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EFFICIENT SPECTRAL COLLOCATION METHOD FOR
SOLVING MULTI-TERM FRACTIONAL DIFFERENTIAL
EQUATIONS BASED ON THE GENERALIZED
LAGUERRE POLYNOMIALS

M. M. KHADER, TALAAT S. EL DANAF, A. S. HENDY

ABSTRACT. In this paper, a new approximate formula of the fractional deriva-
tives is derived. The proposed formula is based on the generalized Laguerre
polynomials. Global approximations to functions defined on a semi-infinite
interval are constructed. The fractional derivatives are presented in terms of
Caputo sense. Special attention is given to study the convergence analysis of
the method and estimate the upper bound of the error. The new spectral La-
guerre collocation method is presented for solving multi-term fractional orders
initial value problems (FIVPs). The properties of Laguerre polynomials are
utilized to reduce FIVPs to a system of algebraic equations which can be solved
using a suitable numerical method. Several numerical examples are provided
to confirm the theoretical results and the efficiency of the proposed method.

1. INTRODUCTION

Ordinary and partial differential equations of fractional order have been the fo-
cus of many studies due to their frequent appearance in various applications in fluid
mechanics, biology, physics and engineering [4]. Consequently, considerable atten-
tion has been given to the solutions of fractional differential equations and integral
equations of physical interest. Most non-linear fractional differential equations do
not have exact analytic solutions, so approximate and numerical techniques (2], [5],
[6], [28]) must be used. Several numerical methods to solve the fractional differen-
tial equations have been given such as variational iteration method [14], homotopy
perturbation method (|26], [27]), Adomian’s decomposition method [15], homotopy
analysis method [I3] and collocation method ([9], [I8]-[20], [24], [29]).

Representation of a function in terms of a series expansion using orthogonal poly-
nomials is a fundamental concept in approximation theory and forms the basis of
spectral methods of solution of differential equations ([7], [I2]). In [17], Khader in-
troduced an efficient numerical method for solving the fractional diffusion equation
using the shifted Chebyshev polynomials. In [II] two Chebyshev spectral meth-
ods for solving multi-term fractional orders differential equations are introduced.
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In [I6] the generalized Laguerre polynomials were used to compute a spectral solu-
tion of a non-linear boundary value problems. The classical generalized Laguerre
polynomials constitute a complete orthogonal sets of functions on the semi-infinite
interval [0, 00) [§]. Convolution structures of Laguerre polynomials were presented
in [3]. The Laguerre polynomials arise in quantum mechanics, in the radial part
of the solution of the Schridinger equation for an one-electron atom. Physicists
often use a definition for the Laguerre polynomials that is larger, by a factor of
n!, than the definition used here. Furthermore, various physicists use somewhat
different definitions of the so-called generalized Laguerre polynomials, for instance
in modern quantum mechanics the definition is different than the one found below.
A comparison of notations can be found in introductory quantum mechanics. Also,
other spectral methods based on other orthogonal polynomials are used to obtain
spectral solutions on unbounded intervals ([30], [31]). Spectral collocation methods
are efficient and highly accurate techniques for numerical solution of nonlinear dif-
ferential equations. The basic idea of the spectral collocation method is to assume
that the unknown solution u(x) can be approximated by a linear combination of
some basis functions, called the trial functions, such as orthogonal polynomials.
The orthogonal polynomials can be chosen according to their special properties,
which make them particularly suitable for a problem under consideration.

The main aim of the presented paper is concerned with the application of the
proposed approach to obtain the numerical solution of multi-order fractional differ-
ential equations of the form

D"u(z) =F (a:;u(ac),Dﬁlu, ...,Dﬁ"u) , (1)
with the following initial conditions
u™(0) = uy, k=0,1,...,m—1, (2)

where m < v <m+1,0< 81 < B3 < ... < Bp < v and D" denotes Caputo
fractional derivative of order v. It should be noted that F' can be non-linear in
general.

The structure of this paper is arranged in the following way: In section 2, we
introduce some basic definitions about Caputo fractional derivatives and properties
of the classical generalized Laguerre polynomials. In section 3, we introduce the
fundamental theorems for the fractional derivatives of the generalized Laguerre
polynomials. In section 4, the convergence analysis of the derived approximate
formula is given. In section 5, the procedure of solution for multi-order FIVPs is
clarified. In section 6, numerical examples are given to solve the FIVPs and show
the accuracy of the method. Finally, in section 7, the report ends with a brief
conclusion and some remarks.

