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CERTAIN SPECIAL DIFFERENTIAL SUPERORDINATIONS
USING LINEAR OPERATOR

R. M. EL-ASHWAH, M. K. AOUF AND S. M. EL-DEEB

ABSTRACT. In this paper, we obtain special differential superordinations by
using linear operator NZ be

1. INTRODUCTION

Let H(U) denote the class of analytic functions in the open unit disk U = {z €
C: |z| < 1} and H[a, n]| denote the subclass of functions f € H(U) of the form:

f(z)=a+anz"+ap12" ... (a€C;neN={12..1).
Also, let A (p,n) denote the subclass of functions f € H(U) of the form:

FR =2+ ay ™ (e, (1)
k=n

If f and g are analytic functions in U, we say that f is subordinate to g (g is
superordinate to f ), written f < g if there exists a Schwarz function w, which
is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) =
g(w(z)). Furthermore, if the function g is univalent in U, then we have the following
equivalence (see [1] and [3]):

f(z) <9(2) & f(0) = g(0) and f(U) C g(U).

Let (7, 8;2) : C2 x U — C and let h be analytic in U. If p and o(p(z), zp (2); 2)
are univalent in U, p,h € H(U), let p(z) satisfies the first order differential super-
ordination

h(z) < ¢(p(2),2p (2); 2), (2)
then p(z) is a solution of the differential superordination (2). The analytic function
q(z) is called a subordinant of the solutions of the differential superordination , if

q(z) < p(z) for all the functions p(z) satisfying (2). An univalent subordinant g(z)
is said to be the best subordinant of (2) if ¢(z) < ¢(z) for all subordinant g(z) (see

[4])-
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El-Ashwah [2] defined the linear operator > ; f(2) : A(p,n) — A(p, n) as follows:

1
—zp—l—z <k+b+ ) akﬂ,zk“’ beC\Z~ ={-1,-2,..};s€C;p,neN;z € U).

b+1
3)
We can easily verify from (3) that (see [2]):
2 (8,0(2)) = O+ DRF(2) = b+ 1= DR}, f (). 4)

We note that

(1) R, f(2) = f(2); /
(i) N;)p_lf( Y= 2P + Z (n+p) 2P = Zf;Z)

n=1
In order to prove our results, we shall need the following definition and lemmas.

Definition 1 [4]. Let Q be the set of all functions f that are analytic and injective
on U\ E(f), where E(f) = {¢ € 9U : linéf(z) = oo} and are such that f'(¢) #0
z—

for ¢ € OU \ E(f).

Lemma 1 [3]. Let h be a convex function with h(0) = a, and let v € C\{0} be a
complex number with Rey > 0. If p € H[a,n]NQ, p(z) + %zp/(z) is univalent in U
and

/

h(z) < p(z) + %p (2),

then
a(z) < p(2),
z
where ¢(z) = 71 h(t)t=—1dt, z € U. The function ¢ is convex and is the best
nzwo
subordinant.

Lemma 2 [5]. For real or complex parameters oy, ag, g (ag, ¢ Zy ={0,—1,-2, }) ,

T (042) I (053 — 0&2)
I'(as)

gt (1—t) T2 (1—tz) 1 dt = oFy (a1, a0 a3;2) (Re(a3) > Re(ag) > 0)

(5)

and

—a z
oFy (a1, c0503;2) = (1 —2)" ™" oFy (041,043—%;043;2_1)- (6)

2. MAIN RESULTS

Unless otherwise mentioned, we shall assume in the reminder of this paper that
be C\Z~, s€C, p,n € Nand z € U and the powers are understood as principle
values.

Theorem 1. Let h be a convex function in U with h(0) = 1. Let f € A(p,n), F(z) =

. ( s,bf(z))
I ,(f)(z) = Zfﬁm =P f(t)dt, z € U, Rec> —1 and suppose that pT is
pz
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’

(N;S)bF(Z))
univalent in U, ~———— € H[1,n] N Q and
pzP
(%5.05(2)
h(z) < Tl (7)
then ,
(%.,F(2))
9 <=
17 et1
where ¢(z) = ¢ —t+1 h(t)t ~ldt. The function g is convex and it is the best sub-
nzom o
ordinant.

