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SOLUTIONS TO FRACTIONAL SYSTEM OF HEAT-AND

WAVE-LIKE EQUATIONS WITH VARIATIONAL ITERATION

METHOD

MOSTAFA SAFAVI

Abstract. This paper applies the variational iteration method to obtain an-
alytical solutions for the system of fractional heat- and wave-like equations
with variable coefficients. Numerical result proves that the proposed method
is very effective and convenient.

1. Introduction

Several physical phenomena in engineering physics, chemistry, other sciences can
be described very successfully by the models using mathematical tools from frac-
tional calculus, i.e. the theory of derivatives and integrals of fractional non-integer
order [1, 2, 3, 4]. Fractional differential equations have gained much attention re-
cently due to exact description of nonlinear phenomena. No analytical method was
available before 1998 for such equations even for linear fractional differential equa-
tions. In 1998, the variational iteration method (VIM) was first proposed to solve
fractional differential equations with great success [15]. Following the above idea,
Draganescu [16], Momani and Odibat [17, 18, 19, 20, 21, 22, 23] applied VIM to more
complex fractional differential equations, showing the effectiveness and accuracy of
the method. In 2002 the Adomian decomposition method (ADM) was suggested
to solve fractional differential equations [5]. But many researchers found it very
difficult to calculate the Adomian polynomials, see [28, 29, 30, 31, 32]. In 2007,
Momani and Odibat [33, 34, 35] applied the homotopy perturbation method (HPM)
to fractional differential equations and showed that HPM is an alternative analytical
method for fractional differential equations. Xu and Cang [45] solved the fractional
heat- and wave-like equations with variable coefficients using homotopy analysis
method (HAM). Another powerful analytical method is called the variational itera-
tion method (VIM) first proposed by He [8], and also see [7, 9, 10, 11, 12, 13, 14, 15].
VIM has been successfully applied to many situations. For example, Soliman [24]
used VIM to find a explicit solutions of KdV-Burger’s and Lax’s seventh-order KdV
equations, Batiha et al. [25] applied VIM to solve heat- and wave-like equations
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with singular behaviors. Furthermore, Batiha et al. [26] have expanded VIM in the
form of Multistage VIM to solve a class of nonlinear system of ODEs, Wazwaz [38]
applied VIM to solve linear and nonlinear Schrodinger equations. Shou et al. [36]
solved heat-like and wave-like equations with variable coefficients by VIM, Sweilam
[27] used VIM to solve multi-order FDEs, and in general. Very recently, Yu and
Lib [39] solved the synchronization of fractional-order Rossler hyperchaotic systems
using VIM. Yulita Molliq R et. al use the VIM to solve the fractional heat- and
wave-like equations[46].
In this paper, we will consider the system of fractional heat- and wave-like equations
of the form :



∂αu1(x)
∂tα = f1(x, y, z)u1xx + g1(x, y, z)u1yy + h1(x, y, z)z1xx

∂αu2(x)
∂tα = f2(x, y, z)u2xx + g2(x, y, z)u2yy + h2(x, y, z)z2xx

...
...

...

∂αum(x)
∂tα = fm(x, y, z)umxx + g2(x, y, z)umyy + h2(x, y, z)zmxx

(1)

where 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c, 0 ≤ α ≤ 2, t > 0.
subject to the boundary conditions


u1(0, y, z, t) = f11(y, z, t), u1x(a, y, z, t) = f12(y, z, t),
u2(0, y, z, t) = f21(y, z, t), u2x(a, y, z, t) = f22(y, z, t)

...
um(0, y, z, t) = fm1(y, z, t), umx(a, y, z, t) = fm2(y, z, t)

,
u1(x, 0, z, t) = g11(x, z, t), u1y(x, b, z, t) = g12(x, z, t),
u2(x, 0, z, t) = g21(x, z, t), u2y(x, b, z, t) = g22(x, z, t)

...
um(x, 0, z, t) = gm1(x, z, t), umy(x, b, z, t) = gm2(x, z, t)

,
u1(x, y, 0, t) = h11(x, y, t), u1z(x, y, c, t) = h12(x, y, t),
u2(x, y, 0, t) = h21(x, y, t), u2z(x, y, c, t) = h22(x, y, t)

...
um(x, y, 0, t) = hm1(x, y, t), umz(x, y, c, t) = hm2(x, y, t)

and the initial conditions
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u1(x, y, z, 0) = ψ1(x, y, z), ut(x, y, z, 0) = η1(y, z, z)
u2(x, y, z, 0) = ψ2(x, y, z), ut(x, y, z, 0) = η2(y, z, z)

...
um(x, y, z, 0) = ψm(x, y, z), ut(x, y, z, 0) = ηm(y, z, z)

.

