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INTEGRALS INVOLVING GENERALIZED MITTAG -LEFFLER
FUNCTION

DHARMENDRA KUMAR SINGH AND RAHUL RAWAT

ABSTRACT. Integrals of Mittag-Lefler function due to Shukla and Prajapati
[1] multiplied with Jacobi polynomials, Legendre polynomials, Hermite polyno-
mials, Legendre functions, Bessel Maitland function, hypergeometric function
and generalized hypergeometric function are given here.

1. INTRODUCTION

The special function

oo k
z
E = _ 1
n(2) ];F(an),nea%(nbo,zec (1)
and its general form
o k
z
Enu(z) = E Tt k)" € C,R(n) > 0,R(p) >0,2€ C (2)
k=0

with C being the set of complex numbers are called Mittag-Leffler functions ([10],
section 18.1). The former was introduced by Mittag-Leffler [6] in connection with
his method of summation of some divergent series. Investigated certain properties
of this function. Function defined by (2) first appeared in the work of Wiman [2].
In particular, functions (1) and (2) are entire functions of order p = L and type
o = 1; see for example ([11], page 118). By means of the series representations a
generalization of (1) and (2) is introduced by Prabhakar [7] as

—  (V)n 2"
Y — N =
By (2) Eﬂrm+nmnpmmwecﬁWﬂ>Q%W)>Q (3)

where
L(y+n) (4)

=70y +1Dc(y+n—1)= ™)
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whenever I'(y) is defined, (y)o = 1, v # 0. It is an entire function of order p =
[R(n)]~! and type p = (%) [{R(n) ] ~”. For various properties of this function

with applications, see Prabhakar [7]. Further generalization of the Mittag-Leffler
function £}  (z) of (3) was considered earlier by Shukla and Prajapati [1] which is
defined in the following way

k
z
Z I nk . L (2o € CRG) > max{0,R(g) — 1}:R(g) > 0).

(5)

which is the special case when
g € (0,1) U Nand min{R(u), R(v)} > 0. (6)
2. INTEGRALS WITH JACOBI POLYNOMIALS

The Jacobi polynomials pLP (x) ([3], p- 254) may be defined by

(1+a), —n,l+a+f+n 1-=
a2 1+ o 2 (™)

When a = g = 0, the polynomial in (7) becomes the Legendre polynomial ([3], p.

(aﬁ)( ) =

)
157). From (7) it follows that plep) (z) is a polynomial of degree precisely n and
that a )
+a),
In dealing with the Jacobi polynomials, it is natural to make much use of our
knowledge of the o Fy function ([3], p. 45)

P (1) =

—+1
n= [P P )

—1

+1 0o Bk
= M1 — ) 2)8 PlasB) (4 Z(142)"" (V)kq .
L (1—2)*(1 + z)° PP )kz:% e # d

Interchanging the order of integration and summation which is permissible under
the condition, then the above expression becomes

+1
. )\ - a 6+hk p(a,B)
Z F nk + L / (1 —2)%(1 + )"+ pleh) () d. (9)
But we have the formula (8], p- 52)
+1
/ (1 —2)*(1 + )’ PP (z)dx
-1
(=)0 IS+ DI (n+a+ DI04+ B+ 1)
0+ B+n+ 10+ a+n+2)
. NG+ BHLEHL
2 5+ B+n+1,0+a+n+2
Provided a > —1 and 8 > —1.
Now using (9) and (10), we get
(=120t (o + 1) i (6 +hk 4+ 1)T(5 + hk + 3+ 1)
B I(6+hk+B+n+ 1)+ hk+a+n+2)

n!
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N0+ hk+B+1,0+hk+1

v,4 (9h ’ ) .

X B2 Z)BFQ[6+hk+ﬁ+n+1,6+hk+a+n+2’1 : (11)
Provided

(1) R(n) >0,R(p) > 0,R(y) >0and g€ (0,1)UN

(ii) R(A) > —1,a > —1 and § > —1.

