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CERTAIN NEW CLASSES OF ANALYTIC AND UNIVALENT
FUNCTIONS ASSOCIATED WITH SaLaGEAN OPERATOR WITH
VARYING ARGUMENTS

M. I. ELGMMAL, H. E. DARWISH

ABSTRACT. We introduce certain two new classes of analytic and univalent
functions associated with Salagean operator with varying arguments. More-
over, we obtain coefficient estimates, distortion theorems and extreme points
for these classes.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Suppose 2 be the class of functions f(z) of the form
fE) =2+ a2t (1.1)
k=2

which is analytic and univalent in A where A :={z € C: |z] < 1}.

Definition 1.1. [15] We define a differential operator that is called Salagean op-
erator as follows

Df(z) = f(2), (1.2)
D'f(z) = 2f'(2), (1.3)
D" f(z) = D(D""'f(2)). (1.4)

Then from (1.2), (1.3) and (1.4) we get
D"f(z)=z+ Y (k)"arz*.
k=2

We refer the interested readers to Sekine [16], Aouf et al. ([3] and [4]) , Hossen et
al. [8] and Aouf [1] for more applications of the operator D",
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Let ¢ — MN(n,m,0,d) denote the subclass of 2 consisting of functions f(z) of
the form (1.1) and satisfy the following inequality

D™ f(z D™ f(z
Re{an(fZ())cf}> q’an(fZ())é, (1.5)
where (0<o0<d<1;¢9(1-0)<(1—0);z€A),neNy:=NU{0} and m € N.
We note that Darwish [6] studied the subclass ¢ — M N (n,m,0,6) with -1 < o < 1,
q>0andd=1.

We also let ¢ — XZW (n,m,0,d) denote the subclass of 2 consisting of functions
f(z) of the form (1.1) and satisfy the following inequality

pram g(2) DT ()
Re{ DGR ”}> | sy o
where (0< o <d<1;q(1-9)<(1—0); z€A).

With n = 0 and m = 1 the class g— M N(0, 1, 0, ) denote the class of ¢ uniformly
starlike functions of order o and type § and the class ¢ — XZW (0,1, 0,) denote
the class of g—uniformly starlike functions of order ¢ and type §.

By giving values for n, m, o and §, we obtain the following subclasses studied by
various authors:

(i) g— MN(0,1,0,1)=MD(q,0) and ¢ — XZW (0,1,0,1)=RD(q,0) (see [15, 17]),
(i) 1 — MN(0,1,0,1)=M,(s) and 1 — XZW(0,1,0,1)=XZW (o) (see [13]),
(iil)g — MN(0,1,0,1)=¢ — MN and ¢ — XZW(0,1,0,1)=qg — XZW (see [9, 10]),
(iv)1 = MN(0,1,0,1)=M; and 1 — XZW(0,1,0,1)=XZW (see [13, 7, 14]).

Also, we notice that

(i) 1= MN(n,m,o,d)

ntm g, ntm gy
_ {f(z) em;Re{DDn]f(f;))“} ‘Wal},

(i1) 1 = XZW(n,m,o,0)

_ {f(z) em;Re{lm —0}> ‘[m—a‘},

which are uniformly starlike functions of order ¢ and type § withn=0and m =1
and uniformly convex functions of order o and type 6 with n =1 and m = 1 re-
spectively.

Definition 1.2. (see [18]) A function f(z) of the form (1.1) is said to be in the class
U(0) for all k& > 2. Moreover if there exist a real number s i.e 0 + (k — 1)s = 7(
mod 27), then f(z) is said to be in the class U (0, s). Suppose U denote the union
of U(0y, s) with all possible sequences {0} and all possible real numbers s.
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Let ¢ — UMN(n,m,0,0) be the subclass of U consisting of functions f(z) €
q— MN(n,m,o,0). Also, we let ¢ — UXZW (n,m,o,d) be the subclass of U con-
sisting of functions f(z) € ¢ — XZW (n,m,c,0).

