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EXISTENCE RESULTS FOR INITIAL VALUE PROBLEMS WITH
INTEGRAL CONDITION FOR IMPULSIVE FRACTIONAL
DIFFERENTIAL EQUATIONS

YONG-KUI CHANG, A. ANGURAJ, P. KARTHIKEYAN

ABSTRACT. In this paper, we establish some sufficient conditions for the ex-
istence of solutions for a class of initial value problem with integral condition
for an impulsive fractional differential equation. Some existence results are
proved when the nonlinearity has a sub-linear growth in its state variable (see
Corollary 3.1) or the growth of nonlinearity only depends upon the local prop-
erties of nonlinear term on a bounded set (see condition (3.2)). An example is
also given to illustrate our main results.

1. INTRODUCTION

This paper deals with the existence of solutions to a class of initial value problem
for an impulsive fractional order differential equation in the following form

‘D(t) = f(t,yt), teJ=][0,1], t # ty, (1.1)
Ay‘t:tk = Ii(y(ty ), (1.2)

1
y(0) = / o(s)y(s)ds, (1.3)

where k = 1,...,m, 0 < a < 1, ¢D® is the Caputo fractional derivative, f :
J xR — R is a given function, g € L (J,J), I, : R - R, and yp € R, 0 = t5 <
th <o <ty <tmi1 =1, Ayliy, = y(6) —y(ty), y(ty) = limy o+ y(t +h) and
y(t, ) = limy,_,o- y(tx + h) represent the right and left limits of y(t) at ¢ = t;.
Impulsive differential equations have become important in recent years as math-
ematical models of phenomena in both the physical and social sciences. There
has a significant development in impulsive theory especially in the area of impul-
sive differential equations with fixed moments; see for instance the monographs by
Benchohra et al [8], Lakshmikantham et al [13] and the references therein.
Recently, differential equation of fractional order has been paid great attention
due to its much application in various fields of science and engineering, see the
monographs of Miller and Ross [14], Podlubny [16], and the papers of Agarwal et
al [1, 2, 3], Ahmad et al [4, 5, 6], Babakhani and Daftardar-Gejji [7], Benchohra et
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al [9, 10, 11], Chang and Nieto [12], Lv et al [15], Wang et al [17, 18, 22|, Zhou et
al [19, 20, 21, 23, 24, 25] and the references therein.

The problem (1.1), (1.3) was studied by Lv, Liang and Xiao [15] in an Banach
space E without impulsive conditions (1.2). In present paper, we consider the
impulsive problem (1.1)-(1.3) in a finite real space R. Our results can be easily
applied to the cases when the nonlinearity has a sub-linear growth in its state
variable (see Corollary 3.1) or the growth of nonlinearity only depends upon the
local properties of nonlinear term on a bounded set (see (3.2)).

This paper is organized as follows. In Section 2 we introduce some preliminary
results needed in the following sections. In Section 3 we present some existence
results for the problem (1.1)-(1.3) by using the fractional calculus and suitable
fixed point theorems.

2. PRELIMINARIES
First, we recall some basic definitions. Consider the set of functions
PC(JR)={z:J—>R:z e C((tg, tk+1],R), k=0,...,m and there exist
z(t;) and z(t), k=1,...,m with z(¢;) = z(ty)}.
This set is a Banach space with the norm [§]

2]l po = sup |2(2)]-
teJ

Set J' :=1[0,1]\{t1,...,tm} and RT = (0,0), R4 = [0,00).
For basic facts about fractional derivative and fractional calculus one can refer the
books [14, 16].

Definition 2.1. A real function f is said to be in the space C,, (a € R) if there
exists a real number p > « such that f(¢) = tPg(t) for some g € C(Ry), and f is
said to be in the space C™ if f(™) € C,, (m € N).

Definition 2.2. The fractional integral of the function f € L'([a,b],R;) of
order g € Ry is defined by

o= [ S as

where I' is the Gamma function. When a = 0, we write I9f(¢) = f(t) *@4(t), where
pg(t) =ty for t > 0, and g,(t) = 0 for t < 0. Note that g,(t) — d(t) as g — 0,
where ¢ is the delta function.

