(b) Generate a candidate θ∗ from a proposal distribution p(θ∗|θ).
(c) Calculate the acceptance probability ℏ as ℏ = min{1,R}, where R = g(θ∗ |.)p(θ|θ∗)

g(θ|.)p(θ∗ |θ) .
(d) Set θ(i) = θ∗ with probability ℏ or otherwise set θ(i) = θ.

Under some regularity conditions on the proposal density p(θ∗|θ), the sequence of the simulated
draws {θ(i)}Mi=1 will converge to random draws that follow the posterior density g(θ|.).

5. Simulation

In this section, the parameters are estimated using a Monte Carlo simulation using the MLE, LS,
WLS, AD, CVM, MPS, and Bayesian approaches. Using the following and R package: Simulation
methodology Data x is distributed as a GPA distribution for different parameters (α, θ) with varying
actual values of parameter from 0.5 to 3, and for different samples sizes n = 50, 100, and 150. Monte
Carlo experiments were performed based on a 10000 random sample for the following data generated
from the GPA distribution by using numerical analysis. The best course of action is one that minimises
the mean squared error and relative bias (RB) of the estimator (MSE).

The following conclusions can be concluded from Tables 2, 3 and 4; Figures 3, 4, and 5 resectively:

• Because the range of RB, and MSE for two of the parameters of the GPA distribution is quite
small, the results of Tables 16 and 17 demonstrate that the GPA distribution is stable.
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• In some cases, we see a drop in the RB and MSE for all estimates as the sample size rises.
• This demonstrates that multiple estimating strategies produce accurate RB and MSE findings for

large sample sizes.
• The Bayesian estimation approach is the most accurate way to estimate the GPA distribution

parameter.
• Better metrics than the MLE, LS, WLS, CVM, and AD approaches are provided by MPS estima-

tion methods.
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Figure 3. MSE for results in Table 2
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Figure 5. MSE for results in Table 4

6. Application

The GPA distribution is used in this section to model several real data examples from many scientific
domains. Different distributions, including Weilbull, Lomax, XGamma Lomax (XGL) Almetwally et
al. [30], Inverse Weibul (IW), Inverted Nadarajah-Haghighi (INH), Tahir et al. [31], and Akshaya
distribution, are offered for comparison with the GPA distribution.

In Table 5, and 6, the terms ”Akaike information criterion (AIC), correct Akaike information crite-
rion (CAIC), Bayesian information criterion (BIC), and Hannan-Quinn information criterion (HQIC)”
were used to analyse MLE with standard error (SE) and various measures (AIC, CAIC, BIC, and
HQIC). The Kolmogorov-Smirnov goodness of fit test is used for real data, and the results show that
the GPA, Lomax, Weibull, XGL, INH, and IW distributions fit each of the data sets according to the
Kolmogorov-Smirnov distance and Kolmogorov-Smirnov p value.

Data set I: The cancer data set are given by Lee and Wang [32] which represent remission times (in
months) of a random sample of 128 bladder cancer patients. The data is as follows: “0.08, 2.09, 3.48,
4.87, 6.94 , 8.66, 13.11, 23.63, 0.20, 2.23, 3.52, 4.98, 6.97, 9.02, 13.29, 0.40, 2.26, 3.57, 5.06, 7.09,
9.22, 13.80, 25.74, 0.50, 2.46 , 3.64, 5.09, 7.26, 9.47, 14.24, 25.82, 0.51, 2.54, 3.70, 5.17, 7.28, 9.74,
14.76, 26.31, 0.81, 2.62, 3.82, 5.32, 7.32, 10.06, 14.77, 32.15, 2.64, 3.88, 5.32, 7.39, 10.34, 14.83,
34.26, 0.90, 2.69, 4.18, 5.34, 7.59, 10.66, 15.96, 36.66, 1.05, 2.69, 4.23, 5.41, 7.62, 10.75, 16.62,
43.01, 1.19, 2.75, 4.26, 5.41, 7.63, 17.12, 46.12, 1.26, 2.83, 4.33, 5.49, 7.66, 11.25, 17.14, 79.05, 1.35,
2.87, 5.62, 7.87, 11.64, 17.36, 1.40, 3.02, 4.34, 5.71, 7.93, 11.79, 18.10, 1.46, 4.40, 5.85, 8.26, 11.98,
19.13, 1.76, 3.25, 4.50, 6.25, 8.37, 12.02, 2.02, 3.31, 4.51, 6.54, 8.53, 12.03, 20.28, 2.02, 3.36, 6.76,
12.07, 21.73, 2.07, 3.36, 6.93, 8.65, 12.63, 22.69”.

