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IMPULSIVE PARTIAL HYPERBOLIC FRACTIONAL ORDER
DIFFERENTIAL EQUATIONS IN BANACH SPACES

M. BENCHOHRA, D. SEBA

ABSTRACT. In this paper, we prove an existence result for partial hyperbolic
differential equations of fractional order with fixed time impulses. Our analysis
is based on the technique of measures of noncompactness and Monch’s fixed
point theorem.

1. INTRODUCTION

Fractional order models are found to be more adequate than integer order models
in some real world problems. In fact, fractional derivatives provide an excellent tool
for the description of memory and hereditary properties of various materials and
processes. The mathematical modeling of systems and processes in the fields of
physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer
rheology, etc. involves derivatives of fractional order. In consequence, the subject
of fractional differential equations is gaining much importance and attention. For
details and examples, see the monographs of Kilbas [16], Lakshmikantham et al.
[18], Podlubny [21], Samko [22], the papers of Abbas and Benchohra [1, 2], Agarwal
et al. [3, 4], Ahmad and Sivasundaram [6], Benchohra et al. [10, 11, 12], Diethelm
[14], Kilbas and Marzan [15], N’Guérékata [20], Shi and Zhang [23], Vityuk and
Golushkov [25], Zhang [27], Zhou et al. [28] and the references therein.

Impulsive differential equations are a basic tool to study evolution processes
that are subjected to abrupt changes in their state. For instance, many biological,
physical, and engineering applications exhibit impulsive effects, see [9, 17, 26]. It
should be noted that recent progress in the development of the qualitative theory
of impulsive differential equations has been stimulated primarily by a number of
interesting applied problems, see [6, 13] and references therein.

In this paper, we study a nonlinear impulsive initial value problem for differential
equation of fractional order with fixed time impulses given by

(“Dou)(t,y) = f(t,y,ult,y)), if (t,y) € J;t #ty, k=1,...,m, (1)
u(t y) =ulty,y) + Le(u(ty,,y), ify € [0,b]; k=1,...,m, (2)
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u(t,0) = ¢(t), u(0,y) = ¥(y), t € [0,a], y € [0,0], 3)
where J = [0,a] x [0,b], a,b > 0, D} is the Caputo fractional derivative of order
TZ(Tl,TQ)E(,]X(,]O—t0<t1< <ty <tmy1=a, f: I XE — E,

I, : E— E k=0,1,...,m are given functions, ¢ : [0,a] — E and ¢ : [0,b] — E
are given absolutely continuous functions with ¢(0) = ¢(0) and E is a Banach
space with norm ||.|.

Next we consider the following nonlocal initial value problem

(°Dyu)(t,y) = f(t,y,u(t,y)), if (ty) € J;t#ty, k=1,...,m, (4)
u(ty,y) = ulty y) + Ie(ulty,y), if ye [0, k=1,...,m, ()
u(t,0) + Q(u) = ¢(t), u(0,y) + K(u) = ¢(y), t € [0,a], y € [0,8], (6)

where f, ¢, ¥, Ix; k =1,...m, are as in problem (1)-(3) and Q, K : PC(J,E) — E
are continuous functions. PC(J, F) is a Banach space to be specified later.

In this work we will use Monch’s fixed point theorem combined with the tech-
nique of measures of noncompactness to prove existence of solutions for the problem
(1)-(3) in Banach spaces. The paper is organized as follows. In Section 2, we give
some preliminaries and establish several lemmas. The main theorem is formulated
and proved in Section 3. As an extension to nonlocal problems, we present a similar
result for the problem (4)-(6). Then, in Section 4, an example will presented to
illustrate the main results.

As far as we know, no papers exist in the literature for the problem (1)—(3)
on Banach spaces. The present results extend to the Banach space setting those
considered for scalar of systems of differential equations [1, 2]. We extend also the
result of [12] when the impulses are absent.

