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A NOTE ON SOME FRACTIONAL INTEGRAL INEQUALITIES

VIA HADAMARD INTEGRAL

VAIJANATH L. CHINCHANE AND DEEPAK B. PACHPATTE

Abstract. In this paper, we establish certain integral inequalities for the
Chebyshev functional in case of synchronous function, using the Hadamard
fractional integral.

1. Introduction

Consider the functional

T (f, g) :=
1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a

(∫ b

a

f(x)dx

)(
1

b− a

∫ b

a

g(x)dx

)
, (1.1)

where f and g are two integrable functions which are synchronous on [a, b], (i.e(f(x)−
f(y))(g(x) − g(y)) ≥ 0 for any x, y ∈ [a, b]), given in [7]. Many researchers have
studied (1.1) and number of inequalities appeared in literature see [1,3,9-12]. The
main objective of this paper is to establish some fractional inequalities for (1.1),
using Hadamard fractional integrals. Recently many authors have studied integral
inequalities on fractional calculus using Riemann-Liouville, Caputo derivative, see
[2,5,6,8]. The necessary background details are given in the book by A.A.Kilbas
[2,p.110-118], and S.G.Samko et al. [8,p.329-332].

2. Preliminaries

In this section we give some preliminaries and basic proposition used in our
subsequent discussion. Here we give some definitions of Hadamard derivative and
integral as in [4, p.159-171].

Definition 2.1. The Hadamard fractional integral of order α ∈ R+ of function
f(x), for all x > 1 is defined as

HD−α
1,xf(x) =

1

Γ(α)

∫ x

1

ln(
x

t
)α−1f(t)

dt

t
, (2.1)

where Γ(α) =
∫∞
0

e−uuα−1du.
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Definition 2.2. The Hadmard fractional derivative of order α ∈ [n−1, n), n ∈ Z+,
of function f(x) is given as follows.

HDα
1,xf(x) =

1

Γ(n− α)
(x

d

dx
)n
∫ x

1

ln(
x

t
)n−α−1f(t)

dt

t
. (2.2)

From above definitions, we see the difference between Hadamard and Riemann-
Liouville fractional derivative and integrals as kernel in the Hadamard integral
has the form of ln(xt ) instead of the form of (x − t), which is involves both in
the Riemann-Liouville and Caputo integral. The Hadamard derivative has the
operator(x d

dx )
n, whose construction is well suited to the case of the half-axis and

is invariant relation to dilation [8, p.330], while the Riemann-Liouville derivative
has the operator ( d

dx )
n. We give some image formulas under the operator (2.1) and

(2.2), which would be used in the derivation of our main result.

Proposition 2.1 (4). If 0 < α < 1, the following relation hold:

HD−α
1,x (lnx)

β−1 =
Γ(β)

Γ(β + α)
(lnx)β+α−1, (2.3)

HDα
1,x(lnx)

β−1 =
Γ(β)

Γ(β − α)
(lnx)β−α−1, (2.4)

respectively.

Next, we will introduce the weighted space Cγ,ln[a, b], C
m
δ,γ [a, b] of function f on

the finite interval [a, b], if γ ∈ (0 ≤ Re(γ) < 1), n − 1 < α ≤ n, then Cγ,ln[a, b] :=
{f(x) : ln(xa )

γf(x) ∈ C[a, b], ∥ f ∥cr=∥ ln(xa )f(x) ∥c}, C0,ln[a, b]=C[a, b] and

Cm
δ,ln[a, b] := {g(x) : (δng)(x) ∈ Cγ,ln[a, b], ∥ g ∥cr,ln=

∑n−1
k=0 ∥ (δkg) ∥c + ∥

(δng) ∥cr,ln}, δ = x d
dx .

For the convenience of establishing the result, we give the semigroup property

(HD−α
1,x )(HD−β

1,x)f(x) =H D
−(α+β)
1,x f(x). (2.5)

3. Main Result

Theorem 3.1. Let f and g be two synchronous function on [0,∞[. Then for all
t > 0, α > 0, we have

HD−α
1,t (fg)(t) ≥

Γ(α+ 1)

(ln t)α
(HD−α

1,t f(t))(HD−α
1,t g(t)). (3.1)

Proof : Since f and g are synchronous on [0,∞[ for all τ ≥ 0, ρ ≥ 0, we have

(f(τ)− f(ρ))(g(τ)− g(ρ)) ≥ 0, (3.2)

From (3.2),

f(τ)g(τ) + f(ρ)g(ρ) ≥ f(τ)g(ρ) + f(ρ)g(τ), (3.3)

Multiplying both side of (3.3) by
(ln( t

τ ))α−1

τΓ(α) , which is positive because τ ∈ (0, t),

t > 0. Then integrating the resulting identity with respect to τ over (1,t), we obtain

1

Γ(α)

∫ t

1

ln(
t

τ
)α−1f(τ)g(τ)

dτ

τ
+

1

Γ(α)

∫ t

1

ln(
t

τ
)α−1f(ρ)g(ρ)

dτ

τ

≥ 1

Γ(α)

∫ t

1

ln(
t

τ
)α−1f(τ)g(ρ)

dτ

τ
+

1

Γ(α)

∫ t

1

ln(
t

τ
)α−1f(ρ)g(τ)

dτ

τ
,

(3.4)
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consequently,

HD−α
1,t (fg)(t) + f(ρ)g(ρ)

1

Γ(α)