2. Fractional calculus

In this section we give some basic definitions and properties of the fractional
calculus theory, which are used further in this paper.

Definition 2.1: A real function f(x), x > 0, is said to be in space Cµ, µ ∈ R if
there exists a real number p > µ such that f(x) = xpf1(x), where f1(x) ∈ (0,∞),
and it is said to be in the space Cm

µ if and only if fm ∈ Cm,m ∈ N .

Definition 2.2: The Riemann-Liouville fractional integral operator of order α > 0
of a functional fm ∈ Cµ, µ > −1, is defined as:

Jαaf(x) =
1

Γ(α)

∫ x

a
(x− ξ)α−1f(ξ)dξ, α > 0, x > 0,

J0af(x) = f(x).

Properties of the operator Jα can be found in [3],we mention the following:
For fm ∈ Cµ, α, β > 0, µ− 1, γ > −1

(1) Jα
a f(x) exist for almost every x ∈ [a, b]

(2) Jα
a J

β
a f(x) = Jα+β

a f(x),
(3) Jα

a J
β
a f(x) = Jβ

a J
α
a f(x),

(4) Jβ
a (x− a)γ = Γ(γ+1)

Γ(α+γ+1) (x− a)α+γ ,

Definition 2.3: The fractional derivative of f(x) in Caputo sense is defined as

Dα
a f(x) = Jm−α

a Dm
a f(x) =

1

Γ(m− a)

∫ x

0

(x− ξ)m−α−1f (m)(ξ)dξ, (2)

For m− 1 < α ≤ m,m ∈ N, x > 0, f ∈ Cm
−1

Also, we need here two basic properties of the Caputos fractional derivative[3].

Lemma 2.4: if m− 1 < α ≤ m,m ∈ N, x > 0, f ∈ Cm
µ , µ > −1 then

Dα
aJ

α
a f(x) = f(x),

and
Jα
aD

α
a f(x) = f(x)−

m−1∑
k=0

f (k)(0+) (x−a)k

k! , x > 0.

The Caputo fractional derivative is considered here because it allows traditional
initial and boundary conditions to be included in the formulation of the problem.
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In this paper, we consider multi-dimensional time fractional system of heat- and
wave-like equations , where the unknown function u = u(x, t) is assumed to be a
casual function of time, i.e, vanishing for t > 0, and the fractional derivative is
taken in Caputo sense to be:

Definition 2.5: For m to be the smallest integer that exceeds α, the Caputo
fractional derivative of orderα > 0 is defined as:

Dα
au(x, t) =

{
1

Γ(m−a)

∫ t

0
(t− ξ)m−α−1 ∂m(x−ξ)

∂ξm dξ, for m− 1 < α ≤ m
∂m(x−t)

∂tm for α = m ∈ N.
(3)

For mathematical properties of fractional derivatives and integrals one can consult
the mentioned references [1, 2, 3, 4].

3. Variational iteration method

In this section, to illustrate the basic concepts of VIM, we consider the following
non-homogeneous system of differential Equations:

L1u1(x, y, z, t) +N1(x, y, z, t) = g1(x, y, z, t)
L2u2(x, y, z, t) +N2(x, y, z, t) = g2(x, y, z, t)

...

Lmum(x, y, z, t) +Nm(x, y, z, t) = gm(x, y, z, t)

(4)

In the above system of equations L1, L2, · · · , Lm are linear differential operators
with respect to t and N1, N2, · · · , Nm are nonlinear operators and g1(x, y, z, t),
g2(x, y, z, t), · · · , gm(x, y, z, t) are some given functions.
According to the variational iteration method, we can construct a correct functional
as follows :

u1n+1(x, y, z, t) = u1n(x, y, z, t)+

+
∫ t

0
λ1(ξ)

{
L1u1n(x, y, z, ξ) +N

1
(x, y, z, ξ)− g1(x, y, z, ξ)

}
dξ

u2n+1(x, y, z, t) = u2n(x, y, z, t)+

+
∫ t

0
λ2(ξ)

{
L2u2n(x, y, z, ξ) +N

2
(x, y, z, ξ)− g2(x, y, z, ξ)

}
dξ

...

umn+1(x, y, z, t) = umn(x, y, z, t)+

+
∫ t

0
λm(ξ)

{
Lmumn(x, y, z, ξ) +N

m
(x, y, z, ξ)− gm(x, y, z, ξ)

}
dξ

(5)
Where λ1(ξ), λ2(ξ), · · · , λm(ξ) are general Lagrange multipliers, which can be iden-
tified optimally via variational theory. The second terms on the right-hand side in
(5) are called the correction and the subscript n denotes the nth order approxi-
mation. Under a suitable restricted variational assumptions (i.e ũ1, ũ2, · · · , ũm, )
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then the Lagrange multipliers are identified.
The iteration formula (5) will give several approximations of u1(t), u2(t), · · · , um(t)
and the exact solutions are obtained at the limit of the resulting successive approx-
imations .i.e.

u1(t) = lim
n→∞

u1n(t)

u2(t) = lim
n→∞

u2n(t)

...
um(t) = lim

n→∞
umn(t).