Definition 2.3. The Riemann—Liouville fractional integral of order ¢ > 0, of a
function f € C,,,
(> —1) is defined as

qu(t)—l/t(t—s)q_lf(s)ds forg>0andt >0
" T(a) Jo C |

and in the case ¢ = 0 we put I°f(x) = f(z).
Definition 2.4. The Riemann-Liouville fractional derivative of order ¢ > 0, of
a function f, is defined by

v~ (&) [,
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forn —1 < ¢ < n and n € N, where the function f(¢) has absolutely continuous
derivatives up to order n — 1.

Definition 2.5. The Caputo derivative of fractional order ¢ for a function f(t)
is defined by

i L s
D00 =555 ), e

forn —1 < ¢ < n and n = [¢] + 1, where [¢] denotes the integer part of the real
number gq.

Lemma 2.1. Let ¢ > 0. Then we have <DI(I1f(t)) = f(t).

Lemma 2.2. Let ¢ > 0 and n = [¢] + 1. Then

n—1 (k)
19D = £ty — 3 IO

Lemma 2.3. [15] If Q(7 f g(s)(s — 1) 1ds for 7 € [0,1], and if g €
L([0,1],[0,1]), then

Q) _ .o ht=9ds
rg <¢ ™ Ty <°

As a consequence of Lemmas 2.2 and 2.3, we have the following result which is
useful in what follows.

Lemma 2.4. Let 0 < o<1 and = fo s)ds. let h : J — R be continuous. A
function y is a solution of the fractional 1ntegral equation

= H Ly Jy QUI(T)dr + 5[5 (t = )2 h(s)ds if t € [0,1],
y(t) = e H)F(a) Jo QUIR(TYT + w5 S, [ (ki — 5)* th(s)ds
+F(a) ftk t - S)Q 1h( )ds + Zf:l Ii(y(ti_)), ift € (tkatk+1]7
(1)
where k£ = 1,...,m, if and only if y is a solution of the fractional IVP
DY(t) = h(t), te.J, (2)
Ay‘t:tk- :Ik(y(t;))v k:]-a"'amv (3)
1
w0 = [ g@h(s)ds (@)
0

Proof. Assume y satisfies (2)-(4). If ¢ € [0,¢1] then
°D(t) = h(t).

Lemma 2.2 implies

y(t) = / Q(t d7+%/0 (t — s)* " h(s)ds.
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If t € (t1,t2] then Lemma 2.2 implies

= L t — $)* h(s)ds
V0 =9t + gy [ €= 97 hisya

= Ayl +y(t) + —— / (t - 5)°h(s)ds

F(oz)
- 1 " a—1
= Il(y(t1 )) / Q dT + W/O (tl — S) h(S)dS
+ ﬁ/t (t— s)o‘_lh(s)ds.
If ¢t € (ta,t3] then from Lemma 2.2 we get
+ 1 i a—1
) =0t + g [ (=) ()
- 1 ! a—1
= Ayt +(5) + o / (¢ (e
= B+ D)+ s [ QG+ s [ tnsas

1 2 a—1 1 _ Na—1
+F(o¢)/tl (ta —s)""h(s )d8+F(a) /tz(t $)*7 h(s)ds.

If t € (tx,tr+1] then again from Lemma 2.2 we get (1).
Conversely, assume that y satisfies the impulsive fractional integral equation (1).

If t € [0,¢1] then y(0) = fo s)ds and using the fact that °D® is the
left inverse of I we get
°D%y(t) = h(t), for each t € [0,4].

If t € [tk,tkt1), K = 1,...,m and using the fact that °D*C' = 0, where C is a
constant, we get

“Dy(t) = h(t),for each t € [ty,tr11).
Also, we can easily show that

Ayli=t, = Ie(y(t)), k=1,...,m.

3. MAIN RESULTS

In this section, we prove some existences results for the problem (1.1)-(1.3).

Theorem 3.1. Suppose that

(H1) The function f : J x R — R is continuous.

(H2) There exists a continuous nondecreasing function 1 : Ry — RT such that
|f(t,u)| < 9(|u]) for each (¢t,u) € J x R and

i inf 20
r—+oo T

= 3.