In this paper we obtain coefficient estimates for the classes ¢ — M N(n,m,c,d),
q— XZW(n,m,0,6), g — UMN(n,m,0,d) and ¢ — UXZW (n,m,0,d), we also
obtain distortion theorems and extreme points for the classes ¢ — UM N(n,m, 0, )
and ¢ — UXZW (n,m,0,9) (cf. [2, 11, 12]).

2. COEFFICIENT ESTIMATES

Theorem 2.1. Let f(z) € A which is defined by (1.1). Then f(z) be in the class
q— MN(n,m,o,0) if

Zk"[ K™= 5) + k™ — }|ak|§1—o—q(l—5).

Proof. To prove f(z) € ¢ — MN(n,m,o,d), then we need to obtain the condition
(1.5) which can be written as

prtm .
Re{(l + qe’e)Dan{Z()Z) — q66’9}> o

Re{ g((zg }> o, (2.1)

where A(z) = (1 + qe’®)D"™ f(2) — qde? D" f(2) and B(z) = D" f(z), then the
inequality (2.1) is equivalent to

or

’A (1-0)B |—‘A (14 0)B(z)|> 0.
We have

A(2) + (1 - 0)B(2)| = ][2 — o+ a1 0+ Y k" [km ek = 6) +1— g] akzk’
k=2

>[2— 0 —q(l-6))l2l - Zk”{ K™= 6) + k™ 41— o blag] 2

>2—0—¢q(1-9) Zk”{ E™ +km+1—a}|ak|
(2.2)

and

A(z) — (1+ U)B(z)| = ‘[qei‘g(l —6)—olz+ i k" {km +qe (k™ —6) —1— a} akzk‘
k=2

<[o+q1-9) |z|+zk"{ B =) + K™ = o = 1 }lar] 2]

<lo+4q(1-9) Zk"{ E™ —|—km—cr—1}|ak|
(2.3)
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thus we obtain from (2.2) and (2.3) the inequality
A(z)+(1-0)B HA ~ (14 0)B(2)|>
oM —o0—q(1—6 —2Zk”{ K™ — ) + k™ — }|ak\.
Then

|A(z) 4+ (1 — a)B(z)‘—’A(z) —(14+0)B(z)| > 0if

201 — o — (1 —9) —QZk”{ (k™ 5 k’”—a}|ak|20
or
Zk"{ K™ — ) + k™ — }|ak| <1-0—q(1-9d).
This ends the proof of Theorem 2.1. ([l

Theorem 2.2. Let f(z) € A which is defined by (1.1). Then f(z) be in the class
q— XZW(n,m,o,9) if

3k [q(km — )+ k™ —olar] <1— 0 —q(1—6).

k=2
Proof. The proof comes directly from Theorem 2.1.
Since we have f(z) € g— XZW (n,m,0,9) if and only if Df(z) € g— M N(n,m,0,0)
from (1.5) and (1.6). O

Putting n =0, m =1 and § = 1 in Theorem 2.1 and Theorem 2.2, we obtained
the results which is found by Shams et al. [17, Theorems 2.1, 2.2, resp].

Theorem 2.3. Let f(z) € 2 which is defined by (1.1) be in the class g—UM N (n,m, o, 0)
if and only if

Zk"[ k™ +km—a}|ak|<1—a—q(1—(5). (2.4)

Proof. With the aid of Theorem 2.1, we only need to prove that if f(z) € ¢ —
UMN (n,m,0,d), then f(z) satisfies (2.4).

Suppose f(z) € g—UMN(n,m,0,6), then we have from (1.5) Since we have f(z) €
qg—XZW(n,m,0,9d) if and only if Df(z) € ¢—MN(n,m,o,d) from (1.5) and (1.6).

Re{Dnerf(z) B a}> q‘Dn+mf(z) i

)

Drf(z) Dn f(z)

then we obtain

Re (1—0)+ Y pe, k" [k™ — olagz"~!
L+ >0, kmragzk—1
(1=0) + Y ooy kM [k™ — Sagzk~!
L+ >0, kmagzk—1 '
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Since Re{z} < |z| and f(z) € U, f(z) is in the class U(6k, s) for some sequences 6y,
and a real number s i.e

O+ (k—1)s=n ( mod 27).