2. PRELIMINARS AND NOTATIONS

In this section, we present some necessary definitions and mathematical prelim-
inaries of the fractional calculus theory required for our subsequent development.
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2.1 The fractional derivative in the Caputo sense

Definition 1 The Caputo fractional derivative operator D¥ of order v is defined
in the following form

vy L AL ()
Df(x)_l"(m—z/)/o (x—t)”*mﬂdt’ v>0, x>0,

where m — 1 <v<m, méeN.
Similar to integer-order differentiation, Caputo fractional derivative operator is a
linear operation

D" (A f(z) + pg(x)) =AD" f(z) + n D" g(z), 3)
where A and p are constants. For the Caputo’s derivative we have
DY C =0, C is a constant, (4)
0, for neNgandn < [v];
14 n
Dot = { 71“55332/)33”7”’ for ne€Ngandn > [v]. (5)

We use the ceiling function [v] to denote the smallest integer greater than or equal
to v, and Ny = {0, 1,2, ...}. Recall that for v € N, the Caputo differential operator
coincides with the usual differential operator of integer order.

For more details on fractional derivatives definitions and its properties see ([10],
23], [25]).

2.2 The definition and properties of the generalized Laguerre
polynomials

The generalized Laguerre polynomials [LSF) ()52, & > —1 are defined on the
semi-infinite interval [0,00) and can be determined with the aid of the following

recurrence formula

(n+ D)LY (1) + (@ —2n—a—1) L @)+ (n+a) L (1) =0, n=1,2,3,.., (6)
where, Léo‘)(x) =1 and Lga)(:v) = o+ 1 — z. The explicit formula of these polyno-
mials of degree n is given by

eSS ()= () S o

k=0 k=0

with (a)o == 1 and () := a(a+1)(a+2)...(a+k—1), k=1,2,3,...and L{(0) =

( " :; ) . These polynomials are orthogonal on the interval [0, c0) with respect
to the weight function w(z) = ﬁxae‘f, The orthogonality relation is
1 o _ n+a
—_— e~ L) (2) L) (z)dx = Srmn- 8
i | @ @ = (M (®)

Also, they satisfy the differentiation formula
D’CL%Q)(;E) = (71)/6L£LO¢_-‘:’-€1€)($), kE=0,1,..,n. (9)
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Any function u(z) belongs to the space L2 [0, 00) of all square integrable functions
on [0,00) with weight function w(z), can be expanded in the following Laguerre
series

u(z) =3 LM (@), (10)
i=0
where the coefficients ¢; are given by
NGRSO N .
= = “e 7L, dz, =0,1,2,.... 11
¢ F(i+a+1)/0 e L (z)u(z)dx, i=0 (11)

Consider only the first (m + 1) terms of classical Laguerre polynomials, so we can
write

Um(z) = Y &L (2). (12)
=0

A new approximate formula for the fractional derivative of the approximate function
using Laguerre polynomials is discussed in the following section.

3. AN APPROXIMATE FORMULA FOR FRACTIONAL DERIVATIVES OF L{™ (2)

The main goal of this section is to present the following theorems for the ap-
proximated fractional derivatives of the classical Laguerre polynomials.
Lemma 1 Let LEf‘)(x) be a generalized Laguerre polynomial then

DL (z)=0, n=0,1,..,[v] =1, v>0. (13)

Proof. This lemma can be proved directly using a combination of Eqs.—.
The main approximate formula of the fractional derivative of u(x) is given in the
following theorem.

Theorem 1 Let u(xz) be approximated by the generalized Laguerre polynomials
as and also suppose v > 0 then, its approximated fractional derivative can be
written in the following form

D (up(@) = > 3wt (14)

i=[v] k=[v]

where wl('/lz is given by

w _ _ (=DF it+a
i (h) "

Proof. Since the Caputo’s fractional differentiation is a linear operation we have
D" (um(w)) = Y e D"(L{" (). (16)
i=0

Employing Eqs.— in Eq.@ we have

DL z)=0, i=01,.[v]-1, v>0. (17)
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Therefore, for i = [v],...,m, by using Eqs.— in Eq.7 we get

v 7 (@) _ : (71)k 1+« v k 1+« k—v
D" L () = o ) Zrk+1—u L)

k=0

A combination of Eqs. and leads to the desired result.