Data set II: The data set, which was used by Nassar et al. [33], corresponds to the days between 109
consecutive coal-mining incidents in Great Britain. “1, 4, 4, 7, 11, 13, 15, 15, 17, 18, 19, 19, 20, 20,
22, 23, 28, 29, 31, 32, 36, 37, 47, 48, 49, 50, 54, 54, 55, 59, 59, 61, 61, 66, 72, 72, 75, 78, 78, 81, 93,
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96, 99, 108, 113, 114, 120, 120, 120, 123, 124, 129, 131, 137, 145, 151, 156, 171, 176, 182, 188, 189,
195, 203, 208, 215, 217, 217, 217, 224, 228, 233, 255, 271, 275, 275, 275, 286, 291, 312, 312, 312,
315, 326, 326, 329, 330, 336, 338, 345, 348, 354, 361, 364, 369, 378, 390, 457, 467, 498, 517, 566,
644, 745, 871, 1312, 1357, 1613, 1630”.

Table 5. MLE with SE and different measures: data set I

estimates SE KS P-Value AIC CAIC BIC HQIC

GPA
α 0.6465 0.0341

0.0632 0.6863 828.7689 828.8649 834.4729 831.0864
θ 0.8342 0.0666

Weilbull
α 1.047835 0.067577

0.0700 0.5570 832.1738 832.2698 837.8778 834.4913
θ 9.560699 0.852901

XGL
α 0.2403 0.0129

0.0724 0.5139 828.9956 828.9891 836.0516 831.5719θ 13.5172 0.0027
λ 5.7705 0.0027

Lomax
α 8.3509 4.7050

0.1033 0.1305 831.9923 832.0883 837.6964 834.3099
θ 69.5592 43.2859

IW
α 0.7520 0.0424

0.1408 0.0125 892.0015 892.0975 897.7056 894.3191
θ 2.4305 0.2192

INH
α 0.5065 0.0476

0.1237 0.0398 866.1182 866.2142 871.8223 868.4358
θ 10.5993 2.3250

Akshaya θ 0.38625 0.017084 0.225396 4.50E-06 926.3736 926.4054 929.2257 927.5324

For comparison with the GPA distribution, Table 5 offers six other distributions. It is evident that
the GPA distribution achieves the minimal value for all goodness-of-fit metrics, with a non significant
PVKS value (p > 0.05) (accept the null hypotheses the data fit of this model). This demonstrates
that it is more appropriate and effective than utilising the other competing distributions to simulate the
recovery rate of bladder cancer patients. Figure 6 discussed MLE of cdf, and pdf with empirical and
histogram, QQ and PP of the GPA model for data set I, which indicate the GDP distribution is fit for
this bladder cancer patients data.

For comparison with the GPA distribution, Table 6 offers six other distributions. It is evident that
the GPA distribution achieves the minimal value for all goodness-of-fit metrics, with a non significant
PVKS value (p > 0.05) (accept the null hypotheses the data fit of this model). This demonstrates
that it is more appropriate and effective than utilising the other competing distributions to simulate the
recovery rate of data set II. Figure 7 discussed MLE of cdf, and pdf with empirical and histogram, QQ
and PP of the GPA model for data set II, which indicate the GDP distribution is fit for this data set II.
Tables 7 and 8 discussed MLE, LS, WLS, CVM, AD, and Bayesian estimation methods for parameters
of GPA distribution. To confirm the MCMC results of parameters of GPA distribution see Figures 8
and 9 foe data set I and II, respectively.

