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CARATHEODORY THEOREM FOR QUADRATIC INTEGRAL
EQUATIONS OF ERDELYI-KOBER TYPE

HASHEM, H. H. G AND ZAKI, M. S.

ABSTRACT. We present the existence of maximal and minimal at least one con-
tinuous solution for a nonlinear quadratic integral equation of Erdélyi-Kober
type. Also, some special cases will considered.

1. INTRODUCTION AND PRELIMINARIES

It is well-known that a useful mathematical tool for physical investigation and
description of non-local and anomalous diffusion is Fractional Calculus, which is
that branch of mathematical analysis dealing with pseudo-differential operators in-
terpreted as integrals and derivatives of non-integer order (see [1], [24] [29] and
[30])-
the generalized grey Brownian motion is an anomalous diffusion process driven by
a fractional integral equation in the sense of Erdélyi-Kober, and for this reason it
is proposed to call such family of diffusive processes as Erdélyi- Kober fractional
diffusion [27].

An Erdélyi-Kober operator is a fractional integration operation introduced by
Arthur Erdélyi (1940) and Hermann Kober (1940).
The Erdélyi-Kober fractional integral is given by ([1] and [12]-[14])

t (tm _ Sm)afl L
IS f(t) :/0 S m s"7 f(s) ds, m > 0.
which generalizes the Riemann fractional integral (m = 1) and its generalized
fractional derivative of order a > 0, like:

D% f(t) = D, Ik 7% m >0, a € (0,1).
For the properties of Erdélyi-Kober operators see [1], [24] and [30] for example.

Quadratic integral equations are often applicable in the theory of radiative transfer,
the kinetic theory of gases, the theory of neutron transport, the queuing theory and
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the traffic theory. Many authors studied the existence of solutions for several classes
of nonlinear quadratic integral equations (see e.g. [2]-[9] and [11]-[22]. However,
in most of the above literature, the main results are realized with the help of the
technique associated with the measure of noncompactness. Instead of using the
technique of measure of noncompactness we use Tychonoff fixed point theorem.
Let R be the set of real numbers whereas I = [0,1], L; = L]0, 1] be the space
of Lebesgue integrable functions on 1.

Here, we prove the existence of at least one continuous solution for the quadratic
integral equation of fractional order
t (tm _ sm)afl
xz(t) = a(t) + g(t,z(t)) / Tm s f(s,x(s))ds, t € I, a >0, m>0
0 o
(1)

and the existence of a continuous solution of the nonlinear differential equation of
fractional-order

rDpx(t) = f(t,z(t)), t € I and z(0) = 0, a € (0,1) (2)

(where rDE, is the Erdélyi-Kober fractional order derivative) will be given as an
application. Also, the results concerning the existence of continuous solution of the
initial value problem

dzx(t

"W fra), #(0) = o )

will be given as another application.
Finally, the existence of maximal and minimal solutions of (1) will be proved.
For m =1, J. Bana$ ( see [9]) proved the existence of a nondecreasing continuous
solution of (1) by using the technique of measure of noncompactness. The existence
of continuous solutions for some quadratic integral equations was proved by using
Schauder-Tychonof fixed point theorem [31].

The existence results will be based on the following fixed-point theorems and defi-
nitions.

Theorem 1. Tychonoff fized-point Theorem [10]

Suppose B is a complete, locally conver linear space and S is a closed conver

subset of B. Let the mapping T : B — B be continuous and T(S) C S. If the
closure of T(S) is compact, then T has a fized point in S.

2. EXISTENCE OF CONTINUOUS SOLUTIONS

Now, equation (1) will be investigated under the assumptions:

(i) a: I — R is continuous and bound with k; = sup |a(t)|.
tel
(ii)) g: I x R — R is continuous and bounded with ks = sup |g(¢, z)].
(t,x)eIXR
(iii) There exist two constants [;, i = 1,2 satisfying

lg(t,2) = g(s,9)| <l [t = s| + 12 [z -yl

forall t, sel and z, y € R.
(iv) f: I x R — R satisfies Caratheodory condition (i.e. measurable in ¢
forall z: I - R and continuous in x forallt € I).
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(v) There exists a function ¢ € Ly such that |f(¢,z)| < é(t) (V (¢, z) € IXR)
and ks =supI? ¢(t) for any B < a.
tel

Theorem 2. Let the assumptions (i)-(v) be satisfied, then the quadratic functional
integral equation (1) has at least one solution in the space x € C(I).

Proof.
Let C = C(I) be the space of all continuous functions on I. It can be verified
that C(I) is a complete locally convex linear space [10].
Define a subset S of C(I) by
S={xzeC:|z@t)| <r} t el
then
(tm _ Sm)ozfl

[ z() | < la@®)] + [g(t,2(1))] /O S s f (s, 2(5))] ds

2(t)] < ki + ko ISP 15 o(1).