Proof. We have
2TPTLE(2) = (e + 1)EtP f(t)dt, (8)
by differentiating (8) with respect to z, we obtain that
P any (2)+ (c—p+1)2°"PF(2) = (c+ 1)2°7P f(2)
that is, that

2FP (z2)+ (c—p+1)F(z) =(c+1)f(2)
and

’

(N F(2) +(c—p+1) (R, F(2) = (c+1) (X, ,f(2) (z€U).  (9)

Differentiating (9) with respect to z, we have

2 (R, F(2) + (R5,F(2) + (c—p+1) (R,F(2) = (c+1) (R, (=)
then

2N F(2) 4 (e—p+2) (RF(R) = e+ 1) (R,f(2) . (10)
Denote ,
NS,bF(Z)
¢<z>(;p_1) (=€),
then ,
PP Te(2) = (R}, F(2)) (11)
and differentiating (11) with respect to z, we obtain that
pp = 1)="716(2) + 2 (2) = 2 (X, F(2)) (12)

using (10), (11) and (12), the differential superordination (2.1) becomes

1 /
h =
() =2 6() + — 20 (2),
by using Lemma 1 for v = ¢+ 1, we have

q(z) =< ¢(2),

i.e.

(N;,bF(Z))/

q(z) < P
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where ¢(2) = —= h(t)tﬁl ~1dt. The function ¢ is convex and it is the best sub-

ordinant.

Putting h(z) = %ﬁzﬁ)z (0 < B < 1) in Theorem 1, we obtain the following
corollary.

Corollary 1. Let h(z) = H(ll_;zﬁ)z (0<B<1). Let f € A(p,n), F(z) =

z
’

(%)

I.,(f)(z) = chiilgtc_pf(t)dt’ Rec > —1, z € U and suppose that Ee— is
z
(%P (=)
univalent in U, ~———— € H[L,n] N Q and
pEP~

’

L+(1-20)z (N;,bf(z))

1
1—2z pzp—1 7 (13)
then
(NZ,bF(z))
q(z) < W

where ¢ is given by ¢(2) = (28—1)+2(1— ) oF} (1, <E2; <L 4 15 2) . The function
q is convex and it is the best subordinant.
Theorem 2. Let h be a convex function in U with h(0) = 1. Let f € A (p,n), suppose

/

N3 f(2) NS, f(z
that w is univalent in U, L() EH[L,nNQ. If
pzP~ zP
(%)
then
N oS (2)
p,b
q(2) < — (15)
where ¢(z) = %zh(t)tf%*ldt. The function ¢ is convex and it is the best subor-
nzwo
dinant.

Proof. consider
= ([ kbe1)’ k
jo ) () st
¢(z) = p’zp - = 2P = 14 ¢n2"+dn112" "+ (2 €U).
(16)

Differentiating (16) with respect to z, we obtain

(800()) = p2"10(2) + 270 (2)
that is, that

’

(5u)) o)+ 202,

pzP~t
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Then, the differential superordination (14) becomes
1
h(z) < ¢(z) + P (2).

By using Lemma 1 for v = p, we have

q(z) < ¢(2),
ie.
NS (2)
D,b

q(z) < —7—

where ¢(z) = pz Zh(t)tﬁfldt. The function ¢ is convex and it is the best subor-
nznQ

dinant.

