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ON EXISTENCE OF SOLUTION TO NONLINEAR FRACTIONAL
DIFFERENTIAL EQUATIONS FOR 0<a <3

MOHAMMED M. MATAR

ABSTRACT. We investigate in this article the existence problem of a fractional
nonlinear differential system with o € (0,3]. We obtain the results by using
Banach fixed-point theorem.

1. INTRODUCTION

In recent years, considerable interest in fractional calculus has been stimulated
by the applications to numerical analysis and different areas of applied sciences like
physics and engineering. One of the major advantages of fractional calculus is that it
can be considered as a super set of integer-order calculus. Thus, fractional calculus
has the potential to accomplish what integer-order calculus cannot do. The fact that
fractional differential equations are considered as alternative models to nonlinear
differential equations which induced extensive researches in various fields including
the theoretical part. The existence and uniqueness problems of fractional nonlinear
differential equations as a basic theoretical part are investigated by many authors
(see [1]-[10] and references therein). The Cauchy problems for some fractional
abstract differential equations (in the case of 0 < @ < 1) with nonlocal conditions
are investigated by the authors in [2], [5] and [8] using the Banach and Krasnoselkii
fixed point theorems. The Banach fixed point theorem is used in [4] to investigate
the existence problem of fractional integrodifferential equations (in the case of 0 <
a < 1) on Banach spaces. In [1] and [6], the authors obtained sufficient conditions
for the existence of solutions for a class of boundary value problem for fractional
differential equations (in the case of 1 < a < 2) involving the Caputo fractional
derivative and nonlocal conditions using the Banach, Schaefer’s, and Krasnoselkii
fixed points theorems. In [10], the authors investigated the existence problem of a
boundary value problem to fractional differential equation (in the case 2 < a < 3)
by using Banach, and Schaefer’s fixed points. Motivated by these works we study
in this paper the existence of solution to fractional differential equations when
0 < a < 3 on Banach spaces which may be considered as a generalized survey to
many articles. The problem is solved by using the contraction mapping theorem.
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2. PRELIMINARIES

We need some basic definitions and properties of fractional calculus (see [3], [7],
and [9] which will be used in this paper.

Definition 1 A real function f(t) is said to be in the space C,,, p € R if there
exists a real number p > u, such that f(t) = t* f1(t), where f; € C[0,00), and it is
said to be in the space C}; if and only if e Cu,neN.

Definition 2 A function f € C,,n > —1 is said to be fractional integrable of
order a > 0 if

(I*f)(t) = I¢ / (t—5)*"" fs)ds < oo,
0

and if a,, = 0, then I°f(t) = f(¢).
Next, we introduce the (Caputo) fractional derivative.
Definition 3 The fractional derivative in the Caputo sense is defined as

¢
e _ D« _ n—a ﬁ _ 1 o \n—a—1 g(n)
)= D50 =12 (1) 0 = s [ =9 s
0
forn—1<a<nneNt>0feC.
Lemma 1 [1] If n — 1 < a < n, then

I*D*f(t) = f(t) +co+ it + -+ cuat™ 1,

wheret € J =[0,T],cq, 1, ..., and ¢,—1 are constants.

Let Y = C(J,X) be a Banach space of all continuous functions z(t) from a
compact interval J into a Banach space X. Without loss of generality, we use the
common norm || e || for all used normed spaces.

Consider the fractional nonlinear differential system

{ D, (t) = fn(t,/:z:n(t)), / ) (1)
2, (0) = 2, €Y, 24(T) = 25(T) = 25 (T) =0,

where n—1 < a, <n;n=1,2,3, f, : JXY — Y is fractional integrable function
of order «,, and satisfies the following hypothesis;

(H1) There exists a positive constant A4,, such that

[fn(t,2n) = futyn)ll < Anllzn —yull,n =1,2,3,

for any t € J, xp,yn € Y. Moreover, let B,, = sup,¢; || f»(t,0)].

Definition 4 A function z, € C"(J, X) with its a,,-derivative exists on J, is
said to be a solution of (1) if xz,, satisfies the equation D"z, (t) = fn(t, 2,(t)) on
J, and conditions x,,(0) = 2z, € Y, 25(T) = 24(T) = 24 (T) = 0.