(6)

4. Fractional variational iteration method

Consider the following general fractional differential equation

Dαu

Dtα
+ f = 0 (7)

In the case 0 < α < 1 , we rewrite (7) in the form

du

dt
+
Dαu

Dtα
− du

dt
+ f = 0 (8)

and the variational iteration algorithms are given as follows

un+1(t) = un(t)−
∫ t

0

(
Dαun

Dtα + fn

)
ds

un+1(t) = u0(t)−
∫ t

0

(
Dαun

Dtα − dun

dt + fn

)
ds

un+1(t) = u0(t)−
∫ t

0

{(
Dαun

Dtα − dun

dt + fn

)
−
(

Dαun−1

Dtα − dun−1

dt + fn−1

)}
ds

(9)

In the case 1 < α < 2 , the above iteration formulas are also valid.We can rewrite
(7) in the form

d2u

dt2
+
Dαu

Dtα
− d2u

dt2
+ f = 0 (10)

and the variational iteration algorithms in the case are given as follows

un+1(t) = un(t)−
∫ t

0
(s− t)

(
Dαun

Dtα + fn

)
ds

un+1(t) = u0(t)−
∫ t

0
(s− t)

(
Dαun

Dtα − d2un

dt2 + fn

)
ds

un+1(t) = u0(t)−
∫ t

0
(s− t)

{(
Dαun

Dtα − d2un

dt2 + fn

)
−
(

Dαun−1

Dtα − d2un−1

dt2 + fn−1

)}
ds

(11)
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5. Solution to system of fractional heat-like equations

In this section, we consider the following system of fractional wave-like equations
of the form:

∂αu1(x)
∂tα = f1(x, y, z)u1xx + g1(x, y, z)u1yy + h1(x, y, z)z1xx

∂αu2(x)
∂tα = f2(x, y, z)u2xx + g2(x, y, z)u2yy + h2(x, y, z)z2xx

...
...

...

∂αum(x)
∂tα = fm(x, y, z)umxx + g2(x, y, z)umyy + h2(x, y, z)zmxx

(12)

where 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c, 0 < α ≤ 1, t > 0.
The variational iteration method for the system of fractional wave-like equations
(12) can be displayed as follows:

u1n+1(x, y, z, t) = u1n(x, y, z, t) +
∫ t

0
λ1(ξ)

(
∂s

∂ξsu1n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
1
(x, y, z, ξ)− g1(x, y, z)

∂2

∂y2
1
(x, y, z, ξ)

−h1(x, y, z) ∂2

∂z2
1
(x, y, z, ξ)− q1(x, y, z, ξ)

)
u2n+1(x, y, z, t) = u2n(x, y, z, t) +

∫ t

0
λ2(ξ)

(
∂s

∂ξsu2n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
2
(x, y, z, ξ)− g2(x, y, z)

∂2

∂y2
2
(x, y, z, ξ)

−h2(x, y, z) ∂2

∂z2
2
(x, y, z, ξ)− q2(x, y, z, ξ)

)
...

umn+1(x, y, z, t) = umn(x, y, z, t) +
∫ t

0
λm(ξ)

(
∂s

∂ξsumn(x, y, z, ξ)−
−fm(x, y, z) ∂2

∂x2
m
(x, y, z, ξ)− gm(x, y, z) ∂2

∂y2
m
(x, y, z, ξ)

−hm(x, y, z) ∂2

∂z2
m
(x, y, z, ξ)− qm(x, y, z, ξ)

)

(13)

Making the above correction functional stationary, and noting that δũi = 0

δu1n+1(x, y, z, t) = δu1n(x, y, z, t) + δ
∫ t

0
λ1(ξ)

(
∂s

∂ξsu1n(x, y, z, ξ)− q1(x, y, z, ξ)
)
dξ

δu2n+1(x, y, z, t) = δu2n(x, y, z, t) + δ
∫ t

0
λ2(ξ)

(
∂s

∂ξsu2n(x, y, z, ξ)− q2(x, y, z, ξ)
)
dξ

...