(H3) The functions I}, € C(R,R) and there exist continuous nondecreasing func-
tions ¢y, : Ry — RT such that |Ix(u)| < ¢x(Ju|) for each w € R, k = 1,...,m

and
liminfw =Y, k=1,...,m.
77— +00 r
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Then (1.1)-(1.3) has at least one solution on J provided that

e m 1 d
ﬁ{l—u—’_F(a—&—l)—FF(a—l—l)}+;7k<1' (3.1)

Proof. We transform the problem (1.1)-(1.3) into a fixed point problem. Con-
sider the operator F': PC(J,R) — PC(J,R) defined by

Fly)(t) = / QI+ s 3 [ (=9 s uls)ds

I(a) o<t,<t” -1

1
+7/(tfs)o‘ Lf(s,y(s))ds + Z I (y(ty))

[(a) 23 0<trp<t

From Lemma 2.4, the fixed points of the operator F' are solutions of the problem
(1.1)-(1.3). We shall apply Schauder’s fixed point theorem to prove that F' has a
fixed point. The proof will be given in several steps. Let B, = {y € PC(J,R) :
lyllpc <7}

Stepl: F(B,) C B, for some r > 0.

If it is not true, then for each r > 0, there exists a function y"(-) € B, but
|F(y")(t)| > r for some t € J. However, on the other hand, we have from (H2),
(H3) and Lemma 2.3,

ro< |F@))]

< T+ et >

e m ! 3
< W0 |15 T T e

Dividing both sides by r and let r — oo, we obtain

e m
1<
ﬁl:l—ﬂ—i_F(Oé—Fl)—i_ a+1]+z%

This contradicts (3.1). Hence for some positive number r, F(B,.) C B,.
Step 2: F': B, — B, is continuous.
Let {y,} be a sequence such that y,, — y in B,.. Then for each t € J

[F(yn)(t) = Fy)(1)] < 7)) = f(my(7))ldr

F(la Z (te — 8)* Y f(5,9n(8)) — f(5,y(s))|ds

0<tp<t”th-1

) ' a—1
+ w/tk(t_S) £ (s, yn(s)) — f(s,y(s))|ds

+ > lya(ty) = Ie(y(t)]-

0<tp<t

It is obvious that

[f (& yn(t) = f(E y(0)] < 2¢(r).
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Since f and Iy, kK = 1,...,m are continuous functions, we have by the dominated
convergence theorem

|1F(yn) — F(y)|lpc — 0 as n — oc.

Step 3: F maps B, into an equicontiuous family.
Let m < € J,y € B,.. Then

F(y)(rs) — F(y)(m)|
1) / (= 8)* = (1 — )27 (s, y(s))lds

F(a
1 2
" (72 = )1 (s,y()lds + (5]
F(a)/ i O<tk§‘;2—7'1 o ’
S e CCEL LS R R DG}

O0<tp<12—T1

As 71 — 79, the right-hand side of the above inequality tends to zero independent
of y € B,.

By Steps 1-3 together with the Arzeld-Ascoli theorem, we show that F' : B, — B,
is completely continuous. As a consequence of Schauder’s fixed point theorem, we
conclude that F has a fixed point y(-) € B, which is a solution to the problem
(1.1)-(1.3). This ends of the proof.

As an immediate result of Theorem 3.1, we can obtain the following interesting
result when the nonlinearity f has sub-linear growth in the state variable.

Corollary 3.1. Assume that (H1) and the following conditions are satisfied:

(H2') There exist constants ¢; > 0,¢2 > 0 and p € [0,1) such that |f(t,u)| <
c1 + co|ul* for all t € [0,1] and u € R.

(H3") There exist constants ar > 0,br > 0 and pi € [0,1) such that |Ij(u)| <
ag + b|u|P* for each u e R, k=1,...,m.

Then the problem (1.1)-(1.3) admits at least one solution on .J.

The following result is concerned with the growth of nonlinear term at the height
of nonlinear term on a bounded set (see (3.2)).

