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STATISTICAL PROPERTIES OF A TWO-ION SYSTEM WITH A
LASER FIELD

M. ABDEL-ATY

Abstract. The behavior of the atomic occupation probabilities of the upper
and lower levels gained by a two-ion system interacting with a laser field is
investigated. At a fixed time the immediate relations of the populations are
examined against several physical parameters. It is observed that for some
intermediate ranges of the detuning parameters and the coupling strength, the
presence of the off-resonance enhances the entanglement.

1. Introduction

The characterization of entangled states and entanglement is a challenging prob-
lem and considerable theoretical efforts have been invested in characterizing entan-
glement in a variety of physical situations [1, 2, 3]. Creation and characterization
of entangled states of up to 8 trapped ions, the investigation of long-lived two-ion
Bell-states and experiments toward entangling ions have recently been reported [4].
By coupling the electronic and vibrational states of a trapped ion with laser radi-
ation, motional wavepackets of the ion can be manipulated and interesting states
of motion, such as Fock states, squeezed states or Schrödinger-cat states, can be
created which exhibit highly nonclassical behavior [5, 6, 7]. In order to observe
these nonclassical features, methods for trapped ion quantum state tomography
have been proposed [8] and experimental preparation of the motional state of a
trapped ion, which has been initially laser cooled to the zero-point of motion, has
been reported in [9]. Also, some schemes have been known for entangling two single
atoms [10, 11, 12, 13, 14], different systems [15-25] as well as for entangling macro-
scopic atomic ensembles [26, 27]. In these schemes, feedback is typically applied to
the system of interest based upon the outcome of certain measurements.

The main motivation for the present work is twofold. First, we demonstrate how
a pair coherent state affect the entanglement for an ion-field interaction, and second
to see how the time-dependent amplitude of the irradiating laser field affect this
entanglement. In particular, we consider two three-level trapped ions (two qutrits)
and discuss the roles played by the initial state setting and time-dependent ampli-
tude of the laser field on the generation of entangled states. Most of the previous
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proposals for engineering the quantum state of a single trapped cold atom operate
with two-level systems and use various extreme experimental conditions, such as the
strong Raman excitation or the weak-coupling Lamb-Dicke approximations. In this
paper we generalize the situation to the case, where the laser fields are applied to
two three-level trapped atoms instead of two-level systems. For point like trapped
atoms fixed at given positions, they can be mathematically related to each other by
an amplitude shift transformation of the field mode operator. Even more intriguing
effects can be expected in the quantum regime, when two time-dependent ion-field
couplings exist [28-35].

The paper is presented as follows: In section 2, we present the quantized model
and obtain an exact analytical solution of the system Schrödinger equation. In
section 3, we analyze in detail how the pair cat state affect the general features
of the negativity (a measure of the ion-field entanglement). This gives us the
opportunity to stress the essential role played by pair cat states in this context and
study the existence of a long living entanglement. We summarize our results at the
end of the paper and make some conclusions.

Figure 1. Experimental apparatus. Two trapped atoms are ini-
tially prepared in their excited states by laser pulses. In this figure,
we denote photodetectors D1 and D2, quarter wave plates (QWP)
and a polarizing beam splitter (PBS). We assume that the cavity
is one sided so that the only leakage of photons occurs through the
side facing QWP.

2. The model

In absence of the rotating wave approximation, the two-qutrit system under
consideration can be specified by the Hamiltonian

Ĥ = Ĥcm + Ĥa + Ĥint, (1)

where

Ĥcm = ~ω1â
†
1â1 + ~ω2â

†
2â2,

Ĥa =
2∑

i=1

∑

j=a,b,c

~ΩiS
(i)
jj ,

Ĥint = ~
2∑

i=1

(
ε1(t)ζ

(i)
1 e−i(k1x̂i+φ1)S

(i)
bc + ε2(t)ζ

(i)
2 e−i(k2ŷi+φ2)S(i)

ac + H.c.
)

.(2)
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We denote by ζ
(i)
j =

−→µ (i).
−→
E ij

~ the Rabi frequency characterizing the coupling
strength, where −→µ (j) is the dipole moment operator. εi(t) is a modulated am-
plitude of the irradiating laser field, and

−→
E ij is the polarization unit direction. The

operator k̂i is the wave vector of the driving laser field, x̂i and ŷi are the center of
mass position of the atoms. We denote by φi(t) the fluctuations in the laser phase.