2. PRELIMINARIES

For further purpose, we give in this section some auxiliary results which will
be needed in the sequel. By C(J, E) we denote the Banach space of continuous
functions v : J — F, with the usual supremum norm

[ulloo = sup{{lult, y)ll,  (t,y) € J}-

Let also L'(J, E) be the Banach space of measurable functions u : J — E which
are Bochner integrables, equipped with the norm

lu(t, )l = / / lu(t,y)|dedy.

L>(J,R) be the Banach space of measurable bounded functions u : J — R equipped
with the norm

lu(t, y)||Lee = inf{C > 0: Ju(t,y)| < C for a.e. (t,y) € J}.

PC(JLE) ={u:J — E:u€ C((ty, trs1] x [0,0], E); k=1,...,m, and there
exist u(t, ,y) and u(tﬁ,y);k =1,...,m, such that u(t,,y) = u(tk,y)}.
This set is a Banach space with the norm

|ullpc = sup |lu(t,y)|.
(ty)es

Set J' := I\{(t1, ), ..., (tm,¥y), ¥ € [0,b]}.
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For an arbitrary set V' of functions v : J — FE let us denote by

V(t’y) = {U(t7y)7v € V}7 (t7y) €J
and
V(J)=Av(t,y):v eV, (t,y) € J}
Let a; € [0,a], 27 = (a1,0) € J, J, = [a1,a] x [0,b]; r1,72 > 0 and r = (ry,72).
For f € L'(J.,E), we define the left-sided mixed Riemann-Liouville integral of
order r by

(I7, f)(ty) = W / | / Y= sy — ) (s, )dsde,

where I'(.) is the Euler gamma function.
Denote by ny = % the mixed second order partial derivative.
Yy

Definition 2.1. For a function h € L'(J), such that nyh s Lebesque integrable
function on J the Caputo fractional-order derivative of order r, is defined by

(“DLsh)(t,y) = (L2 "Diyh) (t.y).

Definition 2.2. ([7, 8]) Let E be a Banach space and let Qg be the family of
bounded subsets of E. The Kuratowski measure of noncompactness is the map
a: Qg — [0,00) defined for B € Qg by
a(B) =inf{e > 0: B C U, B; and diam(B;) < €}.

Properties: The Kuratowski measure of noncompactness satisfies the following (for
more details see [7, 8]).

(a) a(B)=0 <i§ is compact (B is relatively compact).
) a(B) = «a(B).
) AC B= a(A) < a(B).
) a(A+ B) < a(A) + a(B)
e) a(cB) = |cla(B); c e R.
(f) a(convB) = «(B), where convB is the convex hull of the set B.
Definition 2.3. A map f:J x E — FE is said to be Carathéodory if

(i) (t,y) — f(t,y,u) is measurable for each u € E;
(i) w+— f(t,y,u) is continuous for almost all (t,y) € J.

Now, we state two known results which are needed to prove the existence of at
least one solution of (1)—(3).

Theorem 2.4. ([5, 19]) Let D be a bounded, closed and convex subset of a Banach
space such that 0 € D, and let N be a continuous mapping of D into itself. If the
implication

V=¢onvN(V) or V=NWV)u{0}=aV)=0
holds for every subset V' of D, then N has a fixed point.

Lemma 2.5. ([24]) Let D be a bounded, closed and convex subset of the Banach
space C(J, E), G a continuous function on J x J and f a function from J x E — E
which satisfies the Carathéodory conditions and there exists p € L*(J,R,) such that
for each (s,t) € J and each bounded set B C E we have

hli%l+ a(f(Jis,t),(hi) X B)) < p(s,t)a(B); here Jis ) (ni) = [s—h, 8] x [t =k, t] N J.
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If V is an equicontinuous subset of D, then

o{ [ @t @ ((s. ). s, 0)dsat e V')
< [ G, )l Da(V (s, ) dsat
J

3. MAIN RESULTS

First of all, we define what we mean by a solution of the initial value problem
(1)-(3).