Lemma 2 The fractional differential system

{ Danxn(t) = fn(t); , (2)
2n(0) = 2z, €Y, 25(T) = 24(T) = 24 (T) = 0,

is equivalent to

T
zn+/Gntsfn Yds,t € Jn—1<a, <nn=1,23 (3)
0
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where
Gilt,s) = Tlay > for0<s<t
0, fort<s<T
(t—5)221  y(T—g)72=2
Ga(t,s) = Moz~ T » Or0Ss<t
’ _HT—s)?27* fort<s<T
T(as—1) ort<s
()% HT—9)™2 | KT §)(T—s)3 "
Gg(t s) = (TF(a).x()T )_3 Is‘(a3—1) + . 1%(043*2) s for0<s<t
’ HT—4)(T—5)*37%  4(T—s)3~
as=2) T TT(as—1) fort <s<T

Proof. The case 0 < a7 < 1 is trivial. Let 1 < as < 2, then by Lemma 1 and
conditions in (2), we have

I9? fo(t) = 12D xy(t) = wa(t) + co + c1t.

For t = 0, we get 0 = 23 + ¢g which implies that ¢g = —z3. On the other hand,
for t = T, we get 1°271 f5(T) = x5(T) + ¢; which implies that

T
o= 1 (D) = s (=9 s
0

Hence

-~

T
t

—711(0[271)/(T—3)02_ fa(s)ds

0 0

on 1f2 )

To (t) = Z2

Finally, let 2 < ag < 3, then again by Lemma 1 and conditions in (2), we have

I(Xng( ) = IQSDa3$3( ) = LE3( ) +co+cit + CQtQ.
Hence, for t = 0, we get 0 = z3 + ¢¢ which implies that Co = —23. Fort =T, we
get 13~ 1f3( ) = x5(T) + 1 + 2¢,T, and 1372 f3(T) = 24 (T) + 2¢5, which imply
that c; = 1172 f3(T),and ¢; = I*371 f3(T) — TI*~2 f3(T). Therefore

z3(t) = =3+ m (T - ;) /T(T —5)* 73 f3(s)ds
0

T t
t

- — g)as—2 s)ds 1 _ g)s—l s)ds

Conversely, if we apply the fractional differential operator D% . n—1 < a;, < n,
to the integral equations in (3), one can easily get the system (2).

Remark. We notice that lim,,, ,,~ Gn =limg,, s+ Gni1 for n=1,2. More-
over, lim,_,7— Gn(t,8) =0, forn =1,2,3, and ¢ < s.

Now, using Lemma 2, the corresponding integral form to nonlinear system (1)
can be written in the form
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T
+/Gntsfnsxn( Nds,t e Jn—1<a, <n,n=1,2,3. (4)
0

3. EXISTENCE OF THE SOLUTION

The existence problem to the given fractional nonlinear differential system is in-
vestigated in this section by using the well-known Banach fixed point theorem. The
first result is the existence of solution for the system (1). The following condition
is essential to get the contraction property.

(H2) Let, for n =1,2,3,

F(an_l)

{ Cn - InaX{A7uBn}Ta" (F(ai-‘rl) + 77;(1:1(;}1)) + % (n72)(n71) D < 1

|2n (| +Ch
Tn Z 1_071,

and n — 1 < a, <n. Moreover, let B, ={z €Y :|z| <rn}.

Theorem 1 If the hypotheses (H1), and (H2) are satisfied, then the fractional
differential system (1) has a solution on .J.

Proof. We prove, by using the Banach fixed point, the operator A, : ¥ —
Y,n=1,2,3, given by (see (4))

T
A, (t :zn—i—/Gntsfnsxn( ))ds,t € J
0

has a fixed point on B, ;n = 1,2,3. This fixed point is then a solution of the
system (1). Firstly, we show that A, B, C B,,. Let n =1, and 0 < ay < 1, then

Az (B < ||21||+/||G1(t78)(f1(8,$1(8))—f1(8»0)+f1(8’0)|\d8

t t
A1||$1||/ 1
< —_— t a1—d
0 0
A B e
< gl + zi| + By)—— .
<zl + (Al I)F(Oz1+1)
Next, for n =2, and 1 < ap < 2, we have
A A B & tree
xo(t)|| < ||zall + ol + + .
IAxeao)] < lall + Callall + o) (s + s )

The last case, n = 3, and 2 < a3z < 3, we have

to tTes=t (T — %) T2
Aszs(t)]| < A B 2
|| 3IE3( )” = ||23||+( 3||I3H+ 3) (F(Ozg,-i—l) + F(Oég) + F(Oég—l)

The three cases for n = 1,2,3 can be written as
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[Anan(8)]
o 1 +n(n—1) +1 (n—2)(n—1)
MNa,+1)  nl(a,) 2| T(a,—1)
where n —1 < a,, < n. Therefore, if z,, € B,.,, we get ||Anz, ()] < (1—=Ch)rn+

Cpryn = . Hence, the operator A,, maps B, into itself. Next, we prove that A,
is a contraction mapping on B, . Let x,,y, € B, _, then for n = 1,2, 3, we have

D (Auea] + Bo).