+1
I = / (1—2)°(1+2)? PP (2) i) () B} [2(1 — z)"]dx
-1

(oS +1
L \S+hk B p(a.,B) (p:o)
ZO F nk + sl / (1 — 2)° R (1 4 )P PR (1) PP () d. (12)
Now using (7) in the above expression we get,
i 1+pmz K(l+p+o+m)y 1
OF nkz—l—u k:' m! (14 p)k 2k
+1
X / (1 — )0 HhrtR(1 4 2)8 PlB) (2)da. (13)
-1

Again using (7) in (13) we obtain

_ i (kg 2T +p+m)I(1+a+n)
N P C(nk + p) k! m!n!T(1 + «)

y i (=m)i(=n)e(l+ pt+ o +m)s(L+a+B+n)
2EENT(1+p+ k) T(14+a+k)

+1
X / (1 — ) Thk+2k(1 4 2)Pdz. (14)
-1

But by the formula ([3], p. 261)
+1
/ (1 — )"t + 2)"Pde = 22" PHIB(1 + a4+ n, 1+ +n). (15)
—1
Hence (14) becomes,

28I+ p+ m)I(1+ o+ )
N mln!

xi Je(l4+p+o+m)(l+a+B+n)

rar D201+ p+ k(1 +a+k)

X Eg;g(th) (1+0+hk+2k,1+B). (16)
Provided
(i) R(n) > 0,R(p) > 0,R(y) >0 and ¢ € (0,1) UN
(ii) R(B) > —1, h and ¢ are positive numbers.

I = /:1(1 —2)P(L+2)7 P\ (2)E)z(1 — 2)"(1 + 2)")d

-3 e kg
= Tk +p)
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_ i F(('Y)kq 2 (1+a)n i (—n)e(1+ o+ B+ n)

| | k!
pors nk—+p) k! nl prs 2REN 1+ o)

Using (15) in (18), we get

_ gp+o+ 1+ani K1+ a+8+n)
poars k'1+a)

x EP4(2" ) B(14 p+ hk + k, 1+ o + tk).
Provided
(1) R(n) > 0,R(u) > 0,R(y) >0and g€ (0,1)UN
(ii) R(a) > —1 and R(B) > —1.

+1
145/ (1 —2)(1 +2)7 PL* (2) E}4[2(1 + 2)"]dx

-1

oo

z i
2 r(fjk)imm / (1= 2)°(1 + )7 " PP (2)da.
(Vkq

=0
Now using (7) in (20) we get,

oo

Z 1+anz r(l+a+8+n)
OF(nk—i—u = 2’%' (1+a)k

+1
~ / (1 _ x)n+p+k—n(1 + x)n+a—hk—ndx.

-1
By using (15) in (21), we get

Cotort (T Q) = (1) (T + o+ B+ 1)y,
— 2P+ + ' kZ:O k!(1+a)k

x E;427"2)B(1+ p+k,1+ 0 — hk).
Provided

(i) R(n) > 0,R(u) > 0,R(y) >0 and ¢ € (0,1)UN
(ii) R(a) > —1 and R(B) > —1.

o /:1(1 e x)aPr(za’B) (x)E;;ﬁ[Z(l — x)h(l + x)—t]dx

Sk

+1
- Z I( 77k' _|_ 1) Kl / (1= @) (1 + )7~ * P (2)dx
using (7) in (23) we have
Z 1+ani r(14+a+B+n)
1 nk: + )

P 2’C 1+ a)kk!

+1
% / (1 _ x)n+p+hk+k7n(1 + x)aftkfnJrndx.
1
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(20)

(23)

(24)
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Finally using (15) in (24), we get

oo

2/)+U+11+04nZ r(l+a+8+n)
EN 1+ a)g

k=0

X Epd(2" ' 2)B(1+ p + hk + k, 1 + 0 — tk).

Provided
(i) R(n) > 0,R(p) > 0,R(y) >0 and g € (0, 1) UN
(i) ®(a) > =1 and R(B) > —1.

3. SPECIAL CASES

(i) If we replace d by A — 1 and put « = 8 = p = 0 = 0 then the
integral I transforms into the following integral involving Legendre
polynomials [3]

+1
Ig = /71 (1-— :v)’\*an(x)Eg,’g[z(l — z)"dx

i? m+1) (=n)k(n + 1)k

k=0

x E4(2"2)B(A + hk + 2k, 1).

