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INTEGRALS INVOLVING GENERALIZED MITTAG -LEFFLER

FUNCTION

DHARMENDRA KUMAR SINGH AND RAHUL RAWAT

Abstract. Integrals of Mittag-Leffler function due to Shukla and Prajapati

[1] multiplied with Jacobi polynomials, Legendre polynomials, Hermite polyno-
mials, Legendre functions, Bessel Maitland function, hypergeometric function
and generalized hypergeometric function are given here.

1. Introduction

The special function

Eη(z) =

∞∑
k=0

zk

Γ(1 + ηk)
, η ∈ C,ℜ(η) > 0, z ∈ C (1)

and its general form

Eη,µ(z) =

∞∑
k=0

zk

Γ(µ+ ηk)
, η ∈ C,ℜ(η) > 0,ℜ(µ) > 0, z ∈ C (2)

with C being the set of complex numbers are called Mittag-Leffler functions ([10],
section 18.1). The former was introduced by Mittag-Leffler [6] in connection with
his method of summation of some divergent series. Investigated certain properties
of this function. Function defined by (2) first appeared in the work of Wiman [2].
In particular, functions (1) and (2) are entire functions of order ρ = 1

α and type
σ = 1; see for example ([11], page 118). By means of the series representations a
generalization of (1) and (2) is introduced by Prabhakar [7] as

Eγ
η,µ(z) =

∞∑
n=0

(γ)n
Γ(µ+ ηn)

zn

n!
, η, µ, γ ∈ C,ℜ(η) > 0,ℜ(µ) > 0, (3)

where

(γ)n = γ(γ + 1)...(γ + n− 1) =
Γ(γ + n)

(γ)
(4)
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whenever Γ(γ) is defined, (γ)0 = 1, γ ̸= 0. It is an entire function of order ρ =

[ℜ(η)]−1 and type ρ =
(

1
ρ

) [
{ℜ(η)}ℜ(η)

]−ρ
. For various properties of this function

with applications, see Prabhakar [7]. Further generalization of the Mittag-Leffler
function Eγ

η,µ(z) of (3) was considered earlier by Shukla and Prajapati [1] which is
defined in the following way

Eγ,q
η,µ(z) =

∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!
, (z, µ, γ ∈ C,ℜ(η) > max{0,ℜ(q)− 1};ℜ(q) > 0) ,

(5)
which is the special case when

q ∈ (0, 1) ∪Nandmin{ℜ(µ),ℜ(γ)} > 0. (6)

2. Integrals with Jacobi Polynomials

The Jacobi polynomials P
(α,β)
n (x) ([3], p. 254) may be defined by

P (α,β)
n (x) =

(1 + α)n
n!

2F1

[
−n, 1 + α+ β + n;

1 + α;

1− x

2

]
. (7)

When α = β = 0, the polynomial in (7) becomes the Legendre polynomial ([3], p.

157). From (7) it follows that P
(α,β)
n (x) is a polynomial of degree precisely n and

that

P (α,β)
n (1) =

(1 + α)n
n!

. (8)

In dealing with the Jacobi polynomials, it is natural to make much use of our
knowledge of the 2F1 function ([3], p. 45)

I1 ≡
∫ +1

−1

xλ(1− x)α(1 + x)δP (α,β)
n (x)Eγ,q

η,µ[z(1 + x)h]dx

=

∫ +1

−1

xλ(1− x)α(1 + x)δP (α,β)
n (x)

∞∑
k=0

[z(1 + x)h]k

Γ(ηk + µ)

(γ)kq
k!

dx.

Interchanging the order of integration and summation which is permissible under
the condition, then the above expression becomes

=

∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ +1

−1

xλ(1− x)α(1 + x)δ+hkP (α,β)
n (x)dx. (9)

But we have the formula ([8], p. 52)∫ +1

−1

xλ(1− x)α(1 + x)δP (α,β)
n (x)dx

=
(−1)n2α+δ+1Γ(δ + 1)Γ(n+ α+ 1)Γ(δ + β + 1)

n!Γ(δ + β + n+ 1)Γ(δ + α+ n+ 2)

× 3F2

[
−λ, δ + β + 1, δ + 1

δ + β + n+ 1, δ + α+ n+ 2
; 1

]
. (10)

Provided α > −1 and β > −1.
Now using (9) and (10), we get

=
(−1)n2α+δ+1Γ(n+ α+ 1)

n!