Theorem 3.2. Assume that (H1) and the following conditions hold:

(H4) There exists a constant r > 0 such that

1

max {[£(t, )| : (t,u) € [0,1] x [—r, ]} < (3.2)

N3

e m 1
[ﬂ + T(a+1) + F(a+1)i|

and

max {|Iy(w)|, I € C(R,R),k=1,...,m} < QL
m

Then the problem (1.1)-(1.3) has at least one solution y(-) on J satisfying ||y|| <
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Proof. Let F be defined as in Theorem 3.1 and y € B,.. Then |y(¢)| < r and
|f(ty®)] < = o — 2. Therefore

T n T TatrD T TarD 2

IFyl| < Leu gD F(a1+ 1)] max {] £(t,u)] < (t,u) € [0,1] x [~r,7]}

+mmax {|Ix(u)],k=1,...,m}
e m 1 1 T
+m—

.

< [ n " ] r

- 1— T 1 T +1 e m 1 2 2
po Dlatl) " Det D] [ pen 4w + ) "

< r

This implies that F' : B, — B,.. Just as the proof of Theorem 3.1, the Schauder’s
fixed point theorem can be applied to complete the remainder of the proof.

Next, we give a uniqueness result for the problem (1.1)-(1.3).

Theorem 3.3 Assume that

(H5) There exists a constant { > 0 such that |f(¢,u) — f(¢t,w)| < lju — @, for
each t € J, and each u,uw € R.

(H6) There exists a constant I* > 0 such that |Ij(u) — Ix(u)| < I*|u—T1l, for each

u,u € Rand k =1,...,m. are satisfied.If u = fol g(s)ds and

I(lm+1) el

* 1. .
T(a+1)+1—u+ml < (3.3)

Then (1.1)-(1.3) has a unique solution on J.

Proof. Let the operator F' be defined as in Theorem 3.1. We shall use the
Banach contraction principle to prove that F' has a fixed point. We shall show that
F is a contraction. Let z,y € PC(J,R). Then, for each ¢t € J we have

|F(2)(t) = F(y)(t)

1 1
= m/o Q)| f(r,z(7)) — f(r,y(r))|dr

b [ = () — s,

I'(a) 0<tp<ttr-1

+r<1oz>/ (t— 5) 7 fs,(5) — Fls,u(sDlds + S [Tulaltp)) — Telw(ty)

O<tp<t
|df+—z/ (tr — $)* Hx(s) — y(s)|ds
tr—1
l/ 1
4+ — t—s)* |z )|ds + |z (t
iy /¢ =9 @) = w(6) Z| )l
L ||+Ll||xf ||+4||x7 |+ mi* |z -y
ST T T ) T e )Y o
Therefore,

I1P@) - Fl < |+ s ol
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Consequently by (3.3), F' is a contraction. As a consequence of Banach fixed point
theorem, we deduce that F' has a fixed point which is a solution of the problem
(1.1)-(1.3). This achieves the proof.

4. AN EXAMPLE

In this section we give an example to illustrate our main results. Let us consider
the following impulsive fractional initial-value problem,

cran 1y e'ly(t)] _ 1
D%y(t) = R EmOE teJ:=10,1], t;éi, 0<a<l, (5)
ly(3 )
Aylyr = ——2——— 6
et T G )
T y(s)
0 = [ ot @
Set
B etu o u(s)
fltu) = m, (t,u) € J x [0,00), g(s)= m
and
Ik(u) = 73+u, (S R+.
Let z,y € Ry and ¢t € J. Then we have
—t
1) =169 = 5 T~ Ty
ez —y
941 +z)(1+y)
ot
< m@*?ﬂ
< 1
< E|$_y|

Hence the condition (H5) holds with [ =1/10. Let x,y € R;. Then we have
x y Ble—yl  _
- g —
3+ 3+y' (B+z)3+y) — 3
Hence the condition (H6) holds with I* = 1/3. We shall check that condition with
T =1 and m = 1. Indeed

[l(erl) —i—ml*} clesTlat1)> =, 8)

yl.

In(z) = In(y)| = |

INa+1) 10

which is satisfied for some a € (0,1]. Then by Theorem 3.2 and Theorem 3.3, the
problem (5)-(7) has a unique solution on [0, 1] for values of « satisfying (8).
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