Setting 2z = re’®, then (2.5) can be written as

{ (1—0) = S0, k" [k™ — olfag|r* }

1= 300, k™ ag|rk—1

. q{ (1= 6) + 300, K[k — 6)|ag|r*! }

1=,k ag|ri

Suppose r — 1, then we obtain
Zk”[q(km —0)+ k™ —o|lag] <1—0—q(1-9).
k=2

Thus the proof of Theorem 2.3 is complete. (]

Corollary 2.1. If f(z) € q—UMN (n,m,o,9), then
1—0—q(1-90)
B gk — 8) + km — o

lax| < (k> 2).

The equality is obtained for the function
1—0—q(1-9)
B g™ = 8) + km — o

flz)=z+ ek (k>2, z€ ).

Using the same method of Theorem 2.3, we obtain the following theorem.
Theorem 2.4. Let f(z) € A which is defined by (1.1) be in the class g—UX ZW (n, m, 0, 4)
if and only if

oo

3k [q(km ) k™ a} lag| <1 -0 — q(1—8).
k=2

Corollary 2.2. If f(z) € q—UXZW(n,m,o,0), then
1—0—q(1-9)
kntl [q(km —0)+km— O'}

jax] < (k > 2). (2.6)

The equality is obtained for the function
1—0—q(1—-9)

fntl [q(km —0)+km— cr}

ek (k>2, z€ )

f(z) =2+

is sharp for the inequality (2.6).
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3. DISTORTION THEOREMS

Theorem 3.1. If f(z) € A which is defined by (1.1) is in the class g—UMN (n,m, 0,9),
then
l—0—q1-09)
_ < <
T @ —a) tam —o] SHEIsTH

with |z| =7 (0 <r < 1). The result is sharp.

1—0—q(1-9) 2
2n[q(2™ — ) + 2" — o]

Proof. We use the technique used by Silverman [18]. With the aid of Theorem 2.3,
Since
W(k) = k" [q(km Y WIS E o—}

is an increasing function of k (k > 2), thus we have
V(2) Y lar] <Y d(k)ar] <10 —q(1-0),
k=2 k=2
that is equivalent to

> 1—0—q(1-9)
kzﬁlak\ < o)

Then we obtain

\f(z)|:|Z+Zakzk|§r+r22|ak| 0<l|zl=r<1)
k=2 k=2
1—0—q(1-9) 9
<
<7r+ 2n[q(2m_5)+2m_a]’l’

We also obtain

oo oo
FE) =124 D a2 2 r =1 |a]
k=2 k=2

" 1—0—q(1-9) 2
= 271[q(27n _ 5) +2m — 0-] '

The proof is complete.

We also notice that The result is sharp with

f2) = 2+ 1—0—q(1-9)
on|q(2m — §) +2m — o

€222 (z=re and 0 < r < 1). (3.1)

O

Corollary 3.1. By Theorem 3.1, we notice that f(z) lies in a disk with center at
the origin and radius 71 given by

1—0—q(1-9)

7’1:1+ .
2 q(2m — ) +2m — o

Theorem 3.2. If f(z) € A which is defined by (1.1) is in the class g—UM N (n,m, g, d),
then
B [1—0—q(1-0)]
2n=1g(2m — §) 4+ 2™ — 7]

l-o—q1-0)]
9n—1[g(2™ — §) + 2™ — o

r<lfi(a) <14
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with |z] =7 (0 <r < 1). The result is sharp.

Proof. Similarly since

@ - k”*l[q(km Sy

is an increasing function of k (k > 2), thus with the aid of Theorem 2.3, we have

YOS Hal < Y v(lanl < 10— g1~ ),
k=2 k=2

that is equivalent to

& 21— o — g(1 - )
;MGM < 0 (2) .