∞∑
k=0

Γ(δ + hk + 1)Γ(δ + hk + β + 1)

Γ(δ + hk + β + n+ 1)Γ(δ + hk + α+ n+ 2)



236 DHARMENDRA KUMAR SINGH AND RAHUL RAWAT JFCA-2013/4(2)

× Eγ,q
η,µ(2

hz)3F2

[
−λ, δ + hk + β + 1, δ + hk + 1

δ + hk + β + n+ 1, δ + hk + α+ n+ 2
; 1

]
. (11)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(λ) > −1, α > −1 and β > −1.

I2 ≡
∫ +1

−1

(1− x)δ(1 + x)βP (α,β)
n (x)P (ρ,σ)

m (x)Eγ,q
η,µ[z(1− x)h]dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ +1

−1

(1− x)δ+hk(1 + x)βP (α,β)
n (x)P (ρ,σ)

m (x)dx. (12)

Now using (7) in the above expression we get,

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

(1 + ρ)m
m!

∞∑
k=0

(−m)k(1 + ρ+ σ +m)k
(1 + ρ)k

1

2kk!

×
∫ +1

−1

(1− x)δ+hk+k(1 + x)βP (α,β)
n (x)dx. (13)

Again using (7) in (13) we obtain

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

Γ(1 + ρ+m)Γ(1 + α+ n)

m!n!Γ(1 + α)

×
∞∑
k=0

(−m)k(−n)k(1 + ρ+ σ +m)k(1 + α+ β + n)k
22k(k!)2Γ(1 + ρ+ k)Γ(1 + α+ k)

×
∫ +1

−1

(1− x)δ+hk+2k(1 + x)βdx. (14)

But by the formula ([3], p. 261)∫ +1

−1

(1− x)n+α(1 + x)n+βdx = 22n+α+β+1B(1 + α+ n, 1 + β + n). (15)

Hence (14) becomes,

=
2β+δ+1Γ(1 + ρ+m)Γ(1 + α+ n)

m!n!

×
∞∑
k=0

(−m)k(−n)k(1 + ρ+ σ +m)k(1 + α+ β + n)k
(k!)2Γ(1 + ρ+ k)Γ(1 + α+ k)

× Eγ,q
η,µ(2

hz)B(1 + δ + hk + 2k, 1 + β). (16)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(β) > −1, h and δ are positive numbers.

I3 ≡
∫ +1

−1

(1− x)ρ(1 + x)σP (α,β)
n (x)Eγ,q

η,µ[z(1− x)h(1 + x)t]dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ +1

−1

(1− x)ρ+hk(1 + x)σ+tkP (α,β)
n (x)dx. (17)
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Now using (7) in (17) we get,

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

(1 + α)n
n!

∞∑
k=0

(−n)k(1 + α+ β + n)k
2kk!(1 + α)k

×
∫ +1

−1

(1− x)n+ρ+hk+k−n(1 + x)n+σ+tk−ndx. (18)

Using (15) in (18), we get

= 2ρ+σ+1 (1 + α)n
n!

∞∑
k=0

(−n)k(1 + α+ β + n)k
k!(1 + α)k

× Eγ,q
η,µ(2

h+tz)B(1 + ρ+ hk + k, 1 + σ + tk). (19)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(α) > −1 and ℜ(β) > −1.

I4 ≡
∫ +1

−1

(1− x)ρ(1 + x)σP (α,β)
n (x)Eγ,q

η,µ[z(1 + x)−h]dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ +1

−1

(1− x)ρ(1 + x)σ−hkP (α,β)
n (x)dx. (20)

Now using (7) in (20) we get,

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

(1 + α)n
n!

∞∑
k=0

(−n)k(1 + α+ β + n)k
2kk!(1 + α)k

×
∫ +1

−1

(1− x)n+ρ+k−n(1 + x)n+σ−hk−ndx. (21)

By using (15) in (21), we get

= 2ρ+σ+1 (1 + α)n
n!