Test example
Consider the function u(z) = 23 with m = 3, v = 1.5 and a = —0.5, the
generalized Laguerre series of a2 is

2% = 1.875 L\ (2) — 11.25 L{™ (2) + 15 LY (2) — 6 L (2).
Now, by using Eq., we obtain

where,  w{'y) = 1.12838, w§}~25>:2.82095, w = —0.752253, therefore,

)

(1.5) T 45

. 1.5 1.5
DL 43 (1.5) ( ) +cw33 ! F(2,5)m ?

7 = cawy o 295 +cs w35 &
which agree with the exact derivative .
Theorem 2 The Caputo fractional derivative of order v for the generalized clas-

sical Laguerre polynomials can be expressed in terms of the generalized Laguerre
polynomials themselves in the following form

i k=[]
D*L{ (x Z Z Q”kL ), i=[v],[v]+1,..,m, (19)
k=[v] j=0

where
(—=1)It* (a+ i) (k — v+ )!
(=K (a+k)N(k—v—D (a+)
Proof. From the properties of the generalized Laguerre polynomials [I] and expand
2~V in Eq. in the following form
k—[v]

= 3 e L (@), (20)

Jj=0

Qijp =

where ¢j; can be obtained using where u(x) = 7" then,

LGj+1) * kta—v —xp(a) .
C il VTN =0,1,2,.... 1
Chj F(j+1+a)/0 x e "LV (x)dx, j=0,1,2, (21)
then,
k—[v] .

. (LY (=0 (k—vrat D)
= L" . 22
D ey e T T 22

Jj=0
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Therefore, the Caputo fractional derivative D”Lga)(m) in Eq. can be written in
the following form
i k—[v] i .
—1)*tkE (a4 i) (k — v +a)!
DL (z) = ( L 23

i @) kZM j;o G—k(a+ kN (k—v—7)a+)l (@), (23)
fori=[v], [v]+1,....m.
Eq. leads to the desired result and completes the proof of the theorem.

4. CONVERGENCE ANALYSIS OF THE PROPOSED APPROXIMATE FORMULA

In this section, special attention is given to estimate the upper bound of the
error of the proposed approximate formula.

Theorem 3 For the Laguerre polynomials Lg{x)(a;), we have the following global
uniform bounds estimates

L@ < (0“:17!1)"6”3/2, for >0, >0, n=0,1,2,...;
G (2—%)6«’”/2, for —1<a<0, 2>0, n=0,1,2,....
(24)
Proof. These estimates were presented in [21] and [22], Szego proved them in [I].

Theorem 4 The error in approximating DYu(z) by D”u,(z) is bounded by

oo

1 .
Brm) < S el ) St i 650 w50, o012, (25)
i=m+1 J:
oo
1)
Er(m)] < > el (i) (2—(‘“;)1) /2, “1<a<0, 220, j=0,1,2,...
i=m+1 ’

‘ (26)
such that, IT,, (4, j) = ZZ:M Zf;g Qi j &, where, Q; ;i is defined in Eq..
Proof. A combination of Eqs., and leads to

|Br(m)| = D u(w) = D"um(2)| < > e LG5 ILfV @), (@27)
i=m-+1

using Eqs., and subtracting the truncated series from the infinite series,
bounding each term in the difference, and summing the bounds completes the proof
of the theorem.

5. PROCEDURE OF SOLUTION FOR THE MULTI-ORDER FIVPs

Consider the multi-order fractional differential equation of type given in Eq..