δumn+1(x, y, z, t) = δumn(x, y, z, t) + δ
∫ t

0
λm(ξ)

(
∂s

∂ξsumn(x, y, z, ξ)− qm(x, y, z, ξ)
)
dξ

We follow the stationary conditions for above system for s = 1 as:{
1 + λ1(t)|ξ=t = 0
λ1(ξ) = 0

,

{
1 + λ2(t)|ξ=t = 0
λ2(ξ)| = 0

, . . . ,

{
1 + λm(t)|ξ=t = 0
λm(ξ) = 0

The general Lagrange multipliers, therefore, can be identified:

λ1(ξ) = −1, λ2(ξ) = −1, . . . , λm(ξ) = −1 (14)
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As a result, we obtain the following iteration formula:



u1n+1(x, y, z, t) = u1n(x, y, z, t)−
∫ t

0

(
∂s

∂ξsu1n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
1
(x, y, z, ξ)− g1(x, y, z)

∂2

∂y2
1
(x, y, z, ξ)

−h1(x, y, z) ∂2

∂z2
1
(x, y, z, ξ)− q1(x, y, z, ξ)

)
u2n+1(x, y, z, t) = u2n(x, y, z, t)−

∫ t

0

(
∂s

∂ξsu2n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
2
(x, y, z, ξ)− g2(x, y, z)

∂2

∂y2
2
(x, y, z, ξ)

−h2(x, y, z) ∂2

∂z2
2
(x, y, z, ξ)− q2(x, y, z, ξ)

)
...

umn+1(x, y, z, t) = umn(x, y, z, t)−
∫ t

0

(
∂s

∂ξsumn(x, y, z, ξ)−
−fm(x, y, z) ∂2

∂x2
m
(x, y, z, ξ)− gm(x, y, z) ∂2

∂y2
m
(x, y, z, ξ)

−hm(x, y, z) ∂2

∂z2
m
(x, y, z, ξ)− qm(x, y, z, ξ)

)
.

(15)

6. Solution to system of fractional wave-like equations

In this section, we consider the following system of fractional wave-like equations
of the form:



∂αu1(x)
∂tα = f1(x, y, z)u1xx + g1(x, y, z)u1yy + h1(x, y, z)z1xx

∂αu2(x)
∂tα = f2(x, y, z)u2xx + g2(x, y, z)u2yy + h2(x, y, z)z2xx

...
...

...

∂αum(x)
∂tα = fm(x, y, z)umxx + g2(x, y, z)umyy + h2(x, y, z)zmxx

(16)

where 0 ≤ x ≤ a, 0 ≤ y ≤ b, 0 ≤ z ≤ c, 1 < α ≤ 2, t > 0.
The variational iteration method for the system of fractional wave-like equations
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(16) can be displayed as follows:



u1n+1(x, y, z, t) = u1n(x, y, z, t) +
∫ t

0
λ1(ξ)

(
∂s

∂ξsu1n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
1
(x, y, z, ξ)− g1(x, y, z)

∂2

∂y2
1
(x, y, z, ξ)

−h1(x, y, z) ∂2

∂z2
1
(x, y, z, ξ)− q1(x, y, z, ξ)

)
u2n+1(x, y, z, t) = u2n(x, y, z, t) +

∫ t

0
λ2(ξ)

(
∂s

∂ξsu2n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
2
(x, y, z, ξ)− g2(x, y, z)

∂2

∂y2
2
(x, y, z, ξ)

−h2(x, y, z) ∂2

∂z2
2
(x, y, z, ξ)− q2(x, y, z, ξ)

)

...

umn+1(x, y, z, t) = umn(x, y, z, t) +
∫ t

0
λm(ξ)

(
∂s

∂ξsumn(x, y, z, ξ)−
−fm(x, y, z) ∂2

∂x2
m
(x, y, z, ξ)− gm(x, y, z) ∂2

∂y2
m
(x, y, z, ξ)

−hm(x, y, z) ∂2

∂z2
m
(x, y, z, ξ)− qm(x, y, z, ξ)

)

(17)

Making the above correction functional stationary, and noting that δũi = 0

δu1n+1(x, y, z, t) = δu1n(x, y, z, t) + δ
∫ t

0
λ1(ξ)

(
∂s

∂ξsu1n(x, y, z, ξ)− q1(x, y, z, ξ)
)
dξ

δu2n+1(x, y, z, t) = δu2n(x, y, z, t) + δ
∫ t

0
λ2(ξ)

(
∂s

∂ξsu2n(x, y, z, ξ)− q2(x, y, z, ξ)
)
dξ

...