(ii) f « = B =0, pis replaced by p — 1 and o by o — 1, then I3
transforms into the following integral involving Legendre polyno-
mials [3]

+1
I; = ‘/_1 (1- x)/’—l(l + x)"_an(x)E;;g[z(l . l‘)h(l n l‘)t]dm

> 20t =L(—n)p(n+1)
- Z (k')]; :

x EP4(2"2)B(p + hk + k, o + tk).

(iii) Replacing p by p — 1 and o by ¢ — 1 and putting o = 8 = 0,
the integral I5 takes the form of the following integral involving
Legendre polynomials [3]

+1
Iy = / (1—2)P (14 2) ' Po(x)EYilz(1 — 2)" (1 + z) " "]dw

—1

297 (—n)p(n + 1)y
2

X E;’,’g(Qh*tz)B(p + hk + k,o — tk).

(25)

(26)

(27)
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4. INTEGRAL WITH BESSEL MAITLAND FUNCTION

The special case of the Wright function ([11], vol. 3, section 18.1) and ([4], [5])
in the form

d(B,b;z) =0y [ (b, B) | 2}
0 ok
N Z Bk +0) k! (29)
with complex z,b € C and real B € R. When B =46, b =v + 1 and z is replaced
by —z, the function ¢(8, v + 1;—z) is defined by J3(2):
S 1 (=2)*

JS(z)Eqﬁ(é,u—l—l;—z):kzzor(ékJrVJrl) ¥ (30)

and such a function is known as the Bessel Maitland function, or the Wright gen-
eralized Bessel function, see ([9], p. 352).

Igz/ 2P I (x)EY 1 (zx)dx
0

4
Sk oo .
— +ak g7
E Uk‘FN TH / xPTRJT () dx. (31)
Now we know that the formula (8], p- 55)
> I(p+1)
Il (z)de = 32
| e r @i = g (32)

provided R(p) > -1,0 <7 < 1.
Now using (32) in (31), we get

-

k=0

i I'(p+ak+1)
Fnk—i—u YR T +v—7—71(p+ ak))

- C(p+ak+1)

Ei(z).
E:: 1+v—7—7(p+ak)) u(2) (33)

Provided

(1) R(n) > 0,R(p) > 0,R(y) >0and g€ (0,1)UN

(ii) a — T > —1, and a > 0

(iii) 0 <7< 1and R(p+1) > 0.

5. INTEGRALS WITH LEGENDRE FUNCTIONS

The Legendre functions are solution of Legendre’s differential equation ([10], sec
3.1, vol. 1)

d*w dw
1-— —2z—
== dz? "z

where z, v, i unrestricted.

Under the substitution w = (22 — 1)2#v, (34) becomes

d?v dv
(1722)@72(,u+1)z$Jr(l/fu)(ququl)I/:O (35)

+ v +1) - p?(1—2*) " Hw =0, (34)
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and, with £ = %— %z as the independent variable, this differential equation becomes

d2
5(1*£)dfg+(u+1)(1*25)?+(V*u)(l/+u+1)v:0- (36)
This is the Gauss hypergeometric type equation witha = p—v, b=v+pu+1 and
c=pu+1.
Hence it follows that the function
1 24 1) 11
=PV B E— F| - Ll—p = —= 1-— 2
w (2) = T = )(zl) [ v,v+1; 5 3 22,\ z|<
(37)

is a solution of (34).
The function P} (z) is know as the Legendre function of first kind ([10], vol. 1). It
is one valued and regular in z-plane supposed cut along the real axis form 1 to —oco.