Let w(z) = L2e™ be a positive weight function on the interval I = [0, 00) and

L2 (I) is the weighted L? space with inner product
(o) = [ wlau(opo(e)ds,
0

and the associated norm ||ul|, = (u,u)é, It is well known that [L%a)(z) :m > 0]
forms a complete orthogonal system in L2 (I), so if we define

Sy (1) = Span[L{™ (x), LY (x), ..., L ()],
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then, the Laguerre spectral solution to Eq.(I) is to find u,, € S,,(I) such that

T) Zci Lga)(ac). (28)
i=0

From Eqs., and Theorem 1 we have

m 3
SPIRTETES

i=[v] k=[v]

F x;z ciLga)(a:), Z Z ciwg’ﬁ,i)xk_ﬁl . Z Z cw Zk ) gk=Bn
=0 7;:"51“ k:rﬁl-l = "Bn‘l k= rﬁn]
(29)

We now collocate Eq.(29) at (m + 1 — [v]) points zp, p=0,1,...,m — [V] as

m 3
E g I wf”,i 33];_” =

i=[v] k=[v]

a:p,z ch(a) (xp), Z Z b; wz(’g,i)xl; B, Z Z b; wl(ﬁ,: m’; Bn

i= [Bl—l k= [Bl] i= "ﬁn—l k= [Bn]
(30)
For suitable collocation points we use roots of the generalized Laguerre polynomial
2 (z).
m+1—[v]

Also, by substituting Egs. and in the initial conditions and using the
property L{*)(0) = ( @ :r * ) we can obtain [v] equations

S e (—1)F ( o > —wp,  k=0,1,2,..,m—1. (31)

i=0
Equation (30)), together with [1/] equations of the initial conditions (3I]), give (m+1)
algebraic equations which can be solved, for the unknowns ¢;, i = 0,1, ..., m, using
a suitable numerical method, as described in the following section.

6. NUMERICAL SIMULATION AND COMPARISON

In order to illustrate the effectiveness of the proposed method, we implement it
to solve the multi-term fractional orders FIVPs with different numerical examples.

Example 1:

Consider the following fractional Cauchy problem with variable coefficients of
the linear form on [0, 1]

DYSu()+2 Du(z)+3 Vx D% u(z)+(1—z) u(z) = T(15) 2" +4 :H_I‘(fﬁ)

with the following initial conditions
uw(0) =0, ' (0)=0. (33)

The exact solution to this problem is u(z) = 2°.
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To solve this problem, by applying the proposed technique described in section 5
with m = 3, we approximate the solution as
ug(z) coL(a)( )+ clL(a)( )+ CQL(Q)( )+ec L(O‘)( ).
Using Eq.([29)), with v = 1.5, 81 = 1, B2 = 0.5 and o = —0.5 we have

3% culet 4 30 aulat g 30 Y auld s

i=[v] k=[v] i=[p1] k=[p1] i=[B2] k=[pB2]
+ h(z) (Z L§“><z>> = r(z),
1=0

(34)

where g(x) = 3v/z, h(z) =1—2z and r(z) = F(12.5) x0'5+4$+ﬁ 22+ (1—x)a?.
Now, we collocate Eq.(34) at the roots z, as

ZZczw”x V+2Z ch (51)k51+g% Z chwkxkﬁz

i=[v] k=[] i=[p1] k=[p1] i=[B2] k=[B2]

h(zy) (Z LE‘”(w)) = r(xp).
=0

where z,, are roots of the generalized Laguerre polynomial Léa) (2), i.e.,
xo = 0.275255, 1z = 2.72474.

Using Eq. at the collocation points xg,x; and using Eqs. and (33)), we
obtain the following system of algebraic equations

i Z cwl) 2k 42 zm: Z el 2EB 4 g(ao) Z Z e gk be

i=[v] k=[v] i=[B1] k=[p1] i=[B2] k=[B2]

o) (i e L™ (300)) = r(z0),
=0

(36)
S S ez 3 Y aulla P g) 3o Y auld
i=[v] k=[v] i=[B1] k=[p1] i=[B2] k=[B2]
(3 et e,
i=0
(37)
CoTo + C1T1 + CaT9 + C3Tgy = 07 (38)
CcpSo + €181 + c282 4+ c3s3 = 0, (39)
where, 7; = OHFZ , S = ?jf), 1=0,1,2,3.
By solving Egs.(36)-(39)) using conjugate gradient method, we can obtain the coef-

ficients ¢;.
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Therefore, the approximate solution is given by
us(z) 2 0.75 LS (z) — 3 LY () + 2 L (2) + 0 L () = 22,

which is the exact solution of the problem.