Definition 3.1. A function u € PC(J, E) is a solution of (1)-(3) if u satisfies the
equation (°D™u)(t,y) = f(t,y,u(t,y)) on J', and conditions (2)-(3) are satisfied.

Let h(t,y) € C((tk,tx+1] X [0,0], E), zr = (tx,0), and
pk(t,y) = u(t,0) + u(tf,y) —u(tf,0), k=0,...,m.

For the existence of solutions for the problem (1)—(3), we need the following lem-
mas whose proofs can be found in [2] and we give them for the sake of completeness.

Lemma 3.2. A function u € C((tg,tr41] X [0,b], E), k=0,...,m is a solution of
the differential equation

(“DLu)(t,y) = h(t,y); (Ly) € (b teta] X [0,0], (7)

if and only if u(t,y) satisfies

u(t,y) = pk(t,y) + (L R) (6 y); (£y) € (b, thga] X [0,0]. (®)
Proof. Let u(t, y) be asolution of (7). Then, from the definition of (°D”, u)(z,y),
Zk

we have
Izlkjr(Dtou)(t, y) = h(t,y).

It yield
then
Since
I (D7u)(t,y) = ult,y) — u(t,0) — u(ty, y) +u(ty,0)
Z;r tyu Y ult,y ult, u k;ay U k> )
we have

u(t,y) = u(t,y) + (L ) (¢, ).
Now let u(t,y) satisfies (8). It is clear that u(¢,y) satisfies
(“Dou)(t,y) = h(t,y), on (tk,tr1] x [0,0].
In all what follows set

,u(tvy) = MO(tay)7 (t7y) €J.
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Lemma 3.3. Let 0 < 711,79 <1 and let h : J — E be continuous. A function u is
a solution of the fractional integral equation

u(t,y) + m fg Jy@t =)y — x)"2 " 1h(s, z)dsdx if (t,y) € [0,t1] x [0,],
+m Zf:l ftt:_l Jo (b — s)T1 1(y —z)"2 7 h(s, x)dsdz k=1,...,m,
+m fttk Jo - s)" Ny — 2)"2 L h(s, x)dsdx
9)
if and only if u is a solution of the fractional initial value problem
“D'u(t,y) = h(t,y), (t.y) €S, (10)
u(ty,y) = ulty y) + Li(u(ty,y), k=1,....m. (11)

Proof. Assume that u satisfies (10)-(11). If (¢,y) € [0,%1] x [0,b] then
D u(t,y) = h(t,y).
Thus
u(t,y) = pu(t,y) + / / )y — )2 h(s, 2)dsd.
L(r1)T(r2)

If (t,y) € (t1,ta] x [0,b] then Lemma 3.2 implies

u(t,y) = pa(t,y) + ()T (ra) // (t—s)" "y — )= h(s,z)dsdx
()+U( ,y) —u(t],0)

" W /n /0 (t =) (y — )" h(s, x)dsdx
= () +u(ty,y) —ulty,0) + L(u(ty,y)) — I(u(ty, 0))

1 Loy
—|— — / / (t —s) "y —x)2 " h(s, x)dsdx
L(r)(r2)

( )+u(t17 _u(t1>0)+11( (t1>y))_ll(u(tfvo))
NS /t / (t—8)" Yy —x)"2 (s, x)dsdx
(t y)+Il tlﬂ Il( (tlvo))

t1
_ rl 1 _ ro—1
e 712/ / (t1 — 9) )7 h(s, x)dsdx

_ — )" Yy — )2 h(s, x)dsdz.
+r<r1>r<rg>/tl/o“ 71y — 2"+ h(s, 2)dsd
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If (t,y) € (t2,t3] x [0, ] then again from Lemma 3.2 we get

t ry
ult,y) :u2<t,y>+¥ / / (t— 5" Yy — )" h(s, 2)dsdz
7“1 7“2 ts

sO(t) +ults,y) —u(ty,0)