HAnmn (t) - Anyn(t) ”

T
0
an L nn—1) 1|(n—2)(n—-1)
s AT (F(Oén + 1) n!F(an) + 5 F(an _ 1) D ”xn - yn”
< Callzn —yall,

where n — 1 < a,, < n. Hence, the operator A, has a unique fixed point z,,
which is a solution to the system (1) for each n — 1 < o, <n, n=1,2,3.

Next result in this section is the existence of solution to the system (1) in the
vector form.

Let ¢ = (x1,22,23) € Z =Y xY xY such that ||z]| = ||z1]] + ||z2] + ||zs]l-
Then (Z,]|| o ||) becomes a complete normed space. Also, assume that D%z =
(Dchthazx%Dang) ;n_]- <ap < n,n = 172337 and f(t,x) = (fl(tvxl)vf2(tvm2)7f3(t7x3))v
G(t,s) = (G1(t, s), Ga(t, s), G5(t, s)). Moreover,

we shall use the following logical notation

G(t,s) = f(s,z(s))ds

St~

T

_ / Gt 5) 1 (5, 21(5))ds, / Golt, 5) fa (s, 32(5))ds, / G (t, 5)fs (s, 23(s))ds
0 0

0

Therefore, the system (1) can be rewritten in the form

{ Dex(t) = f(t,x(t)),t e JJx € Z , , ) (5)
2(0) = (21(0), 22(0), 23(0)) = 20 € Z, 2y(T) = 25(T) = 23 (T) =0

which is equivalent to (see eq.(4))

T
x(t) = %o —|—/G(t,s) * f(s,x(s))ds. (6)
0

(H3) Let D, C, and r be positive constants such that
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D= max1§n§3{z4m Bn}

_ Tal TO‘Z TO‘Z TO‘S TO‘S TO‘3
¢=D (F(a1+1) t TlastD) T T(aa) T TloadD) T T(ag) T r(arl)) <1
r > LellC

Moreover, let B, ={z € Z : ||z| < r}.
Let x = (z1,2z2,23),y = (y1,Y2,y3) € Z, in view of (H1), it easy to get

£t 2) = (&, y)ll [(f1(t, 1) = fi(t,yn), fo(t, w2) — f2(E, y2), f3(E, @3) — f3(t, 3))]
< Aillwy —ynll + Asoflee — w2l + Aslles — w3l < Dz -yl
Theorem 2 If the hypotheses (H1), and (H3) are satisfied, then the fractional
differential system (5) has a solution on J.
Proof. Let x = (z1,22,23) € Z. Define the operator A on Z given by

T
Ax(t) = (A1 (t), Aoxa(t), Asxs(t)) = 20 + /G(t,s) * f(s,z(s))ds,
0

where |Az| = ||A1z1] 4[| A2z2 ||+ || Aszs||. Hence, following the proof of Theorem
1, we have

1 1
Ae@I < Jzoll + D]l + 1) +DT“2(||1’2|+1)< 4 )

F(al + 1) F(Oég + 1) F(Oég)

a3 1 L !
+DT% (flasl| + 1) (F(ag +1) " T(as) ' Tlag— 1)>

<zl + Cllz|| + C.
Therefore, if x € B,., so does Az. On the other hand, if z,y € B, then

40() = dy®ll = | [ Ga(t:5) (fis.1(5)) = alssa(s)) ds
0
+ / Galt, 5) (fal5,22(5)) — fals, ya(s))) ds
0
4 / Gs(t,5) (fa(s,w(5)) — a5 3(s))) ds
0
DT . 1 1
< poaglo -l 07 (G s ) el
" 1 1 1 o
DT (F(a3—|—1) T Tas) T Tlas = 1)> lzs =yl
< Cle -yl

which ends the proof.
We close the article by considering the following nonlocal fractional differential
system
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{ Danmn(ﬂ = fn<t7;xn(t))’ , . (7)
xn(O) = gn(mn)’ zo(T) = ava(T) =b, x4 (T) =c

where f,,n =1,2,3, as before, is fractional integrable of order a,,;n—1 < a, <
n and satisfies the hypothesis (H1), a,b, and ¢ are constants, and the nonlinear
function g,, satisfies the following assumption.