Then we obtain

) =1+ kaez " <1+ Klag] (0< |2 =r<1)
k=2 k=2
1—0—q(1-4d)
<1 ,
<1+ 2n—1[q(2m _ (S) +2m — 0_]7’

‘We also obtain
F(2) =1+ kaz" " > 1—1> " klax|
k=2 k=2

1—0—q(1-9)
T lfg(2m —8) +2m o]

>1
The proof is complete.

We also notice that The result is sharp with the function f(z) given by (3.1). O

Corollary 3.2. By Theorem 3.2, we notice that f'(z) lies in a disk with center at
the origin and radius o given by

1—0—q(1-9)
on—1[g(2m — §) +2m — a}

ro =1+

Using the same method of Theorems 3.1 and 3.2, we obtain the following theo-
rems for the class ¢ — UXZW (n,m,0,0).

Theorem 3.3. If f(z) € A which is defined by (1.1) is in the class (—UX ZW (n,m,0,9),
then
1—0—q(1-9)

r_ 1—0—gq(1-9) 2
2n,+1[q(2m, _ 5) + om _ 0-]

+ 2n+1[q(2m _ 5) + om _ 0_} r
(3.2)

P <|f2) <

with |z| =r (0 <r < 1). The result is sharp with
1—0—¢q(1-9)
2041 [g(2m — 9) + 2™ — ]

€922 (z=re? and 0 <r <1). (3.3)

fz) =2+
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Theorem 3.4. If f(z) € A which is defined by (1.1) is in the class (—UX ZW (n,m,0,9),
then

l-o—q1-0)
2n[q(2™ — §) + 2™ — o]
<|f' (=)l
1—0—q(1-9)
<1
= e 2o
with |z| =7 (0 <r < 1). The result is sharp with f(z) given by (3.3).

4. EXTREME POINTS

Theorem 4.1. Let f(z) € A which is defined by (1.1) be in the class g—UM N (n, m, 0, 9),
with arg ay = 0y, i.e O + (k —1)s =7 ( mod 27). Suppose

filz) ==z

Folz) = 24+ 1—0—q(1-9)

B gk = 6) 4+ km — o

ek (k>2, z€ ).
Then f(z) € g— UMN (n,m,0,0) if and only if f(z) can be obtained in the form

F(2) =30 Mefu(z) st Mg >0 and Yoo, A = 1.
Proof. We let f(z) = po; Mefi(2) with Ay > 0 and >, A, = 1, then we have

2) = Mefil2)
k=1

=AM f1(z) + Z)\kfk(z)

_ Sy ; 1-0-q(1-9) i x
=1 kzzxk +Z>\k{+ [ } }

qlkm =8 +km—o0o

. 1—0—q(1-90) A2,
Sk [akm — 8+ km — o
So we have
an{ Em +km7 :| 1707(](175) )\keiak
B g = 8) + km — o

1—0—q(1-9)
q(km =6)+km —0o

:ik"{q(km—&—!—km—o]kn[ Ak

Then f(z) € ¢g— UMN(n,m,0,d) by Theorem 2.3.
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Conversely suppose f(z) € ¢ — UMN(n,m,o,0) and define
k™ [q(km —0)+ k" — a}
Ak = 1—0—q(1-9)
where Ay =1 — 372, A\p. Then

lax], (k= 2)

S Mfilz) =2+ 3wt = f(2).
k=1 k=2

The proof is complete. (I
By using the same technique of Theorem 4.1, we obtain the following theorem.

Theorem 4.2. Let f(z) € A which is defined by (1.1) be in the class g—UX ZW (n,m,a,4),
where arg a = 0y, i.e Oy + (k — 1)s =« ( mod 27). Suppose

fi(z) =2

folz) = 2+ 1—0—q(1-9)

Bt g(km — 6) + km = o]

Then f(z) € q—UXZW (n,m,0,0) if and only if f(z) can be obtained in the form
F(2) =302 Mefu(z) st Mg >0 and Y7o, A = 1.

ek (k>2,2¢€ ).
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