∞∑
k=0

(−n)k(1 + α+ β + n)k
k!(1 + α)k

× Eγ,q
η,µ(2

−hz)B(1 + ρ+ k, 1 + σ − hk). (22)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(α) > −1 and ℜ(β) > −1.

I5 ≡
∫ +1

−1

(1− x)ρ(1 + x)σP (α,β)
n (x)Eγ,q

η,µ[z(1− x)h(1 + x)−t]dx

=

∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ +1

−1

(1− x)ρ+hk(1 + x)σ−tkP (α,β)
n (x)dx (23)

using (7) in (23), we have

=

∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

(1 + α)n
n!

∞∑
k=0

(−n)k(1 + α+ β + n)k
2k(1 + α)kk!

×
∫ +1

−1

(1− x)n+ρ+hk+k−n(1 + x)σ−tk−n+ndx. (24)
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Finally using (15) in (24), we get

= 2ρ+σ+1 (1 + α)n
n!

∞∑
k=0

(−n)k(1 + α+ β + n)k
k!(1 + α)k

× Eγ,q
η,µ(2

h−tz)B(1 + ρ+ hk + k, 1 + σ − tk). (25)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(α) > −1 and ℜ(β) > −1.

3. Special Cases

(i) If we replace δ by λ − 1 and put α = β = ρ = σ = 0 then the
integral I2 transforms into the following integral involving Legendre
polynomials [3]

I6 ≡
∫ +1

−1

(1− x)λ−1Pn(x)E
γ,q
η,µ[z(1− x)h]dx

=
∞∑
k=0

2λ(−m)k(m+ 1)k
(k!)2

(−n)k(n+ 1)k
(k!)2

× Eγ,q
η,µ(2

hz)B(λ+ hk + 2k, 1). (26)

(ii) If α = β = 0, ρ is replaced by ρ − 1 and σ by σ − 1, then I3
transforms into the following integral involving Legendre polyno-
mials [3]

I7 ≡
∫ +1

−1

(1− x)ρ−1(1 + x)σ−1Pn(x)E
γ,q
η,µ[z(1− x)h(1 + x)t]dx

=
∞∑
k=0

2ρ+σ−1(−n)k(n+ 1)k
(k!)2

× Eγ,q
η,µ(2

h+tz)B(ρ+ hk + k, σ + tk). (27)

(iii) Replacing ρ by ρ − 1 and σ by σ − 1 and putting α = β = 0,
the integral I5 takes the form of the following integral involving
Legendre polynomials [3]

I8 ≡
∫ +1

−1

(1− x)ρ−1(1 + x)σ−1Pn(x)E
γ,q
η,µ[z(1− x)h(1 + x)−t]dx

=
∞∑
k=0

2σ+ρ−1(−n)k(n+ 1)k
(k!)2

× Eγ,q
η,µ(2

h−tz)B(ρ+ hk + k, σ − tk). (28)
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4. Integral with Bessel Maitland function

The special case of the Wright function ([11], vol. 3, section 18.1) and ([4], [5])
in the form

ϕ(B, b; z) ≡ 0Ψ1

[
(b,B)

| z
]

=
∞∑
k=0

1

Γ(Bk + b)

zk

k!
(29)

with complex z, b ∈ C and real B ∈ R. When B = δ, b = ν + 1 and z is replaced
by −z, the function ϕ(δ, ν + 1;−z) is defined by Jδ

ν (z):

Jδ
ν (z) ≡ ϕ(δ, ν + 1;−z) =

∞∑
k=0

1

Γ(δk + ν + 1)

(−z)k

k!
(30)

and such a function is known as the Bessel Maitland function, or the Wright gen-
eralized Bessel function, see ([9], p. 352).

I9 ≡
∫ ∞

0

xρJτ
ν (x)E

γ,q
η,µ(zx

α)dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ ∞

0

xρ+αkJτ
ν (x)dx. (31)

Now we know that the formula ([8], p. 55)∫ ∞

0

xρJτ
ν (x)dx =

Γ(ρ+ 1)

Γ(1 + ν − τ − τρ)
, (32)

provided ℜ(ρ) > −1, 0 < τ < 1.
Now using (32) in (31), we get

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

Γ(ρ+ αk + 1)

Γ(1 + ν − τ − τ(ρ+ αk))

=

∞∑
k=0

Γ(ρ+ αk + 1)

Γ(1 + ν − τ − τ(ρ+ αk))
Eγ,q

η,µ(z). (33)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) α− τα > −1, and α > 0
(iii) 0 < τ < 1 and ℜ(ρ+ 1) > 0.