(H4) The function g, is defined on the Banach space X, satistying the Lipsitchitz
condition, i.e., there exists a positive constant C), such that

lgn(2n) = gn(yn)ll < Cullzn —yull,n=1,2,3

for any x,,y, € Y.
The system (7) is equivalent to

T
z(t) = g(z) + At + Bt* + / G(t,s) * f(s,x(s))ds € Z
0

where g(z) = g(z1,22,73) = (91(71), g2(22), 93(23)), A = (0,a,b — T'),B =
(0,0, %), and the last term is defined as previous.
Before going on to the next result in the sequel, we need to modify the hypothesis
(H3) to be suitable for the case.
(H5) Let D, C, and r be positive constants such that
D = maxlgngg{An, BnCn}
_ 71 o2 o2 T°3 o3 o3
¢=D (1 T oD T MaetD T T T MaatD T Ty + r(agq)) <l

> llgO)lI+(lal+lb—cTNT+5|c| T +C

Moreover, let B, = {x € Z : ||z|| < r}.

Now, we can state the next theorem whose proof is similar to that of Theorem
2 with some modifications.

Theorem 3 If the hypotheses (H1), (H4), and (H5) are satisfied, then the
fractional differential system (7) has a solution on J.

Example. Consider the following fractional differential system

Il(t)

D% gy (t) 2+0)3
pot | = | Ao | e
3(t) Sin@
where z,, € C([0, 1},]1%),1:,2(1) = a,x;(l) = b,xg(l) = ¢,2,(0) = gn(z,) =
i ckTn(tr),0 < t1 < tg < -+ < t,, < 1, and ¢;’s are positive real numbers
k=1
such that i L = %. To apply Theorem 3, we verify that the hypotheses (H1),

k=1
(H4), and (H5) are satisfied. The following constants can be easily specified as

ATL < %7’”': 17273732 = éaBl = B3 = O,Cl = 02 = 03 = %a
which implies that D < é. On the other hand, it is clear that
1 n 1 n 1 n 1 n 1 n 1
F(oq + 1) F(ag + 1) F(Ozg) F(O(g, + 1) F(Oég) F(Oég - 1)

Hence, by Theorem 3, the system has a solution on [0, 1].

<.




8 MOHAMMED M. MATAR JFCA-2012/3

REFERENCES

[1] M. Benchohra, S. Hamani, S.K. Ntouyas, “Boundary value problems for differential equations
with fractional order and nonlocal conditions” , Nonlinear Analysis, 71 (2009) 2391- 2396.

[2] K. Balachandran, J.Y. Park, “Nonlocal Cauchy problem for abstract fractional semilinear
evolution equations”, Nonlinear Analysis, 71 (2009) 4471-4475.

[3] A.A. Kilbas, H.M.Srivastava, J.J.Trujillo, “Theory and applications of fractional differential
equations”, Elsevier, Amsterdam (2006).

[4] M. Matar, “On existence and uniqueness of the mild solution for fractional semilinear integro-
differential equations”, Journal of Integral Equations and Applications, 23.(2011),457-466.

[5] M. Matar, “Existence and uniqueness of solutions to fractional semilinear mixed Volterra-
Fredholm integrodifferential equations with nonlocal conditions”, Electronic Journal of Dif-
ferential Equations, 155 (2009) 1-7.

[6] M. Matar, “Boundary value problem for fractional integro-differential equations with nonlocal
conditions”, Int. J. Open Problems Compt. Math., 3 (2010) 481-489.

[7] K.S. Miller, B. Ross, “An introduction to the fractional calculus and fractional differential
equations”, Wiley, New York, (1993).

[8] G.M. N’Guérékata, “A Cauchy problem for some fractional abstract differential equation with
nonlocal condition”, Nonlinear Analysis, 70 (2009) 1873-187.

[9] I. Podlubny, “Fractional differential equations”, Academic Press, New York, (1999).

[10] R. Agarwal, M. Benchohra, S. Hamani, Boundary value problems for fractional differential

equations, Georgian Mathematical Journal,16(3) (2009), 401-411.

MOHAMMED M. MATAR, FACULTY OF SCIENCE, AL-AZHAR UNIVERSITY-GAZA, GAZA STRIP,
PALESTINE
E-mail address: mohammed mattar@hotmail.com