The center-of-mass motion can be described in terms of annihilation and creation
operators of vibrational quanta in the usual way x̂i = ∆xi(â

†
1 + â1), and ŷi =

∆yi(â
†
2 + â2), where the operators âi and â†i are the annihilation and creation

operators. The quantities ∆xi and ∆yi correspond to the fluctuations in the center
of mass motion in the ground state of the system. As usual, to describe this system
we use the operators S

(i)
lm = |l(i)〉〈m(i)|, (l, m = a, b, c and i = 1, 2 ), where |l(i)〉

denotes the eigenstate of the ith atomic level with the energy ~Ωi. For the sake
of simplicity (but without loss of generality), we shall deal with the case in which
φ1 = 0, φ2 = φ, and ∆ = ωab − ω1 = ωac − ω2.

If we express the center-of-mass position in terms of the creation and annihilation
operators and apply the rotating wave approximation in the Lamb-Dicke regime we
can expand the interaction Hamiltonian as

Ĥint = −~∆
2∑

i=1

(
S

(i)
bb + S(i)

aa

)
+ ~γ(1)

1 (t)
(
â1S

(1)
ab + â†1S

(1)
ba

)

+~γ(1)
2 (t)

(
â2S

(1)
ac + â†2S

(1)
ca

)
+ ~γ(2)

1 (t)
(
â1S

(2)
ab e−iφ + â†1S

(2)
ba eiφ

)

+~γ(2)
2 (t)

(
â2S

(2)
ac e−iφ + â†2S

(2)
ca eiφ

)
(3)

with new coupling parameter γ
(j)
i (t) = −iηiεi(t)ζ

(j)
i including the Lamb-Dicke pa-

rameter ηi in its definition.

The wavefunction under the Hamiltonian Ĥ at any time t > 0 can be written as

|ψ(t)〉 =
∞∑

n=0

∞∑
m=0

9∑

j=1

Ûj(n,m, t)|ξj〉, (4)

where Ûj(n,m, t) are probability amplitudes of finding the system in state |ξj〉. In
this case, |ξ1〉 = |a1, a2〉⊗|n,m〉, |ξ2〉 = |b1, a2〉⊗|n+1, m〉, |ξ3〉 = |a1, b2〉⊗|n+1,m〉,
|ξ4〉 = |c1, a2〉⊗ |n, m+1〉, |ξ5〉 = |a1, c2〉⊗ |n,m+1〉, |ξ6〉 = |b1, c2〉⊗ |n+1, m+1〉,
|ξ7〉 = |c1, c2〉⊗ |n, m+2〉, |ξ8〉 = |b1, b2〉⊗ |n+2,m〉, |ξ9〉 = |c1, b2〉⊗ |n+1,m+1〉.

To that end, differentiate both sides of equation (4) with respect to time to get
[28]

Ĥ|ψ(t)〉 = i~
∞∑

n=0

∞∑
m=0

9∑

j=1

∂Uj(n,m, t)
∂t

|ξj〉. (5)

Invoking the interaction Hamiltonian Ĥint from equation (3) and |ψ(t)〉 from equa-
tion (4) into equation (5) and comparing the coefficients of |ξj〉 we get a closed
set of nine differential equations. For an arbitrary configuration of two three-level
systems we can write the general set of differential equations in the following form

i~
∂Uj(n,m, t)