Example 2
Consider the following non-linear initial value problem
D3u(z) + D*Pu(z) + v?(z) = 2*, (40)
with the following initial conditions
u(0) =u'(0) =0, «'(0)=2. (41)

We apply the suggested method with m = 3, and approximate the solution u(z) as
follows

3
z) = Z ¢ L (2). (42)

Using Eq., with v =3, By = 2.5, a = —0.5, we have

3 3 2
Z Z ¢ wz(d,)c ah 3y Z Z G w 1(215 ah=25 4 (Z Ci LEO‘) (x)) =zt (43)
=0

i=3 k=3 i=3 k=3
Now, we collocate Eq.([43) at the roots z, as

3 i 3 2
ZZQ zk p Jrzzcz (25) k 25 | (Z CiLl(»a)(xp)> :xé’ (44)

=3 k=3 =3 k=3 i=0

where z,, are roots of the classical Laguerre polynomial Lga)(x), ie,xp=1+a=
0.5.
By using Eqs. and we obtain the following non-linear system of algebraic
equations

(2.5) 0.5

(wg‘s?), +wy 3" w7) + (koco + kicr + kaca + kscs3)? = g, (45)
coro + €171 + carg + c3r3 = 0, (46)
CoS0 + €181 + cas2 + c383 = 0, (47)
cotg + c1ty + cotg + c3ts = 2, (48)
Wherek':L(-a)(x)r»: Od—i , 8 = C.)H—i),ti: <a+l>,i:
) 1 —1 17— 2
0,1,2,3. By solving Eqgs.([45)-(48]) we obtain
co = 0.757 c = —3, co =2, c3 = 0.
Therefore
1
u(z) = (075, -3, 2, 0) 0.522 :xl;?—i 0.375 =4

—0.16667z> + 1.2522 — 1.875z + 0.3125

which is the exact solution of this problem.
It is clear that in this example the presented method can be considered as an
efficient method.
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Example 3:

In this example, we consider the following non-linear fractional differential equa-
tion

D*u(z) + D*%u(z) + u?(z) = 22, (49)
subject to the initial conditions
u(0) = uM(0) =u?(0) =0, u®0)=6. (50)

To solve the above problem, by applying the proposed technique with m = 4, we
approximate the solution as

ug () =2 coLé“)(x) + cnga)(x) + chéa)(:E) + c;,»Léa) (z) + C4L£fx) ().
Using Eq., with v =4, f; = 3.5, a = —0.5 we have

4 i 4 4 3
Z Z Ci 1111(4,)C k4 Z Z ¢ wg?lf’) gh=35 4 <Z ¢ Lga)(m)> =27 (51)
=0

i=4 k=4 i=4 k=4
Now, we collocate Eq.(51) at the roots z, as
4 4 4 3
D) IETEEES 3 S ST L) IS
i=4 k=4 i=4 k=4 =0

where x,, are roots of the generalized Laguerre polynomial L(la)(:zr), ie., zg =0.5.
By using Eqs. and we obtain the following non-linear system of algebraic
equations

Cq (wfﬁ + wff) 1’8‘5> + (koco + kicy + kacy + kses 4 kycy)® = 178,

(53)
coro + c1r1 + core + c3r3 + ¢4y = 0, (54)
€080 + €181 + €289 + €383 + €484 = 0, (55)
coto + cit1 + cotg + 3tz + cats = 0, (56)
Co20 + C121 + Co29 + C323 + C424 = 6, ( )
where, (for ¢ =0,1,2,3,4)

() _ a+1 f a+i [ a+t _ a+1
ki_Lia(:BO)vri_ 'L )’sz_(ll>7tl_<l2 7Zi_ Z73 .
By solving Egs.(53)-(57) we obtain

Co = 1.8757 c1 = —11.25, Coy = 15, C3 = —67 Cq = 0.
Therefore, u(z) has the form
1
-z +0.5
u(x) = ( 1.875, —11.25, 15, —6, O ) 0.5z% — 1.5¢ + 0.375
—0.1667z% 4+ 1.25x% — 1.875z + 0.3125
0.0422* — 0.58323 + 2.188x2 — 2.188x + 0.273

which is the exact solution of this problem. It is clear that in this example the
presented method can be considered as an efficient method.
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Example 4:

In this example, we consider the following non-linear differential equation
D?u(x) + g(z) D" Pu(z) +u?(z) = 2+ 2z + 2*, (58)
where g(x) = I'(1.5)2%5 and subject to the initial conditions
u(0) = u/(0) = 0. (59)