7. Conclusions

For modeling lifetime data, a novel two-parameter lifetime distribution known as the generalized
power Akshaya distribution has been developed by Ramadan et al. [1]. Which, Several statistical
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Figure 6. MLE of cdf, and pdf with empirical and histogram, QQ and PP of the GPA model
for data set I

Table 6. MLE with SE and different measures: data set II

estimates SE KS P-Value AIC CAIC BIC HQIC

GPA
α 0.4599 0.0268

0.0665 0.7212 1405.8852 1405.9984 1411.2679 1408.0680
θ 0.3466 0.0490

Weilbull
α 1.758784 0.377937

0.0925 0.3081 1412.4198 1412.5330 1417.8025 1414.6027
θ 237.0444 68.09407

XGL
α 0.1672 0.0096

0.1197 0.0882 1423.5023 1423.7309 1431.5764 1426.7767θ 8.6186 0.0062
λ 24.1269 0.0061

Lomax
α 0.8849 0.0639

0.0785 0.5135 1407.5448 1407.6580 1412.9275 1409.7277
θ 218.7039 24.9933

IW
α 0.6403 0.0407

0.1453 0.0201 1456.6029 1456.7161 1461.9856 1458.7858
θ 13.4503 2.1748

INH
α 0.3969 0.0387

0.1257 0.0639 1429.7446 1429.8578 1435.1273 1431.9275
θ 320.6890 82.5935

Akshaya θ 0.0171 0.0008 0.3133 0.0000 1681.0724 1681.1098 1683.7638 1682.1639
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Figure 7. MLE of cdf, and pdf with empirical and histogram, QQ and PP of the GPA model
for data set II

Table 7. Estimators and SE for different estimation methods: data set I

method MLE Bayesian
estimates SE Bayes SEBayes

α 0.6465 0.0341 0.6465 0.0305
θ 0.8342 0.0666 0.8368 0.0587

method LS WLS
estimates SE estimates SE

α 0.6892 0.2102 0.6744 0.0337
θ 0.8023 0.2686 0.8116 0.0597

method CVM AD
estimates SE estimates SE

α 0.6960 0.2116 0.6744 0.0368
θ 0.7943 0.2680 0.8116 0.0620
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Figure 8. Convergence and histogram of posterior MCMC results of GPA model for data set
I

Table 8. Estimators and SE for different estimation methods: data set II

method MLE Bayesian
estimates SE Bayes SEBayes

α 0.4599 0.0268 0.4596 0.0353
θ 0.3466 0.0490 0.3531 0.0466

method LS WLS
estimates SE estimates SE

α 0.4528 0.1452 0.4581 0.0050
θ 0.3549 0.2435 0.3497 0.0083

method CVM AD
estimates SE estimates SE

α 0.4578 0.1466 0.4574 0.0507
θ 0.3468 0.2408 0.3497 0.0841
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Figure 9. Convergence and histogram of posterior MCMC results of GPA model for data set
II

Computational Journal of Mathematical and Statistical Sciences Volume 2, Issue 1, 31–51



49

characteristics, including the moments functions, survival, hazard, density, and cumulative distribution
are introduced. In this paper, Bayesian and some non-Bayesian methods such as MLE, LS, WLS,
AD, CVM, MPS, methods are employed to estimate the distribution parameters. To demonstrate its
applicability over Weibull, Akshaya, XGL, Lomax, IW,INH and GPA distributions, the goodness of
fit utilising -2 ln(L), Akaike Information Criterion (AIC), Kolmogorov-Samirnov Statistics (K-S), and
P-value for real lifespan data has been provided. The mean of the estimated values is then displayed
through the use of a simulation study. It is discussed how the maximum likelihood estimators of the
model parameters residual bias and mean square error. In addition the confidence intervals for the
parameters are calculated.
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