∂t
= <j1U1(n,m, t) + <j2U2(n,m, t) + .......... + <j9U9(n,m, t), (6)
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Figure 2. Plot of the relation between the upper state population
and the lower state population. The parameters are ∆ = 0, φ =
π/3, the initial state of the system is assumed to be |a1, a2, 0, 0〉
and for different values of η/γ(γ = γ

(i)
i where (a) η/γ = 0.2 and

(b) η/γ = 0.12.

where i = 1, 2, 3.., 9 and <ij = 〈ξi|Ĥ|ξj〉. In order to consider the most general case,
we solve equation (6), by assuming a new variable G(n,m, t) as [29]

Gi(n,m, t) = U1(n,m, t) + x1U2(n,m, t) + x2A3(n,m, t) + ...... + x9U9(n, m, t), (7)

which means that

i
dG(n, t)

dt
= zγ(t)G(n, t), (8)

where γi(t) = γiγ(t).
Using the above equations, we can write

Uj(n,m, t) =
9∑

l=1

Uj(n, m, 0)Qjl(n,m, t) exp
(
−izl

∫ t

0

γ(τ)dτ

)
, (9)

where Qjl(n, m, t) = O−1
kj Gj(n,m, 0), and O−1

kj is the inverse of the matrix Okj , a 9×
9 matrix whose columns are (1, 1, ..., 1)T , (x11, x12, ..., x19)T ,...., (x81, x82, ..., x89)T

and xij are the roots for xi, statisfing the transformation from equation (6) to
equation (8).The eigenvalues of xi in turn determine eigenvalues for zi.

We have thus completely determined the dynamics of the two three-level system
in presence of time-dependent couplings, a detuning and phase shift.
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3. Occupation probabilities
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Figure 3. Plot of the relation between the upper state population
and the lower state population. The parameters are η/γ = 0.2φ =
π/3, the initial state of the system is assumed to be |a1, a2, 0, 0〉
and for different values of ∆/γ where (a) ∆/γ = 3 and (b) ∆/γ =
15.

In this paper we consider the relation between the upper-state population and
the lower-state population for a fixed value of the interaction time as an indicator
of the entanglement between the two atoms. In Fig. 2, we plot this relation for
different values of the Lamb-Dicke parameter ηi. It is shown that for small values of
the Lamb-Dicke parameter symmetric behavior is observed while for larger values of
this parameter, the relation between the upper-state population and the lower-state
population has some sudden changes especially around the points, x = y.

On the other hand, the detuning effect shown in Fig. 3, gives an indication for
the pure state observation. Since in Fig. 3a, where ∆/γ = 3, we see that the upper-
state population starts from lower values while the lower-state population takes the
normal value (the maximum 1). This means that increasing the detuning further,
the system will be completely in its lower state i.e. we obtained a complete pure
state case (see Fig. 3b). Also, in order to generate the maximum entangled state we
may prepare the system, in level |b1, b2〉 and let the atoms pass through two cavities
successively, which are prepared initially in vacuum state. The transition from level
|b1, b2〉 to other levels is in resonance with the fields. We adjust the interaction time
of the atoms with first cavity field such that it sees a π/(4

√
2) pulse. Hence, there

occurs equal probability of finding the atoms in state |b1, c2〉 and |c1, b2〉, leaving
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the cavity mode in vacuum state i.e. with a proper choice for the interaction time
(
√

2t = π/4), the final state will project into a maximally entangled state.
Acknowledgments
I would like to acknowledge the support from the project 2011/17 of Deanship

for Scientific Research, University of Bahrain.

4. Conclusion

In summary, we have found an exact solution for the transition probabilities in
two qutrits interacting with laser fields taking into account the presence of time-
dependent modulated functions and an instantaneous phase shift experienced by
one of the atoms that can be easily interpreted physically, and thus provides insight
into the behavior of more complicated multi-qutrit systems. The relation between
the occupation probabilities are discussed as an indicator of the entanglement be-
tween the two qutrits has been discussed. It is shown that the detuning plays an
important roles in this system for obtaining the pure state.
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