T(r1)(rs) /t/ (t=9)" "y — 2) " h(s, v)dsdw
<>+u<t2,y ult3,0) + L(u(ty ) — Lu(t; ,0)

T(r1)(rs) /t/ (t=s)"" 1 7x)r271h(5799)d5d$
()+ut2, — u(ts, 0) + Ir(ul(ty,y)) — Iy (u(ty,0))

75”1 — )2 h(s, z)dsdz
o //t (s, a)dsd
u(t, y)+12 u(ty ,y)) — Ia(u(ty, 0)) + Li(u(ty ,y)) — Ii(u(ty, 0))

/ / t; —s)" Yy — )" h(s, 2)dsdx
Tl 7"2
1 t2
+ 7/ / (ty — 8)" My — x)2 " h(s, 2)dsdx
t1

Tl)F T‘Q

1 rl 1 _ ro—1
T (ra) // )7 h(s, x)dsdx.

If (t,y) € (tg,trr1] x [0,0] then as in the previous we get (9).
Conversely, assume that u satisfies the impulsive fractional integral equation (9).
If (t,y) € [0,¢1] x [0,b] and using the fact that ©D" is the left inverse of I" we get

“D"u(t,y) = h(t,y), for each (¢, y) € [0,t1] x [0,D].

If (t,y) € [tk,trt1) X [0,b], K =1,...,m and using the fact that °D"C = 0, where
C is a constant, we get

D u(t,y) = h(t,y), for each (t,y) € [tk,tr+1) X [0,0].
Also, we can easily show that
u(ty,y) = ulty,y) + Ie(u(ty,y), yel0b,k=1,...,m
For the forthcoming analysis, we need the following assumptions:

(H1) f:J x E — E satisfies the Carathéodory conditions.
(H2) There exists p € L*>°(J,Ry), such that,

If &y, w)| < plt,y)lull, for ae. (t,y) € J and each u € F;
(H3) There exists ¢ > 0 such that
Ik (w)|] < cllu|| for each w € E.
(H4) For each bounded set B C E we have
a(ly(B)) <ca(B),k=1,...,m
(H5) For each (t,y) € J and each bounded set B C E we have

(h7k)£€[01+,0+)a(f(J(t,y),(h,k) x B)) < p(t,y)a(B).
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Here
S, k) = [E=hot] < [y — k. y] 0 .
Let
p" = [lpllLe.
Theorem 3.4. Assume that assumptions (H1) — (H5) hold. If
(m+ 1)p*a™ b
Ciri + DT(ra + 1)

then the problem (1)-(3) has at least one solution.

Proof. Consider the operator N : PC(J,E) — PC(J, E) defined by

N(u)(ty) = nlty) + Y I(ulty,y) = In(ulty,0)))

+2me < 1, (12)

0<tp<t
T # Z /tk /y(t - 5>n_1(y - x)TQ_lf(S x,u(s,z))dsdx
F(T’l)F(Tg) 0ctpct tho1 JO k 3 Ly 3

1 t ry =l V2=l f(s o (s x))dsd
it L e (s )i

Clearly, the fixed points of the operator N are solution of the problem (1)—(3). Let

V

To

el
(m+1)p*a™br2 (13)

L =2me — 1m0+

and consider the set
Dy, ={u € PC(J,E) : [Jullc <70}

Clearly, the subset D,, is closed, bounded and convex. We shall show that IV
satisfies the assumptions of Theorem 2.4. The proof will be given in three steps.

Step 1: N is continuous.