Also from assumption (v) we obtain

lz(t)] < ki + ko ksm /t " = Sm)aiﬁilsm*1 ds
Sh T RET T TR |
Then o 1
et)] < by + =—
S0 < b+ T
From the last estimate we deduce that r =k; + % .

It is clear that the set S is closed and convex.
Let T be an operator defined by

_ Sm)a—l

(Tx)(t) = a(t) + g(t,z(t)) /0 (th(

) m s™ b f(s,x(s)) ds, v € S

Assumptions (ii) and (iv) imply that T: S — C(I) is a continuous operator in
x. We shall prove that T'S C S.
For every x € S we have
(T) ()] <k + ko 157 10, 6(t) ds
ko ks
< _— =T
_k1+r(a_5+1) T
Then, Tx € S and hence T'S C S.
Now for t; and to € I (without loss of generality assume that t; < to ), we have
(Tz)(t2) — (Tz)(t1) = altz) — alt)
+ g(t2, x(t2)) Iy, f(t2,2(t2)) — g(t1,z(tr)) Iy, f(t1,z(t1))
+ g(ti,x(th)) Iy, f(t2,2(t2)) — gt z(th)) I, f(t2,2(t2))
< alte) — alt) + [g(t2, z(t2)) — g(t,z(t1))] I, f(t2, 2(t2))
+ g(tr,z(t1)) [ 1o, f(t2,2(t2)) — I, f(ta,x(th)) |,
but

I3 ftacalee)) = 13 fona(e) = [Tt ps,ae) as
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" —(tgl _ sm)a—l m s f(s, x(s)) ds — " —(ﬂn _ Sm)a—l ms™ L f(s, z(s)) ds
+/tl - F(s,2(5)) d / e f(s,a(s))d

ti (ym o _ gmya—1 t2 (pm gmya—l
< /0 —(tl o) ) ms™ 1 f(s,x(s)) ds +/t —(tQ Ta) ) ms™ 1 f(s,2(s)) ds
t1 (ygmo gmya—l ta (ym gmya—l
— /o (tlr(a>)msm1 f(s,z(s))ds = /t (tQF(a)) ms™ 1 f(s,z(s)) ds.
Then

12 f(ta,x(ta)) — IS ftr,z(t)] < IS, 1 f (b, 2(t2))]
< IS B(ts) = T 1D o(ts)

N et
= P Tla-8+1)"

Then we get
| (Tz)(t2) — (Tx)(t1) | < |a(tz) —alty) [ + [fta—ta| + L] (tz)) —x(t0))[] I, | f(t2, o(t2)) |
(13 = 1p)"

+ | g(ti,z(t1)) | ks m

[(Ta)(t2) = (T2)(0) | < Jalta) = alts) | + [lta—ta] + Dofa(ta)—a(t)]) I3 6(t2)
(15— t7)°~"

ko ks ——F—
A O
ks (to —t)e=%
< lalta) = aftn) | + S5 g~ 4 fe(en) — (e
ko k3 m mya—p3
F(a—ﬁ—f—l) (t2 tl) — 0 as to — t1.

This means that the functions of TS are equi-continuous on [I. Then by the
Arzela-Ascoli Theorem [10] the closure of T'S is compact .

Since all conditions of the Tychonoff Fixed-point Theorem hold, then 7T has a
fixed point in S. W

3. SPACIAL CASES
Corollary 1. Let the assumptions of Theorem 2 be satisfied (with m = 1), then

the fractional-order quadratic integral equation

t — 3 a—1
o0 = al) + glt.s)) [ {E — o)™

e et as

has at least one solution x € C.

Corollary 2. Let the assumptions of Theorem 2 be satisfied (with g(t,z) =1 ),
then the fractional-order integral equation

t — 3 a—1
z(t) = a(t) + /0 u

['(a)
has at least one solution x € C.

f(s,2(s)) ds

which is the same results obtained in [23].
Now letting «, 8 — 1, we obtain
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Corollary 3. Let the assumptions of Theorem 2 be satisfied (with g(t,x) =
1, a(t) = z¢ and letting «, 8 — 1 ), then the integral equation

z(t) = xo + /0 f(s,x(s)) ds.

has at least one solution x € C  which is equivalent to the initial value problem
(3).

which is the Carathéodory Theorem (proved in [10]).

4. FRACTIONAL ORDER FUNCTIONAL DIFFERENTIAL EQUATIONS

For the initial value problem of the nonlinear fractional-order differential equa-
tion (2) we have the following theorem.