The exact solution of this example is u(x) = x2. To solve this problem, by applying
the proposed technique described in section 5 with m = 3, we approximate the
solution as

ug(x) = o LY (1) + 1 LI (@) + o LS () + es L$ ().
Using Eq., with v =2, f; = 1.5 and a = —0.25 we have

3 i 3 2
Ziq Ziczw . ) k= 15—%—(2 ciLZ(»a)(x)> =24 2z+a2%.
k=2

=2 =2 k=2 =0
(60)
Now, we collocate Eqs. at the roots z, as

7

3 3 2
35l ot 303 a0+ (5 e ) 2430054
i=0

=2 k=2 =2 k=2
(61)

where x,, are roots of the generalized Laguerre polynomial Léa) (2), i.e.,

To=2+a—-V2+a=0427124, z;=2+a+V2+a=3.07288.

By using Eqs. and we obtain the following non-linear system of algebraic
equations

ngé % +c3 (wz(f% + wg?))xo) + g(mo)CQwé 5 ):cg ® + e3g(x0) (wélzs)xo + w§135)x(1) 5)
(62)
—l—(koCo + kic1 + koco + k‘363)2 =24 229+ xé,
C2w5)22) +c3 (wz(f?) + wz(f?),xl) + g(zq )Czwg 25)35? ® + c3g(xr) (wé 25)331 + w§135)x1 5)
(63)
+(loco + lic1 + laco + 13¢3)* = 24 221 + 27,

CoTo + C1T1 =+ CaT9 =+ C3Tgy = 07 (64)
CpSo + €181 + €282 + C383 = 0, (65)

where, k; = Lga)(axo), l;= Lga)(axl), r; = @ j ! , 8 = ( ?jlz , 1=

0,1,2,3. By solving Eqs.— using Newton iteration method, we can obtain
the coefficients c;.
Therefore, the approximate solution is given by

us(x) = 1.38658 L™ (2)—3.324026 L' (2)+1.2591210 LY (2)+0.465689 L' (x).

The obtained numerical results by means of the proposed method and exact solution
are shown in figure 1, with m =3 and v =2, §; = 1.5 at « = —0.25.
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2 Approximate solution

Exact solution

¥ axis

Figure 1. Comparison between the exact solution and the approximate solution.

From this figure we can conclude that the numerical results are excellent agreement
with the exact solution. Also, the obtained numerical results by means of the pro-
posed method are shown in table 1. In this table, the absolute errors between the
exact solution u., and the approximate solution ugpproz, at m = 3 and m = 5 are
given. From table 1, it is evident that the overall errors can be made smaller by
adding new terms from the series .

Table 1:

The absolute error between the exact solution and the approximate solution
at m =3 and m = 5.

‘er - uapproam‘ atm =3

|Uex -

uapproam‘ atm=25

0.0

0.170849 e-03

0.274260 e-04

0.1

0.021094 e-03

0.420794 e-04

0.2

0.176609 e-03

0.376716 e-04

0.3

0.301420-03

0.844125-04

0.4

0.404138 e-03

0.327010 e-04

0.5

0.489044 e-03

0.361133 e-04

0.6

0.563305 e-03

0.194954 e-04

0.7

0.633367 e-03

0.295780 e-04

0.8

0.705677 e-03

0.492488 e-04

0.9

0.786679 e-03

0.283224 e-04

1.0

0.882821 e-03

0.773238 e-04
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7. CONCLUSION AND REMARKS

We have presented an approximate formula for the Caputo fractional derivative
of the generalized Laguerre polynomials in terms of classical Laguerre polynomials
themselves. We used it to solve numerically the multi-term FIVPs. Special atten-
tion is given to present study of the error analysis in which we estimate the upper
bound of the error for the fractional derivatives of the approximated functions.
The results are useful in the construction of a new spectral Laguerre method to
obtain the solutions of FIVPs on a semi-infinite interval. Also, from the proposed
examples we can find that, when we used the introduced formula. We obtained the
exact solution of some examples with small m and an excellent agreement numerical
solution with the exact solution in other examples. This show that the proposed
method is an efficient method. All numerical results are obtained by building fast
algorithms using Matlab 7.1.
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