δumn+1(x, y, z, t) = δumn(x, y, z, t) + δ
∫ t

0
λm(ξ)

(
∂s

∂ξsumn(x, y, z, ξ)− qm(x, y, z, ξ)
)
dξ

We follow the stationary conditions for above system for s = 1 as:

 1 + λ′1(t)|ξ=t = 0
λ1(ξ)|ξ=t = 0
λ′′1(ξ) = 0

,

 1 + λ′2(t)|ξ=t = 0
λ2(ξ)|ξ=t = 0
λ′′2(ξ) = 0

, . . . ,

 1 + λ′m(t)|ξ=t = 0
λm(ξ)|ξ=t = 0
λ′′m(ξ) = 0

The general Lagrange multipliers, therefore, can be identified:

λ1(ξ) = ξ − t, λ2(ξ) = ξ − t, . . . , λm(ξ) = ξ − t
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As a result, we obtain the following iteration formula:

u1n+1(x, y, z, t) = u1n(x, y, z, t) +
∫ t

0
ξ − t

(
∂s

∂ξsu1n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
1
(x, y, z, ξ)− g1(x, y, z)

∂2

∂y2
1
(x, y, z, ξ)

−h1(x, y, z) ∂2

∂z2
1
(x, y, z, ξ)− q1(x, y, z, ξ)

)
dξ

u2n+1(x, y, z, t) = u2n(x, y, z, t) +
∫ t

0
ξ − t

(
∂s

∂ξsu2n(x, y, z, ξ)−
−f2(x, y, z) ∂2

∂x2
2
(x, y, z, ξ)− g2(x, y, z)

∂2

∂y2
2
(x, y, z, ξ)

−h2(x, y, z) ∂2

∂z2
2
(x, y, z, ξ)− q2(x, y, z, ξ)

)
dξ

...

umn+1
(x, y, z, t) = umn

(x, y, z, t) +
∫ t

0
ξ − t

(
∂s

∂ξsumn
(x, y, z, ξ)−

−fm(x, y, z) ∂2

∂x2
m
(x, y, z, ξ)− gm(x, y, z) ∂2

∂y2
m
(x, y, z, ξ)

−hm(x, y, z) ∂2

∂z2
m
(x, y, z, ξ)− qm(x, y, z, ξ)

)
dξ.

(18)

7. Numerical Examples

In this section we illustrate the variational iteration method (VIM) to system of
fractional heat-and wave-like equations.

Example 7.1: We consider the system of fractional heat-like equation:{
D

α

t u1 = u1xx + u
1yy

D
α

t u2 = x4y4z4 + 1
36

[
x2u2xx + y2u2yy + z2z2xx

]
,

x, y > 0, z < 1, t > 0, 0 < α ≤ 1,

(19)

subject to the boundary conditions u1(0, y, t) = 0, u1(2π, y, t) = 0

u2(0, y, z, t) = 0, u2(1, y, z, t) = y4z4(et − 1), u1(x, 0, t) = 0, u1(x, 2π, t) = 0

u2(x, 0, z, t) = 0, u2(x, 1, z, t) = x4z4(et − 1),{
u2(x, y, 0, t) = 0, u2(x, y, 1, t) = x4y4(et − 1),

and the initial condition  u1(x, y, 0) = sinx sin y

u2(x, y, z, 0) = 0,

The exact solution, (α = 1) was found to be [6],
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 u1(x, t) = e−2t sinx cos y

u2(x, y, z, t) = x4y4z4(et − 1),

To solve system (19) by means of VIM, we use the formula of iteration (15) to find
the iteration for the system (19) given by

u1n+1(x, t) = u1n(x, t)−
∫ t

0

(
∂α

∂t u1n(x, y, ξ)−
−1

2

[
y2

∂2u1n (x,y,ξ)
∂x2 + x2

∂2u1n (x,y,ξ)
∂y2

])
dξ

u2n+1(x, y, t) = u2n(x, y, t)−
∫ t

0

(
∂α

∂t u2n(x, y, ξ)− x4y4z4 − 1
36

[
x2

∂2u1n (x,y,ξ)
∂x2 + y2

∂2u1n (x,y,ξ)
∂y2 + z2

∂2u1n (x,y,ξ)
∂z2

])
,

(20)

To get the iteration, we start with an initial approximation
u10(x, y, t) = u1(x, y, t) = sinx cos y

u20(x, y, t) = x4y4z4 Γ(1)
Γ(α+1) t

α ,

we obtain the following successive approximations as follows:
u1,0(x, y, t) = sinx cos y

u2,0(x, y, z, t) = x4y4z4 Γ(1)
Γ(α+1) t

α ,
u1,1(x, y, t) = (1− 2t) sinx cos y

u2,1(x, y, z, t) = u2,0(x, y, z, t) +
x4y4z4tα+1

Γ(α+2) ,
u1,2(x, y, t) =

(
1− 4t+ 2t2 +

2t(α−2)

Γ(3− α)

)
sinx cos y

u2,2(x, y, z, t) = u2,1(x, y, z, t) + x4y4z4t ,

u1,3(x, y, t) =
(
1− 6t+ 6t2 + 1

Γ(4−α) [6αt
(4−α) − 8t(3−α) + 18t(2−α)]

2t(3−5α)

Γ(4−2α)