5. Integrals With Legendre Functions

The Legendre functions are solution of Legendre’s differential equation ([10], sec
3.1, vol. 1)

(1− z2)
d2ω

dz2
− 2z

dω

dz
+ [ν(ν + 1)− µ2(1− z2)−1]ω = 0, (34)

where z, ν, µ unrestricted.
Under the substitution ω = (z2 − 1)

1
2µν, (34) becomes

(1− z2)
d2ν

dz2
− 2(µ+ 1)z

dν

dz
+ (ν − µ)(ν + µ+ 1)ν = 0 (35)
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and, with ξ = 1
2−

1
2z as the independent variable, this differential equation becomes

ξ(1− ξ)
d2ν

dξ2
+ (µ+ 1)(1− 2ξ)

dν

dξ
+ (ν − µ)(ν + µ+ 1)ν = 0. (36)

This is the Gauss hypergeometric type equation with a = µ− ν, b = ν + µ+ 1 and
c = µ+ 1.
Hence it follows that the function

ω = Pµ
ν (z) =

1

Γ(1− µ)

(
z + 1

z − 1

) 1
2µ

F

[
−ν, ν + 1; 1− µ;

1

2
− 1

2
z

]
, | 1− z |< 2

(37)
is a solution of (34).
The function Pµ

ν (z) is know as the Legendre function of first kind ([10], vol. 1). It
is one valued and regular in z-plane supposed cut along the real axis form 1 to −∞.

I10 ≡
∫ 1

0

xσ−1(1− x2)
δ
2P δ

ν (x)E
γ,q
η,µ(zx

α)dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ 1

0

xσ−1+αk(1− x2)
δ
2P δ

ν (x)dx. (38)

Now integral in (38) can be solved by using the formula ([10], vol. 1, section 3.12)∫ 1

0

xσ−1(1− x2)
δ
2P δ

ν (x)dx

=
(−1)δπ1/22−σ−δΓ(σ)Γ(1 + δ + ν)

Γ
(
1
2 + σ

2 + δ
2 − ν

2

)
Γ
(
1 + σ

2 + δ
2 + ν

2

)
Γ (1− δ + ν)

. (39)

Provided, ℜ(σ) > 0, δ = 1, 2, 3, ... .
Now (38) becomes,

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

(−1)δπ1/22−σ−αk−δΓ(σ + αk)Γ(1 + δ + ν)

Γ
(
1
2 + σ+αk

2 + δ
2 − ν

2

)
Γ
(
1 + σ+αk

2 + δ
2 + ν

2

)
Γ (1− δ + ν)

=
(−1)δπ1/22−σ−δΓ(1 + δ + ν)

Γ (1− δ + ν)

∞∑
k=0

Γ(σ + αk)

Γ
(
1
2 + σ+αk

2 + δ
2 − ν

2

)
Γ
(
1 + σ+αk

2 + δ
2 + ν

2

)
× Eγ,q

η,µ

( z

2α

)
. (40)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) σ > 0 and δ is non negative integer.

I11 ≡
∫ 1

0

xσ−1(1− x2)−
δ
2P δ

ν (x)E
γ,q
η,µ(zx

α)dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ 1

0

xσ−1+αk(1− x2)−
δ
2P δ

ν (x)dx. (41)

Now we have the formula ([10], vol. 1, section 3.12)∫ 1

0

xσ−1(1− x2)−
δ
2P δ

ν (x)dx
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=
π1/22−σ+δΓ(σ)

Γ
(
1
2 + σ

2 − δ
2 − ν

2

)
Γ
(
1 + σ

2 − δ
2 − ν

2

) . (42)

Provided, ℜ(σ) > 0, δ = 1, 2, 3, ... .
Finally using (42) in (41), we get

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

π1/22−σ−αk+δΓ(σ + αk)

Γ
(
1
2 + σ+αk

2 − δ
2 − ν

2

)
Γ
(
1 + σ+αk

2 − δ
2 − ν

2

)
= π1/22δ−σ

∞∑
k=0

Γ(σ + αk)

Γ
(
1
2 + σ+αk

2 − δ
2 − ν

2

)
Γ
(
1 + σ+αk

2 − δ
2 − ν

2

)
× Eγ,q

η,µ

( z

2α

)
. (43)

Provided,
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(σ) > 0 and ℜ(δ) > 1.

