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SOME FRACTIONAL INTEGRAL INEQUALITIES IN QUANTUM
CALCULUS

KAMEL BRAHIM AND SABRINA TAF

ABSTRACT. In this paper, using the Riemann-Liouville fractional g¢-integral,
we establish some new fractional integral inequalities by using two parameters
of deformation ¢; and g2.

1. INTRODUCTION

The field of fractional calculus is almost as old as calculus itself. In particular, the
fractional integral inequalities have been studied extensively by several researchers
either in classical analysis or in the quantum one (see [1, 2, 3, 4, 6]).

The main objective of this paper is to establish the g-analogue of some inequalities
proved in [1, 3, 4, 5] by using two parameters of deformation ¢; and gs.

2. BASIC DEFINITIONS

For the convenience of the reader, we provide in this section a summary of the
mathematical notations and definitions used in this paper (see 7, 9, 12]). We write
for a,b € C and q € (0,1),

(@)= [[0—ag).  (a—qb)® = o (B0
y4)oo e ) (qa-i-lg; q)oo

The g-Jackson integral from 0 to a is defined by (see [8])
a (o)
| i@ == a)a 3 flag)a, 1)
0 n=0

provided the sum converges absolutely.

The fractional g-integral of the Riemann-Liouville type is (see [12])

1

(Jt?f) (z) = m /O“’(x - qt)(afl)f(t)dqt; a>0 (2)
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where
o

1 a—1
Iy(o) ! ( “ ) eq(qu)dqu, and e4(t) = H(l —¢*t).

Cl-qJo \1—¢ Pt

In the sequel, let ¢1, g2 be two real numbers in(0, 1).

3. MAIN RESULTS

Definition 1 Let f and g be two functions defined on I. The functions f and
g are said synchronous on I if

(f(x) = f(y)(g(z) —g(y)) =0 Vz,yel.

Theorem 1 Let f and g be two synchronous functions on [0,+oco[ and v be a
positive function on [0, +oo[. Then for all b > 0 and for all a, 8 > 0, we have

Jov(b) IS vfg(b) + J5v(b) g v fg(b) > T vf(b)Jo vg(b) + JL vf(b) IS vg(b). (3)

1

Proof. Since f and g are two synchronous functions on [0, +00[, we get

(f(m) = f(P))(g(T) —g(p)) 20, 7,p€0,+00], (4)

which implies that
f(m)g(r) + f(p)g(p) = f(T)g9(p) + g(T) f(p). (5)
Multiplying both sides of (5) by %v(ﬂ and integrating with respect to 7

from 0 to b, we get

Jg (0fg)(0) + f(p)g(p) g v(b) = g(p) g, (vf)(b) + f(p)Jg, (vg)(D). (6)

Multiplying now both sides of(6) by %v(p) and integrating the resulting
q2

identity with respect to p from 0 to b, we obtain

T (0)(0) T (vf9) () +Tgr (0) (D) T (v ) (b) = T, (vg) (B) T (vf) (D) + T, (vf)(b)J%(;)g)(b)
The result is proved.

The previous result can be generalized to the following

Theorem 2 Let f and g be two synchronous functions on [0, +o0o[ and v, w be two
positive functions on [0, +oo[. Then for all b > 0 and for all o, 8 > 0, we have

Jqo‘lv(b)Jiwfg(b)—|—J§2w(b)J;1vfg(b) > Jg vf(b)Jiwg(b)—i—Jf wf(b)Jg vg(b). (8)

1 2

Proof. By multiplying both sides of(6) by %w(p) and integrating the
a2
resulting identity with respect to p from 0 to b the result follows.

Theorem 3 Let v, w be two positive functions on [0, +oo[ and let f and g be
two functions defined on [0, +oo[ satisfying the condition

< flz) <9, Y <g(x) <Y, 0, U, P, e R,z € [0,+00]. (9)
Then
T2 w(B) T8 0 g(b) + I v (B)JEw fg(b) — Jouf(b)IEwa(B) — JEw (B I ug(h)
< Jgv(b) Jw(b)(@ — ¢)(¥ — ) (10)
Proof. From the condition (9), we have
f(r) = Fp <=, lg(r) —g9(p)| <V =9, 7pe[0,+oc, (1)
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which implies that
[ (f(7) = f(p) (9(7) = g(p) | < (2 — ) (¥ — ). (12)
Define
H(r,p) = f(1)g(7) + f(p)g(p) — f(T)g(p) — f(p)g(T), T,p€[0,+0c].  (13)

Multiplying (13) by %v(r) and integrating with respect to 7 from 0 to b,
q1
we get

1 ’ a—1
iy L )

= Jvfgb)+f(p)g(p) g v(b)—g(p)Jg vf(b)—f(p) g vg(b).

(14)

Now, multiplying (14) by %w(p) and integrating with respect to p from 0
a2

to b, we can state that

) / / b— um)@ V(b — 4ap) Vu(r)w(p)H (7, p)dgy mdgyp
5 (b).J¢ vfg()+J$§ o (B)TE w g(b) — T2 0f (6T wg(b) — JEwf (b)12 vg(b).