Let {u,} be a sequence such that u,, — u in PC(J, E), then for each (¢,y) € J

[N (un)(t; y) = N(u)(t, )l

< Uwun(ty ) = Te(ulty y) |+ 1k (un(ty,0) = Tu(u(ty ,0)])
k=1

! [ =Ly — )2 Y| f (s, 2 un (s, ) — f(s, 2, u(s, @ sdx
+I‘(7"1)I‘(7”2);/tk1/0 (te —8)" " (y — )2 || f (s, 2, un(s, @) — f(s,2,u(s, x))||dsd

1 ' ! ri—1 7‘,177“271 S. T, U S. X)) — S. T, U\S, T sSaxr
HWW@AA@S)(y) 1 (5,2 n(5,2)) — (5, 2 u(s, 7)) | dsd.

Since I, k = 1,...,m are continuous and f is of Carathéodory type, then by the
Lebesgue dominated convergence theorem we have
IN(tr) = N(u)|loo — 0 as n — occ.

Step 2: N maps D,, into itself.
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For each u € D,,, by (H2) and (12) we have for each (¢,y) € J

m

IN @) (&)l < et o)+ Y (ko) |+ [k (u(t 0))])
k=1
+ % Z/t k /y(tk — )"y — ) f(s, 2, u(s, x)) || dsdz

T (r1)C(r2) // )y — @) (s, @, uls, @) ||dsda

(m + Lp*ary:
F(Tl + 1)F(T2 + ].)

< lall + o ( +2me)

<ro.

Step 3: N(D,,) is bounded and equicontinuous.

By Step2, it is obvious that N(D,,) C PC(J, E) is bounded. For the equiconti-
nuity of N(D,,), let (71,91), (72, 92) € [0,a] X [0,b], 71 < 72 and y; < y2, and let
u € Dy,. Then

(IN (u) (72, y2) — N(w) (1, 91)|l

< (s y1) — (72, y2) ||+Z(||Ik (t s y1)) = Te(u(ty y2))

ty Y1
TN / / (te — ) (g2 — )™ — (g1 — 2)™2 1] x (s, 2, u(s, x))dsdz
I‘(7‘1 tp_1

m ty Y2
. — / (tx — )" g2 — )72V f(5, 2, uls, ) | dsda
F(Tl) T2 tr—1 /1

e - 27— (1 —s)" T —x)"7 s, z,u(s,z))dsdz
* T /0 R e TR ey PR CE RO
/" 92778”_1 — )27 Y| f(s, z, u(s, z))dsdz
S EnEe L [ 2 = S e s

< lu(rr, 1) — w2, y2)ll + Z(”Ik (ulty ,y1)) — In(u(ty , y2))Il)

ty Y1
BTy / / (ty — )" (y2 — )27 — (g1 — ) 2 dsdz
te—1

rr
F(’I"l)r
T tr Y2

/ / )T 1 gfx)rzfldsdx
) tp—1Jy1
)
)

T T () F(rl

T1 yl
P Tro / / Ty — s)rl 1(y2 )7‘2—1 _ (7'1 o s)rl—l(yl _ x)T‘Q—l]dsdx
F(r‘l r2) Jo Jo

y2
/ / (2 —s)™ ™~ 1 (y2 —x)™2~ Ldsdzx.

As 11 — 75 and y; — ys9, the right-hand side of the above inequality tends to

Zero.

1"(7'1 F

Now let V be a subset of D,, such that V C conv(N (V) U {0}).
V is bounded and equicontinuous and therefore the function v — v(t,y) = a(V(t,y))
is continuous on J. Since functions ¢ and v are continuous on J, the set
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{6(t) +¥(y) — ¢(0), (t,y) € J} C E is compact. Using (H4), (H5), Lemma 2.5
and the properties of the measure « we have for each (¢,y) € J

a(N(V)(t,y) U{0})
a(N(V)(t.y))

1 Tt
= Tm)(r) Z/

k=1"tk-1

v(t,y)

/0 (b — )y — ) p(s, )V (s, ) dsde

b1
L(r1)T(r2)

+ ZZC&(V(tk,y))