1 \
I = / e - mQ)%Pf(ac)Eg”Z(zxa)dx
0

1
oc—1+a g
ZF 77]f+M k'/ o7k — 2?2 P (x)d. (38)

Now integral in (38) can be solved by using the formula ([10], vol. 1, section 3.12)
1
/ 71— xQ)ng(x)dx
0

B (=1)%71/22=7=9D(0)T (1 +0+v) (39)
F(3+5+5-5T(1+5+5+5T(1-6+v)
Provided, R(c) > 0,6 =1,2,3, ... .
Now (38) becomes,

B Z 2F (—1)071/22=0=ak=0D (g 4+ ak)T(1 + 6 + v)
I( nk+u RIT (L4 otek 4 0 )T (1+ 2tk 4 24 YT (1 -6 +v)
C(=1)07/227 0T (1+ 6 + v) ['(o + ak)
r1-46+v) kzof(§+0+ak+,_,>r(1+a+ak+ + )
z
< Byt (5) - (40)
Provided

(i) R(n) > 0,R(u) > 0,R(y) >0and g € (0,1)UN
(ii) o > 0 and § is non negative integer.

1 .
I1q E/ 71— m2)_%PE(x)E;{7’Z(zx“)dx
0

o) k 1

Y z o— «a -3

:Zl“(v(yk)iqu)k'/o 27 IRk (1 = 22) 7% Pl () da. (41)
k=0 ’

Now we have the formula ([10], vol. 1, section 3.12)

1
/ A x2)_gP,f(m)dx
0
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7T1/22—a+61“( )

= 1 o d v o ) 2% (42)
F(3+5-5-5)T(1+5-5-%)
Provided, R(c) > 0,6 =1,2,3,... .
Finally using (42) in (41), we get
N T et e e
— p1/290-0 i I'(o + ak)
R B (e )
x B9 (;a) (43)

Provided,
(i) R(n) > 0,R(p) > 0,R(y) >0 and g € (0, 1) UN
(ii) R(e) > 0 and R(6) > 1
6. INTEGRALS WITH HERMITE POLYNOMIALS
Hermite polynomials H, (x) ([3], p. 187) may be defined by means of the relation
2 H,(z)t"
2y _ n
exp(2xt —t°) = Z;) — (44)

valid for all finite 2 and ¢. Since

exp(2xt — t?) = exp(2xt)exp(—t?)

— (22)"t"\ [ (=1)"t*"
B

n=0 n=0
) ”/2 2x n—2kn
>y e o
n=0k=0
It follows from (44) that
[n/2] k n—2k
Hn(z) = kzo : 2(2{2;1)@)! ' (45)

Examination of equation (45) show that H,(x) is a polynomial of degree precisely
n in x and that

Hy(z) =2"2" 4+ mp_o(x), (46)

in which m,,_o(z) is a polynomial of degree (n-2) in x.
I E/ zZPeszHQV(:U)Eg:g(zx*zh)dx

o) k o)
2p —a2 —2hk
zPe”" Hs,(x)x dx
ZWHH / (%)

Nl Zk 002 2
P2k e Hy, (x)da. 47
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Now from the formula ([8], p. 59),

> 1/22200=0)1(2p + 1)
2p g2 _ ™ P
e Ho,(x)dx = . 48
Hence, (47) becomes,

Z Nig —2Fwl/2220=p+hR)IT(2p — 20k + 1)

nk—|—,u ) k! p—hk—v+1)
(2p — 2hk + 1)
_ 22(v=p) EY4(92h ). 4
— JE er T ) (19)

Provided,
(1) R(n) > 0,R(u) > 0,R(y) >0and g€ (0,1)UN
(ii) h>0and p=0,1,2,... .

I3 = / xQ”e_“JQHQ,,(x)Egy’Z(szh)dx

oo
2p+2hk —x?
= Z 77k Jrlt T / P e Hyy(z)dz. (50)
Using the formula mentloned in (48). Then the above expression (50) becomes
I'(2p+2hk + 1) _
= /m22=P) Epa(27%hz). 51
=V Z L(p+hk—v+1) " i ?) (51)

Provided,
(1) R(n) >0, R(u )>0,§R( )>0and ¢ € (0,1) UN
(ii) h>0and p=0,1,2,... .

7. INTEGRAL WITH HYPERGEOMETRIC FUNCTION

In the study of second-order linear differential equations with three regular sin-
gular points, there arise the function

L (a)n(b)y 2™
F(a,b,;c;z)zl—i—;(zc)(n)n! (52)
for ¢ neither zero nor a negative integer in (52) the notation
(@) =ala+1)(a+2)...(a+n—-1),n>1, (53)
(@)o=1,a#0

is called the factorial function and the function in (52) is called the hypergeometric
function ([3], p. 45).