(15)
Using (12), we can estimate (15) as follows
1 _

) A / = i) @b = 420) P V() () H (7, )y Tl

q2

P —

< QA [ e a0 o, (10

Q2

Consequently,

/ / — 1)@V — g2p) D01 w(p) H (7, p)dgy 7l
lh 112

< J“()Jﬁ ()(@ @) (¥ —¢).

The result is thus proved.
In the particular case 8 = «, we have the following result.

Corollary 1 Under the assumptions of Theorem 3, we have
T8 w(B) I8 v Fg(b) + JEv(b) I wfg(b) — J& v f(B) TS wg(b) — J&wf (b I vg(b)|
< T2 (b IS w(b)(® — @) (¥ — ) (17)

Theorem 4 Let v,w be two positive functions on [0, 4oco[ and let f and g be two
functions defined on [0, 00| satisfying the condition

|f(z) = f(y)| < Mlg(z) — g(y)[; M > 0,2,y € [0, +ocl. (18)
Then the inequality
|8 w(b) I vfg(b) + o v(b) TS wfg(b) — Jo v f(b) IS wg(b) — J5 wf(b) I vg(b)|
< M[JGv(b) IS wg?(b) + J5 w(b) I3 vg® (b) — 2J5 vg(b)J5 wg(b)]  (19)
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is valid.
g (@D
Proof. Multiplying (13) by %(a)l”m and integrating the resulting identity
q1
with respect to 7 from 0 to b, we obtain

b
i ] 0= a7

Fih(
= Jgvfg(b) — f(p)Jg,vg(b) — g(p)Jg, vf (b) + fp)g(p)Jg v(b). (20)

—gap)B—D
Multiplying (20) by %ﬁ(ﬁ;w(p)and integrating the resulting identity with re-
a2
spect to p from 0 to b, we get

“ >q2 / / = 017) V(0 — q2p) P V() w(p) H (7, p)dg, Ty, p
(53 (b) Ufg( )_ quf( ) al ( )_ ql’Uf( ) W (b)—i—anlU(b)ngwfg(b)

(21)
On the other hand, we have
|f(T) = f(p)| < Mlg(T) —g(p)- (22)
This implies that
[H(r,p)| < M(g(7) = g(p))?, 7, p € [0,+00[. (23)

Hence, it follows that

1
F‘Il (Oé)

b
/0 (b— q17) @ Vo(r) [ H(r, p)|dyy 7
< M (T2 0g?(b) — 29(p) T vg(b) + g(p) TS 0(b)) . (24)

Consequently,

b b
5)/0 /0(b—qn)(a—l)(b—qu)<B—1)v(T)w(p)|H(T,p)|dq17dq2p

b
[ (@ = a20y o) [ 5,06 8) = 200175 090) + ()5, 00)]) s
(25)

/ / — 7)) (b — gap) PV 0(r)w(p) [H (7, p) dgy Ty p
<MJ@ (0)J2 wg?(b) + T w(b)JS vg?(b) — 272 vg(b)JE.wg(B)].  (26)

Theorem 4 is thus proved.
In the particular case 8 = «, we have the following result.

Corollary 2 Under the assumptions of Theorem 4, we have

2 w(0) T 0 (b) + T (B I wfg(8) — T v (B) TS wg(b) — TS wf (B) T8 ve(b)] <
M[J;‘lv(b)J;;wgz(b) + J(‘;;w(b)J;‘lng(b) - Zngg(b)Jg;wg(b)]. (27)
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Theorem 5 Let f and g be two lipschitzian functions on [0, +oo[ with the constants
Ly and Lo and let v, w be two positive functions on [0, +oo[. Then, the inequality

| Tg,w(b) g v fg(b) + Jgv(b) Jpwfg(b) — Jovf(b)Jhwg(b) — Jp,wf(b)Jovg(b)]
< Ly Ly(JGv(b) 8 (rPw) (b) + T2 w(b) I (T20) (b) — 2J2 (1v)(b)J2 (Tw)(b))

is valid.
Proof. For all 7,p € [0, +00], we have

[f (1) = F(p)l < Lafr = pl, 9(7) = 9(p)| < La|m —pl. (28)
Hence
|H(7,p)| < LiLy(7 — p)*. (29)
Setting
R(7,p) := LiLa(7 — p)?, (30)

then, multiplying (30) by &= qlT)( (a;lgb ggg’)(ﬁil)v(ﬂw(p) and integrating with re-
q2

spect to 7 and p on [0, +oo[ we get

e | a0 et R, iy
111 ¢I2

= L1 Ly (ngv(b)Jg (T2w) (b) + J5 w(b) 5 (T20)(b) — 2J (Tv)(b) L (Tw) (D)) .

The result is thus proved.
Theorem 6 Let f and g be two lipschitzian functions on [0, +o0o[ with the constants
L; and Lo and let v, w be two positive functions on [0, +oo[. The inequality

| Jgsw(b)Jg v fg(b) + Jg v(b)Jgwfg(b) — Jgswf(b)Jg vg(b) — Jg v f(b)Jg,wg(b)|
< Ly Lo (T2 w(b) 2 (720) (b) + T8 0(b) TS (T2w) (b) — T, (rw) (B)J3 (70) (B)).  (31)

is valid.

Proof. same approach, we take o = 8 in Theorem 5.
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