∫ t

1

ln(
t

τ
)α−11

dτ

τ

≥ g(ρ)

Γ(α)

∫ t

1

ln(
t

τ
)α−1f(τ)

dτ

τ
+

f(ρ)

Γ(α)

∫ t

1

ln(
t

τ
)α−1g(τ)

dτ

τ
,

(3.5)

we get

HD−α
1,t (fg)(t) + f(ρ)g(ρ)HD−α

1,t (1) ≥ g(ρ)HD−α
1,t f(t) + f(ρ)HD−α

1,t g(t). (3.6)

multiplying both side of (3.6) by
(ln( t

ρ ))
α−1

ρΓ(α) , which is positive because ρ ∈ (0, t),

t > 0. Then integrating the resulting identity with respect to ρ over (1,t), we
obtain

HD−α
1,t (fg)(t)

1

Γ(α)

∫ t

1

ln(
t

ρ
)α−11

dρ

ρ
+H D−α

1,t (1)
1

Γ(α)

∫ t

1

ln(
t

ρ
)α−1f(ρ)g(ρ)

dρ

ρ

≥H D−α
1,t f(t)

1

Γ(α)

∫ t

1

ln(
t

ρ
)α−1g(ρ)

dρ

ρ
+H D−α

1,t g(t)
1

Γ(α)

∫ t

1

ln(
t

ρ
)α−1f(ρ)

dρ

ρ
,

(3.7)

hence

HD−α
1,t (fg)(t)HD−α

1,t (1) +H D−α
1,t (1)HD−α

1,t (fg)(t) ≥H D−α
1,t f(t)HD−α

1,t g(t)

+H D−α
1,t g(t)HD−α

1,t f(t),
(3.8)

we get

HD−α
1,t (1)

[
2HD−α

1,t (fg)(t)
]
≥ 2HD−α

1,t f(t)HD−α
1,t g(t), (3.9)

This ends the proof of Theorem 3.1.

Theorem 3.2. Let f and g be two synchronous function on [0,∞[, then for all
t > 0, α > 0, β > 0 we have

(ln t)β

Γ(β + 1)H
D−α

1,t (fg)(t) +
(ln t)α

Γ(α+ 1)H
D−β

1,t (fg)(t) ≥H D−α
1,t f(t)HD−β

1,t g(t)

+H D−α
1,t g(t)HD−β

1,t f(t).

(3.10)

Proof : To prove above Theorem multiplying equation (3.6) by
(ln( t

ρ ))
β−1

ρΓ(β) , which

is positive because ρ ∈ (0, t), t > 0. Then integrating resulting identity with
respective ρ over 1 to t, we obtain

HD−α
1,t (fg)(t)

1

Γ(β)

∫ t

1

(ln(
t

ρ
))β−1 dρ

ρ
+H D−α

1,t (1)
1

Γ(β)

∫ t

1

(ln(
t

ρ
))β−1f(ρ)g(ρ)

dρ

ρ

≥H D−α
1,t f(t)

1

Γ(β)

∫ t

1

(ln(
t

ρ
))β−1g(ρ)

dρ

ρ
+H D−α

1,t g(t)
1

Γ(β)

∫ t

1

(ln(
t

ρ
))β−1f(ρ)

dρ

ρ
,

(3.11)

and this ends the proof of Theorem 3.2.

Remark 3.1. Applying Theorem 3.2 for α = β, we obtain Theorem 3.1.
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Theorem 3.3. Let (fi)i=1,2,...n be positive increasing function on [0,∞[, then for
all t > 0, α > 0, we have

HD−α
1,t

(
n∏

i=1

fi

)
(t) ≥

[
HD−α

1,t (1)
]1−n

.
n∏

i=1

HD−α
1,t fi(t). (3.12)

Proof : We prove this Theorem by induction. Clearly, for n = 1,

HD−α
1,t f1(t) ≥ HD−α

1,t f1(t), for all t > 0, α > 0.

for n = 2, applying equation (3.1), we obtain

HD−α
1,t (f1f2) ≥

[
HD−α

1,t (1)
]−1

HD−α
1,t f1(t)HD−α

1,t f2(t). (3.13)

Suppose that by induction hypothesis

HD−α
1,t (

n−1∏
i=1

fi)(t) ≥
[
HD−α

1,t (1)
]2−n

n−1∏
i=1

HD−α
1,t fi(t) for all t > 0, α > 0. (3.14)

Now, since (fi)i=1,2,...n are positive increasing function, then (
∏n−1

i=1 fi)(t) is an

increasing function, therefore we can apply Theorem 3.1 to the function
∏n−1

i=1 fi =
g, fn = f , we obtain

HD−α
1,t

n∏
i=1

(fi)(t) ≥

(
HD−α

1,t

n−1∏
i=1

fifn

)
(t) ≥H D−α

1,t (g.f)(t)

≥
[
HD−α

1,t (1)
]−1

H
D−α

1,t g(t)HD−α
1,t f(t)

≥
[
HD−α

1,t (1)
]−1

H
D−α

1,t (

n−1∏
i=1

fi)(t)HD−α
1,t fn

≥
[
HD−α

1,t (1)
]−1 [

HD−α
1,t (1)

]2−n
(

n−1∏
i=1

HD−α
1,t fi)(t)HD−α

1,t fn

≥
[
HD−α

1,t (1)
]1−n

n∏
i=1

HD−α
1,t fi(t).

(3.15)

This completes the proof of Theorem 3.3.
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