6. Integrals with Hermite Polynomials

Hermite polynomials Hn(x) ([3], p. 187) may be defined by means of the relation

exp(2xt− t2) =

∞∑
n=0

Hn(x)t
n

n!
(44)

valid for all finite x and t. Since

exp(2xt− t2) = exp(2xt)exp(−t2)

=

( ∞∑
n=0

(2x)ntn

n!

)( ∞∑
n=0

(−1)nt2n

n!

)

=
∞∑

n=0

n/2∑
k=0

(−1)k(2x)n−2ktn

k!(n− 2k)!
.

It follows from (44) that

Hn(x) =

[n/2]∑
k=0

(−1)kn!(2x)n−2k

k!(n− 2k)!
. (45)

Examination of equation (45) show that Hn(x) is a polynomial of degree precisely
n in x and that

Hn(x) = 2nxn + πn−2(x), (46)

in which πn−2(x) is a polynomial of degree (n-2) in x.

I12 ≡
∫ ∞

−∞
x2ρe−x2

H2ν(x)E
γ,q
η,µ(zx

−2h)dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ ∞

−∞
x2ρe−x2

H2ν(x)x
−2hkdx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ ∞

−∞
x2ρ−2hke−x2

H2ν(x)dx. (47)
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Now from the formula ([8], p. 59),∫ ∞

−∞
x2ρe−x2

H2ν(x)dx =
π1/222(ν−ρ)Γ(2ρ+ 1)

Γ(ρ− ν + 1)
. (48)

Hence, (47) becomes,

=

∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

π1/222(ν−ρ+hk)Γ(2ρ− 2hk + 1)

Γ(ρ− hk − ν + 1)

=
√
π22(ν−ρ)

∞∑
k=0

Γ(2ρ− 2hk + 1)

Γ(ρ− hk − ν + 1)
Eγ,q

η,µ(2
2hz). (49)

Provided,
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) h > 0 and ρ = 0, 1, 2, ... .

I13 ≡
∫ ∞

−∞
x2ρe−x2

H2ν(x)E
γ,q
η,µ(zx

2h)dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ ∞

−∞
x2ρ+2hke−x2

H2ν(x)dx. (50)

Using the formula mentioned in (48). Then the above expression (50) becomes

=
√
π22(ν−ρ)

∞∑
k=0

Γ(2ρ+ 2hk + 1)

Γ(ρ+ hk − ν + 1)
Eγ,q

η,µ(2
−2hz). (51)

Provided,
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) h > 0 and ρ = 0, 1, 2, ... .

7. Integral with Hypergeometric Function

In the study of second-order linear differential equations with three regular sin-
gular points, there arise the function

F (a, b, ; c; z) = 1 +
∞∑

n=1

(a)n(b)n
(c)n

zn

n!
(52)

for c neither zero nor a negative integer in (52) the notation

(α)n = α(α+ 1)(α+ 2)...(α+ n− 1), n ≥ 1, (53)

(α)0 = 1, α ̸= 0

is called the factorial function and the function in (52) is called the hypergeometric
function ([3], p. 45).

I14 ≡
∫ ∞

1

x−ρ(x− 1)σ−1
2F1

[
ν + σ − ρ, λ+ σ − ρ;

σ;
(1− x)

]
Eγ,q

η,µ(zx)dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ ∞

1

x−ρ+k(x− 1)σ−1
2F1

[
ν + σ − ρ, λ+ σ − ρ;

σ;
(1− x)

]
dx.

Putting x = t+ 1 and dx = dt

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!

∫ ∞

0

(t+ 1)k−ρtσ−1
2F1

[
ν + σ − ρ, λ+ σ − ρ;

σ;
− t

]
dt.