/t /Oy(t — s)”_l(y - 3:)”_1;0(5, z)a(V (s, x))dsdx

k=1
! A =Ly — )27 p(s, z)v(s, x)dsdx
< Carea 2o ) o = e el
! e "=y — )2 (s, 2)u(s, x)dsdx
CRprG e T = s e, 2y

+ Z 2¢v(tg, y)
k=1

(m+ 1)p*a™b"
< oo (
F(’l"l —+ 1)F(7"2 —+ 1)
This means that

+ 2mc) .

ol (1 [ (m + 1)p*a™ b

& F(Tl + l)r(’f'g + 1)
By (12) it follows that ||v|lcc = 0, that is v(¢,y) = 0 for each (¢,y) € J, and then
V(t,y) is relatively compact in PC(J, E). In view of the Ascoli-Arzela theorem, V
is relatively compact in D,,. Applying now Theorem 2.4 we conclude that N has
a fixed point which is a solution of the problem (1)-(3). O

+ 2mcD <0.

Now we present (without proof) an existence result for the nonlocal problem
(4)-(6)-
Definition 3.5. A4 function w € PC(J,E) is a solution of (4)-(6) if u satisfies
(°Diu)(t,y) = f(t,y,u(t,y)) on J' and conditions (5) — (6) are satisfied.
Theorem 3.6. Further to (H1)-(H5), we assume the following conditions
(H4) There exists k > 0 such that
1Q(u)|| < Ellullpc, for each u € PC(J,E)
(H5) There exists k* > 0 such that
IK (w)] < k*||u|lpc, for each we PC(J,E)
(H6) )
a(Q(B)) < ka(B), for any bounded set B C PC(J,E)
(H7)
a(K(B)) < k*a(B), for any bounded set B C PC(J,E)
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hold. If
(m+ 1)p*a™ b
<1,
F(T’l + I)F(T’Q + 1)
then there exists a solution for problem (4)-(6) on J.

k+k* +2mc+

4. AN EXAMPLE

In this section we give an example to illustrate the usefulness of our main results.
Let us consider the following impulsive partial hyperbolic differential equations of
the form

Druy)(t,y) = L if (L, —[0,1] x [0,1],¢ # =, (14
(“Doun)(t:9) = Zorems T ey L (09 €7 =01 x 0,16 # 5, (14)
1+ 1- 1 un(3 ", 9)]
un(y Y)=uly ,y)+ — , if y € 0,1], 15
un(t70):t7 un(o’y):y27 te [071]7 ye [071]’ n:1727"" (16)
Let -
E:ll:{u:(ul,UQ,...,un,...):Z\un|<oo}
n=1

with the norm

o0
lulle =" lun-
n=1

Set
u=(u1,u2,...,Upn,...)and f = (f1, fo, -y frns--.)
1 |un(t, y)|
nlt, Y, Un) = , (¢, 0,1] x [0, 1].
Faltssen) = ot (e s (6 € 0,1] ¢ 0,1
. (1)
— 1 Unp, tkriay
I (un(t5,y)) = DI yelo,1].
k(u (k y)) Get+y+4 (15+|un(tk‘ ’y)|) Y [ ]
For each u,, and (¢,y) € [0, 1] x [0, 1] we have
1
|t y, un)| < W|u”|' (17)

and )
()| < oglnl

Hence conditions (H1) and (H2) are satisfied with p(t,y) = g5 and ¢ = .
By (17), for any bounded set B C I!, we have

o f(t.9, B) < < B), for each (1,y) € 0,1] x 0,1].

Hence (H3) is satisfied. We shall show that condition (12) holds with a = b = 1,

m =1 and p* = %. Indeed,

(m+ Dpranye 1 ! <1

D(ry + D(ro+1)  3e*  4e30(ry + DI(rg +1)

which is satisfied for each (r1,72) € (0,1]x(0,1]. Consequently Theorem 3.4 implies
that problem (14)-(16) has a solution defined on [0, 1] x [0, 1].

2me +
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