Iy E/ P (z— 1) LRy [ vio=pAto—p; (1 :17)} E)i(zx)dx
1

o N

0o k 0 _ .
Z ( k _|_ ) k! / ez = 1) Ry [ vre p?‘%\ oo (1- 1’)} dx.
n 1) ;

=0
Putm z=t+1and dx =dt

/ (t+1)k—pt0—12F1|:V+O'_p7>\+0'_p; —t:|dt.

e k

Zl“nkJru k!

=0 %
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v+o—p)k(A+0—pk (=1)*
(U)k k!

oo
=0

x/ thre= 1)k rdt.
0

v+o—p,A+o—p
g;

Provided, R(n) > 0, R(u) > 0,R(y) >0 and g € (0,1) UN.

= Ei(z)2 1 - 1] B(k+o,p—2k—0).  (54)

8. INTEGRALS WITH GENERALIZED HYPERGEOMETRIC FUNCTION

A generalized hypergeometric function ([3], p 73) may be defined by
aq, 2, ..., 0p; Al=1\"v/n aZ n n
F, P =1+ 55
P l: Blvﬂ%"'aﬂqa :l Z ( )
In which no denominator parameter 3; is allowed to be zero or a negative integer.

If any numerator parameter «; in (55) is zero or a negative integer, the series
terminates.

Is = / 27Nt — 1) Fy (99 (hy)s aa® (t — 2)7) B0 [0 (t — 2)") da

t
ke [* e (@) (b an (e — 217
Z I'( nk +/J /0 v’ (1 t) pFy [(gp)a (hq); az®(t — x) ] dx.

Now, putting x = st and dx = tds, then we get

1
_ Z kq tu+vz)ktp+a_1 / sp+uk_1 (1 _ s)g+vk71
nk: FRPAR ;

xpFy [(g )-(h ); at* s (1 — 5)P] ds

_ tp+z7 1 Z f t(a—i—ﬂ kE ,q (ZtTL+1))

e

B(p+uk+ak,a+vk+ﬂk), (56)
where (0 (00) .
_ \g1)k---\gp)K G~
IB = e B o
Provided

(i) R(n) > 0,R(p) > 0,R(y) >0 and ¢ € (0, 1) UN
(ii) R(a) > 0, R(v) > 0 (both are not zero simultaneously)
(iii) @ and S are non-negative integer such that o 4+ 8 > 1.

Iig = /0 P (- a:)"*lqu [(gp); (hq); az®(t — a:)ﬁ] E,'IYZ [szu(t — 32)7"] dx

= PO f(Ryt O TIREDA (27
k=0
x B (p+ ak —uk,o + gk — vk), (58)
where f(k) is defined in (57).
Provided
(i) R(n) > 0,R(u) > 0,R(y) >0 and g € (0,1)UN
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(ii)) () > 0, R(v) > 0 (both are not zero simultaneously)
(iii) o and B are non-negative integer such that a+ 8 > 1.

L7 = /0 xpil(t - z)ailqu [(%)3 (hq); az™(t — x)ﬁ] Eg:g [zxu(t - I)fv] dx

K

— tpto—1 Z f(k)t(thB)kE%q (Ztufv)
k=0

X B(p+ ak +uk,o + pk — vk). (59)
Provided
(1) R(n) >0,R(k) > 0,R(y) >0and g€ (0,1)UN
(ii) () > 0, R(v) > 0 (both are not zero simultaneously)
(iii)  and B are non-negative integer such that a+ 8 > 1.

Iig = /0 Nt — )7 L Fy [(gp); (hy); az® (t — x)ﬁ] By [z2"(t — x)"] da

o

= PPN " F Ryt TOR B (2t t)
k=0

X B(p+ ak —uk,o + Bk + vk). (60)
Provided
(1) R(n) > 0,R(p) > 0,R(y) >0and g€ (0,1)UN
(ii) R(a) > 0, R(v) > 0 (both are not zero simultaneously)
(iii) o and B are non-negative integer such that a+ 8 > 1.
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