)
sinx cos y

u2,3(x, y, z, t) = u2,2(x, y, z, t) +
1
2x

4y4z4t
[

10x4y4z4tα2

(α2−1)(α2−4)

− 2x4y4z4tα4

(α2−1)(α2−4) −
2 sin(π(α+2))t(2−α)x4y4z4

Γ(α+3)πα(α2−1)(α2−4)

− 8x4y4z4t
(α2−1)(α2−4) +

5x4y4z4t2α2

(α2−1)(α2−4) −
4x4y4z4t2

(α2−1)(α2−4)

− 10t(α+2)α2

Γ(α+3)(α2−1)(α2−4) +
x4y4z4s2α4Γ(α+3)

Γ(α+3)(α2−1)(α2−4)

− 20t(α+1)α2

Γ(α+3)(α2−1)(α2−4) +
2α5t(α+1)

Γ(α+3)(α2−1)(α2−4)

+ 4t(α+1)α4

πΓ(α+3)(α2−1)(α2−4) +
8t(α+1)α

Γ(α+3)(α2−1)(α2−4)

− 10α2t(α+2)

Γ(α+3)(α2−1)(α2−4) +
8t(α+2)

Γ(α+3)(α2−1)(α2−4)

+ 2α4t(α+2)

Γ(α+3)(α2−1)(α2−4) +
16t(α+1)

αΓ(α+3)(α2−1)(α2−4)

]
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...

Example 7.2 We consider the system of fractional wave-like equation:

 D
α

ttu1 = 1
12 (x

2u1xx + y2u1yy)

D
α

ttu2 = x2y2z2 + 1
2

[
x2u2xx + y2u2yy + z2z2xx

]
,

x, y > 0, z < 1, t > 0, 1 < α ≤ 2,

(21)

subject to the boundary conditions

 u1(0, y, t) = 0, u1(1, y, t) = 4 cosh t

u2(0, y, z, t) = y2(et − 1) + z2(e−t − 1), u2(1, y, z, t) = (1 + y2)(et − 1) + z2(e−t − 1) u1(x, 0, t) = 0, u1(x, 1, t) = 4 sinh t

u2(x, 0, z, t) = x2(et − 1) + z2(e−t − 1), u2(x, 1, z, t) = (1 + x2)(et − 1) + z2(e−t − 1){
u2(x, y, 0, t) = x2(et − 1) + y2(e−t − 1), u2(x, y, 1, t) = (1 + x2)(et − 1) + y2(e−t − 1)

and the initial condition

 u1(x, y, 0) = x4 , u1t(x, y, 0) = y4

u2(x, y, z, 0) = 0, u2t(x, y, z, 0) = x2 + y2 + z2

The exact solution system (21) for (α = 2) is

 u1(x, y, t) = x4 cosh ty4 sinh t

u2(x, y, z, t) = −(x2 + y2 + z2) + (x2 + y2)e−t + z2e−t,
(22)

To solve system (21) by means of VIM, we use the formula of iteration (18) to find
the iteration for the system (21) given by



u1n+1(x, y, t) = u1n(x, y, t) +
∫ t

0
(ξ − t)

(
∂α

∂ξαu1n(x, y, ξ)−

− 1
12

[
y2

∂2u1n (x,y,ξ)
∂x2 + x2

∂2u1n (x,y,ξ)
∂y2

])
dξ

u2n+1(x, y, z, t) = u2n(x, y, z, t) +
∫ t

0
(ξ − t)

(
∂α

∂t u2n(x, y, z, ξ)− x2 − y2 − z2

−1
2

[
x2

∂2u1n (x,y,z,ξ)
∂x2 + y2

∂2u1n (x,y,z,ξ)
∂y2 + z2

∂2u1n (x,y,z,ξ)
∂z2

])
(23)

To get the iteration, we start with an initial approximation
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u1,0(x, y, t) = x4 + y4t

u2,0(x, y, t) = (x2 + y2)
(
t+ tα

Γ(α+1)

)
+ z2

(
−t+ tα

Γ(α+1)

)
,

we obtain the following successive approximations as follows

 u1,1(x, y, t) = u10(x, y, t) +
1
6y

4t3 + 1
2x

4t2

u2,1(x, y, z, t) = u20(x, y, z, t) + (x2 + y2 − z2) t
3

6 + (x2 + y2 + z2) t(2+α)

Γ(3+α) ,



u1,2(x, y, t) = x4 + y4t+ 1
3y

4t3 + 1
2x

4t2 + t4y4

24 + t5y4

120 + x4t(5−α)

Γ(3−α)(4−α)

+ y4t(5−α)

Γ(5−α)(5−α) −
x4t(4−α)

Γ(3−α)(4−α) −
y4t(5−α)

Γ(4−α)(4−α)

u2,2(x, y, z, t) = . . .