Theorem 3. Let the assumptions of Theorem 2 be satisfied (with a(t) =0 and
g(t,z(t)) = 1), then the Cauchy type problem (2) has at least one solution x € C.

Proof. Integrating (2) we obtain the integral equation
t m m\a—1
(" —s™) -1
z(t) = / ———— m " f(s,x(s))ds, t € I (4)
0 I'(a)
which by Theorem 2 has the desired solution.
Operating with rD2% on (4) we obtain the initial value problem (2). So the

equivalence between the initial value problem(2) and the integral equation (4) is
proved and then the results follow from Theorem 2.1

5. MAXIMAL AND MINIMAL SOLUTIONS

Definition 1. ( see [25]) Let q(t) be a solution of (1) Then q(t) is said to be
a mazimal solution of (1) if every solution of (1) on I satisfies the inequality
z(t) < q(t), t eI . A minimal solution s(t) can be defined in a similar way by
reversing the above inequality i.e. z(t) > s(t), t € I.

we need the following lemma to prove the existence of maximal and minimal
solutions of (1).

Lemma 1. Let g¢g(t,z), f(t,x) satisfy the assumptions in Theorem 2 and let
x(t), y(t) be continuous functions on I satisfying

w(t) < a(t) + g(tz(t) 15, f(tx(t))
y() = at) + g(ty@) I f(ty(t))

where one of them is strict.
Suppose  f(t,x) is nondecreasing function in x. Then

z(t) < y(t). ()
proof
Let the conclusion (5) be false; then there exists ¢; such that
x(tl) = y(t1)7 t1 > 0
and
z(t) < y(t), 0 < t < t.
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From the monotonicity of the function f in z, we get

z(ty) < a(ty) + g(ti,z(t)) I, f(t1,z(t1))

tr (4m . omya — 1
altr) + gltnate) [T fsat) ds
t1 (pm o omya — 1
< alt) + ot [T e ) as
< y(t).
This contradicts the fact that x(¢1) y(t1); then
xz(t) < y(t).

Theorem 4. Let the assumptions of Theorem 2 be satisfied. Furthermore, if

f(t,x) is nondecreasing functions in x, then there exist maximal and minimal
solutions of (1).

Proof
Firstly, we shall prove the existence of maximal solution of (1). Let € > 0 be given.
Now consider the fractional-order quadratic integral equation

ze(t) = a(t) + ge(t,we(t)) Iy, fe(t, ze(t)), (6)
where

fe(tze(t)) = [t 2c(t)) + e

and
ge(t,zc(t)) = g(t,z(t)) + e
Clearly the functions f.(t,z.) and g.(t,zc) satisfy assumptions (ii), (iv) and

|g5(t,$€)| < M + € = M.
| fe(t,ze) | < o(t) + e= ¢'(t) € L.

Therefore, equation (6) has a continuous solution z.(¢) according to Theorem 2.
Let €1 and €5 be such that 0 < e < €1 < €. Then

Te,(t) = a(t) + ge (t,xe, (1) Iy, fo (t,2e, (1)),

ze,(t) = alt) + (9(t, 2, (1) + @) Iy, (f(tze (1) + ),
> at) + (9(tze, (1) + ) I, (f(L 2, (1) + €2), (7)
Te,(t) = a(t) + (9(t,2,(1)) + €) I5, (f(t26,(1) + e). ®)

Applying Lemma 1, then (7) and (8) imply
Te, (1) < xey () forte I

As shown before in the proof of Theorem 2, the family of functions x.(t) defined
by (6) is uniformly bounded and of equi-continuous functions. Hence by the Arzela-
Ascoli Theorem, there exists a decreasing sequence €, such that ¢ — 0 as n —

0o, and lim ., (¢) exists uniformly in I and we denote this limit by ¢(¢). from
n—oo

the continuity of the functions f., and g., in the second argument, we get

alt) = Tim xe,(t) = alt) + glt.a(t) I3 F(t,q(0)
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which proves that ¢(t) is a solution of (1).
Finally, we shall show that ¢(¢) is maximal solution of (1). To do this, let x(t)
be any solution of (1). Then

z(t) = a(t) + ge(t,xe(t)) 1y, fe(t,we(t))
> a(t) + g(t,ze(t)) I, [t ze(t)).
and
z(t) = a(t) + g(t,x(t)) Iy, f(t,x(t)).
Applying Lemma 1, we get

xz(t) > z(t) fort € I.

from the uniqueness of the maximal solution (see [25], [28]), it is clear that x(t) tends
to q(t) uniformly int € I ase— 0.
By a similar way we can prove that s(t) is the minimal solution of (1). B
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