Putting h(z) = %ﬁzﬁ)z (0 < B < 1) in Theorem 2, we obtain the following
corollary.
Corollary 2. Let h(z) = % (0<p<1).Let f e A(p,n), suppose that

/

(%.0/(2))

NS z
—— is univalent in U, L() eH[L,n]NQ. If
pzP 2P
14 (1-28)z (Ni,bf(Z))

=< — (17)

1—2 pzP

then
N f(2)
q(z) < p'Ta (18)

where ¢ is given by ¢(z) = (26— 1)+ 2(1 —58) o F4 (1, L HT”; z) . The function q is
convex and it is the best subordinant.
Theorem 3. Let h be a convex function in U with A(0) = 1. Let f € A (p,n), suppose

/

1 2R NSELf(
that —— Sp’b /2) is univalent in U and ps’bi() e H[L,n]NQ. If
22 NS (2) NS o (2)
1 2PREVLf(2)
h(z) < = , 19
&)= ( %, /() 1)
then
N f(2)
0(2) = (20)
Np,bf(z)
where ¢(z) = pz Zh(t)tﬁfldt. The function ¢ is convex and it is the best subor-
nzn o
dinant.

Proof. consider

k+b+1

[e’e] s+1
D k+p
Rtz P X () o

¢(2) =

- s - 00 s
Mol G) g S () gt
k=n
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) pNS+1
we have 2¢ (z) + ¢(z) = 1_1 <Z f2)

Then, the differential superordi-
X, /(2) )

pzP
nation (19) becomes

h(z) < ¢(z) + 5(25 (2).

By using Lemma 1 for v = p, we have

q(z) < (),

ie. -

NI (2

o) < 2,

N‘p,bf(z)

where ¢(z) = ngh(t)t%_ldt. The function ¢ is convex and it is the best subor-
nzno

dinant.

Putting h(z) = M (0 < B < 1) in Theorem 3, we obtain the following
corollary.
Corollary 3. Let h(z) = H(ll_;w)z (0<B<1). Let f € A(p,n), suppose that

z

) RS (5 NEELF(2
( v /0 is univalent in U and L() € H[1,n]NQ. If

pzP~1 N;bf(Z) N;bf(z)
1+ (1-28)z 1 (szi,lef(Z))
1—2 pzP—1 N;)bf(z) ’
then
NS+1f( )
1(2) < R, 7(2)

where ¢ is given by ¢(z) = (26— 1)+ 2(1 — ) o F} ( B HT"; z) . The function q is
convex and it is the best subordinant.
Theorem 4. Let h be a convex function in U with h(0) = 1. Let f € A(p,n), suppose

NELf(2) WS f(z N f(z
that (b+ 1)—22 (z) -b po/(2) is univalent in U and M eH[L,n]NQ. If
zP zP 24
N f(2) oot (2)

h(z) < (b+1)-2 o —b p’z ) (21)
then

(2) < w (22)

q(z rat

1 z
where ¢(z) = —+ h(t)t=~1dt. The function ¢ is convex and it is the best subor-
nzwo

dinant.
Proof. consider

NS f(2) = (E+b+1)\°
_ _pb _ k
P(z) = o —1+kz=;< bl ) Aftp2” .

S“f( ) ol ()

zp

we obtain

$(2) + 26 (2) = (b+ 1)L
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Then, the differential superordination (21) becomes
h(z) < 6(2) + 26 (2).
By using Lemma 1 for v = 1, we have
a(z) < ¢(2),

q(2) < %al )

2P

ie.

z

1
where ¢(z) = —+ h(t)t=~'dt. The function ¢ is convex and it is the best subor-
nzwo

dinant.

Putting h(z) = %_fﬁ)z (0 < B < 1) in Theorem 4, we obtain the following
corollary.
Corollary 4. Let h(z) = w (0<B<1). Let f € A(p,n), suppose that

NS £( NS f(z NS f(z
L /) —b p’bf( ) is univalent in U and 7p’bf( )
zP zP zP

(b+1) e H[L,n]NQ. If

14 (1—28)z NELf(2) NS f(2)

— <+ bzp —bf“;p ,
then N;bf(z)
q(Z)%T,

where ¢ is given by ¢(z) = (26— 1) +2(1 — ) 2 F1 (1, %; HT"; z) . The function q is
convex and it is the best subordinant.
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