8. Conclusions

In this paper, the variation iteration method (VIM) has been successfully em-
ployed to obtain the approximate analytical solutions of fractional system of heat-
and wave-like Equations. The results show that He’s variational iteration method
is very effective and convenient for fractional problem.

References

[1] F. Mainardi, Fractional calculus: Some basic problems in continuum and statistical mechan-
ics, in: A. Carpinteri, F. Mainardi (Eds.), Fractal and Fractional Calculus in Continuum

Mechanics, Springer-Verlag, New York, 1997, pp. 291-348
[2] I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.
[3] R. Gorenflo, F. Mainardi, Fractional calculus: Int and differential equations of fractional

order, in: A. Carpinteri, F. Mainardi (Eds.), Fractals and Fractional Calculus, New York,

1997.
[4] A.Y. Luchko, R. Groreflo, The initial value problem for some fractional differential equations

with the Caputo derivative, Preprint series A0898, fachbreich mathematik und informatik,
Freic Universitat Berlin, 1998.

[5] N.T. Shawagfeh, Analytical approximate solutions for linear differential equations, Appl.
Math. Comput. 131 (23) (2002) 517-529.

[6] S. Momani, Analytic approximate solution for fractional heat-like and wave-like equations
with variable coefficients using the decomposition method, Appl. Math. Comput. 165 (2005)

459-472.
[7] J.H. He, A new approach to linear partial differential equations, Commun. Nonlinear Sci.

Numer. Simul. 2 (4) (1997) 230-235.
[8] J.H. He, Some applications of nonlinear fractional differential equations and their approxi-

mations, Bull. Sci. Technol. 15 (12) (1999) 86-90.
[9] J.H. He, Approximate solution of non linear differential equation with convolution product

nonlinearities, Comput. Methods Appl. Mech. Engrg. 167 (1998) 69-73.

[10] J.H. He, Variational iteration method -a kind of non-linear analytic technique: Some exam-
ples, Int. J. Nonlinear Mech. 34 (1999) 699-708.



232 MOSTAFA. SAFAVI JFCA-2013/4(2)

[11] J.H. He, Variational iteration method for autonomous ordinary differential systems, Appl.

Mech. Comput. 114 (2000) 115-123.
[12] J.H. He, Ye.Q.Wan, Q. Guo, An iteration formulation for normalized diode characteristics,

Int. J. Circuit Theor. Appl. 32 (6) (2000) 629-632.
[13] J.H. He, Variational iteration method for autonomous ordinary differential systems, Appl.

Math. Comput. 114 (2000) 115-123.
[14] J.H. He, Variational iteration method for delay differential equations, Commun. Nonlinear

Sci. Numer. Simul. 2 (4) (1997) 235-236.
[15] J.H. He, Approximate analytical solution for seepage flow with fractional derivatives in porous

media, Comput. Methods Appl. Mech. Eng. 167 (1998) 57-68.
[16] G.E. Draganescu, Application of a variational iteration method to linear and non-

linear viscoelastic models with fractional derivatives, J. Math. Phys. 47 (8) (2006),
doi:10.1063/1.2234273/082902.

[17] Z. Odibat, S. Momani, Application of variational iteration method to nonlinear differential
equations of fractional order, Int. J. Nonlinear Sci. Numer. Simul. 1 (7) (2006) 15-27.

[18] S. Momani, Z. Odibat, Analytic approach to linear fractional partial differential equations
arising in fluid mechanics, Phys. Lett. A 355 (2006) 271-279 .

[19] S. Momani, S. Abuasad, Application of hes variational iteration meathod to helmhotz equa-
tion, Chaos Solitons Fractals 27 (5) (2006) 1119-1123.

[20] S. Momani, Z. Odibat, Numerical comparison of methods for solving linear differential equa-

tions of fractional order, Chaos Solitons Fractals 31 (5) (2007) 1248-1255.
[21] S. Momani, Z. Odibat, Numerical approach to differential equations of fractional order, J.

Comput. Appl. Math. 207 (2007) 96-110.
[22] Z. Odibat, S. Momani, Numerical solution of FokkerPlanck equation with space- and time-

fractional derivatives, Phys. Lett. A, doi:10.1016/j.physleta.2007.05.002.
[23] S. Momani, Z. Odibat, A. Alawneh, Variational iteration method for solving the space-and

time-fractional KdV equation, Numer. Math. Partial Diff. Eqn., doi:10.1002/num.20247.
[24] A.A. Soliman, A numeric simulation an explicit solutions of KdV-Burgers and Laxs seveth-

order KdV equations, Chaos Solitons Fractals 29 (2) (2006) 294-302.
[25] B. Batiha, M.S.M. Noorani, I. Hashim, Application of variational iteration method to heat

and wave-like equations. Phys. Lett. A, doi:10.1016/j.physleta.2007.04.069.
[26] B. Batiha, M.S.M. Noorani, I. Hashim, E.S. Ismail, The multistage variational iteration

method for class of nonlinear system of ODEs, Phys. Scr. 76 (2007) 388-392.
[27] N.H. Sweilam, et al. Numerical studies for a multi-order fractional differential equation, Phys.