JFCA-2013/4(2) INTEGRALS INVOLVING GENERALIZED... 243

= Eγ,q
η,µ(z)

∞∑
k=0

(ν + σ − ρ)k(λ+ σ − ρ)k
(σ)k

(−1)k

k!

×
∫ ∞

0

tk+σ−1(t+ 1)k−ρdt.

= Eγ,q
η,µ(z)2F1

[
ν + σ − ρ, λ+ σ − ρ;

σ;
− 1

]
B(k + σ, ρ− 2k − σ). (54)

Provided, ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N .

8. Integrals with Generalized Hypergeometric Function

A generalized hypergeometric function ([3], p. 73) may be defined by

pFq

[
α1, α2, ..., αp;
β1, β2, ..., βq;

z

]
= 1 +

∞∑
n=1

∏p
i=1(αi)n∏q
j=1(βj)n

zn

n!
. (55)

In which no denominator parameter βj is allowed to be zero or a negative integer.
If any numerator parameter αi in (55) is zero or a negative integer, the series
terminates.

I15 ≡
∫ t

0

xρ−1(t− x)σ−1
pFq

[
(gp); (hq); ax

α(t− x)β
]
Eγ,q

η,µ [zx
u(t− x)v] dx

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

zk

k!
tσ+vk−1

∫ t

0

xρ+uk−1
(
1− x

t

)σ+vk−1

pFq

[
(gp); (hq); ax

α(t− x)β
]
dx.

Now, putting x = st and dx = tds, then we get

=
∞∑
k=0

(γ)kq
Γ(ηk + µ)

(tu+vz)k

k!
tρ+σ−1

∫ 1

0

sρ+uk−1 (1− s)
σ+vk−1

×pFq

[
(gp); (hq); at

α+βsα(1− s)β
]
ds

= tρ+σ−1
∞∑
k=0

f(k)t(α+β)kEγ,q
η,µ

(
ztu+v

)
×B (ρ+ uk + αk, σ + vk + βk) , (56)

where

f(k) =
(g1)k...(gp)k
(h1)k...(hq)k

ak

k!
. (57)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(α) ≥ 0, ℜ(v) ≥ 0 (both are not zero simultaneously)
(iii) α and β are non-negative integer such that α+ β ≥ 1.

I16 ≡
∫ t

0

xρ−1(t− x)σ−1
pFq

[
(gp); (hq); ax

α(t− x)β
]
Eγ,q

η,µ

[
zx−u(t− x)−v

]
dx

= tρ+σ−1
∞∑
k=0

f(k)t(α+β)kEγ,q
η,µ

(
zt−u−v

)
×B (ρ+ αk − uk, σ + βk − vk) , (58)

where f(k) is defined in (57).
Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
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(ii) ℜ(α) ≥ 0, ℜ(v) ≥ 0 (both are not zero simultaneously)
(iii) α and β are non-negative integer such that α+ β ≥ 1.

I17 ≡
∫ t

0

xρ−1(t− x)σ−1
pFq

[
(gp); (hq); ax

α(t− x)β
]
Eγ,q

η,µ

[
zxu(t− x)−v

]
dx

= tρ+σ−1
∞∑
k=0

f(k)t(α+β)kEγ,q
η,µ

(
ztu−v

)
×B (ρ+ αk + uk, σ + βk − vk) . (59)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(α) ≥ 0, ℜ(v) ≥ 0 (both are not zero simultaneously)
(iii) α and β are non-negative integer such that α+ β ≥ 1.

I18 ≡
∫ t

0

xρ−1(t− x)σ−1
pFq

[
(gp); (hq); ax

α(t− x)β
]
Eγ,q

η,µ

[
zx−u(t− x)v

]
dx

= tρ+σ−1
∞∑
k=0

f(k)t(α+β)kEγ,q
η,µ

(
zt−u+v

)
×B (ρ+ αk − uk, σ + βk + vk) . (60)

Provided
(i) ℜ(η) > 0,ℜ(µ) > 0,ℜ(γ) > 0 and q ∈ (0, 1) ∪N
(ii) ℜ(α) ≥ 0, ℜ(v) ≥ 0 (both are not zero simultaneously)
(iii) α and β are non-negative integer such that α+ β ≥ 1.
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