Lett. A., doi:10.1016/j.physleta.2007.06.016.
[28] J. Bildik, H. Ghazvini, The use of variational iteration method, differential transform method

and adomian decomposition method for solving different types of nonlinearpartial differential
equations, Int. J. Nonlinear Sci. Numer. Simul. 7 (1) (2006) 65-70.

[29] N. Biazar, A. Konuralp, Hes variational iteration method fot solving hyperbolic differential

equations, Int. J. Nonlinear Sci. Numer. Simul. 8 (3) (2007) 311314.
[30] A. Sadighi, D.D. Ganji, Solution of the generalized nonlinear Boussinesqequation using ho-

motopy perturbation and variational iteration methods, Int. J. Nonlinear Sci. Numer. Simul.
8 (3) (2007) 435-443.

[31] E. Yusufoglu, Variational iteration method for construction of some compact and noncompact
structuresof klien-gordon equations, Int. J. Nonlinear Sci. Numer. Simul. 8 (2) (2007) 153-158.

[32] A. Ghorbani, J. SaberuNadjafi, Hes homotopy perturbation method for calculating adomian
polynomials, Int. J. Nonlinear Sci. Numer. Simul. 8 (2) (2007) 229-232.

[33] S. Momani, Z. Odibat, Homotopy perturbation method for nonlinear pertial differential equa-
tions of fractional order, Phys. Lett. A 365 (56) (2007) 345-350.

[34] S. Momani, Z. Odibat, Comparison between the homotopy perturbation method and the
variational iteration method for linear fractional partial differential equations, Comput. Math.

Appl. 54 (78) (2007) 910-918.
[35] Z. Odibat, S. Momani, Modified homotopy perturbation method application to quadratic

riccati differential equation of fractional order, Chaos, Solitons Fractals 36 (1) (2008) 167-

174.
[36] D.H. Shou, J.H. He, Beyond Adomian methods: The variational iteration method for solving

heat-like and wave-like equations with variable coefficients, Phys. Lett. A 73 (1) (2007) 1-5.



JFCA-2013/4(2) FRACTIONAL SYSTEM OF HEAT-AND WAVE-LIKE EQUATIONS 233

[37] M. Inokuti, H. Sekine, T. Mura, General use of the Lagrange multiplier in nonlinear math-

ematical physics, in: S. Nemat-Nasser (Ed.), Variational Method in Mechanics of Solids,
Pergamon Press, Oxford, 1978, pp. 156-162 .

[38] A.M. Wazwaz, A study on linear and nonlinear Schrodinger equations by the variational
iteration method, Chaos, Solitons and Fractals doi:10.1016/j.chaos.2006.10.009.

[39] Y. Yu, H.X. Lib, The synchronization of fractional-order Rossler hyperchaotic systems, Phys-
ica A (2007), doi:10.1016/j.physa.2007.10.052.

[40] O.P. Agrawal, Solution for a fractional diffusion-wave equation defined in a bounded domain,
Nonlinear Dynam. 29 (2002) 145-155.

[41] H. Andrezei, Multi-dimensional solutions of space-time-fractional diffusion equations, Proc.
R. Soc. Lond., Ser. A, Math. Phys. Eng. Sci. 458 (2018) (2002) 429-450.

[42] J. Klafter, A. Blumen, M.F. Shlesinger, Fractal behavior in trapping and reaction: A random
walk study, J. Stat. Phys. 36 (1984) 561-578.

[43] R. Metzler, J. Klafter, Boundary value problems fractional diffusion equations, Physica A
278 (2000) 107-125.

[44] L. Debnath, D. Bhatta, Solution to few linear inhomogenous partial differential equation in
fluid mechanics, Fract. Calc. Appl. Anal. 7 (1) (2004) 21-36.

[45] H. Xu, J. Cang, Analysis of a time fractional wave-like equation with the homotopy analysis
method, Phys. Lett. A, doi:10.1016/j.physleta.2007.09.039.

[46] Yulita Molliq R, M.S.M. Noorani, I. Hashim, Variational iteration method for fractional heat-

and wave-like equations, Nonlinear Analysis: Real World Applications 10 (2009) 1854-1869.

Mostafa. Safavi
Department of Mathematics, payame Noor University, I.R. of IRAN

E-mail address: Mostafa.safavi@gmail.com


